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Systems of Ternariants that are Algebraically Complete.“ 


By A. R. Forsyrx, M. A, F. R. S., Fellow of Trinity College, Cambridge. 


The present memoir is divided into three parts ; it deals with the theory of 
the algebraically independent concomitants of ternary quantics, taking as the 
starting point the six linear partial differential equations of the first order satis- 
fied by them. 

In Part I it is proved by means of these differential equations that, if any 
concomitant be expanded in powers of a, æ, %;—the ordinary (point) vari- 
ables—and of u, &, uy—the contragredient (line) variables—it is completely 
determinate if its leading coefficient be known; i. e. the coefficient of the term 
involving the highest power of a, and the highest power of a; and that every 
such leading coefficient is a simultaneous solution of two linear partial differ- 
ential equations of the first order. 

Hence if all the independent solutions of these two equations be obtained, 
all the independent concomitants are given—the independence considered being 
algebraical and not asyzygetic. For it follows from the theory of such differ- 
ential equations that every solution can be‘expressed in terms of a finite number 
of such solutions, and therefore, on account of the uniqueness of the concomi- 
tant derived from a leading coefficient, that every concomitant can be expressed 
in terms of a finite number of independent concomitants. 

Again, it follows from the forms of the two characteristic differential equa- 
tions that every leading coefficient is a simultaneous concomitant of certain 
binary quantics constructed from the original ternary quantic, two of the coeffi- 





* It has proved convenient to use the word ‘‘ternariants’’ as a generic term for concomitants of 
ternary quantics, instead of giving it the signification which Prof. Sylvester, to whom so much of the 
nomenclature of the theory of forms is due, proposed (Amer. Journ. of Math., Vol. V, p. 81) to give to 
it, viz. the leading coefficients of those concomitants. 
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cients of which are their variables and the rest of the coefficients of which are 
their coefficients. There is thus a corresponding theory of these simultaneous 
binariants, the forms of which are of the utmost importance in the deduction of 
the leading coefficients of ternariants. 

In Part IT the foregoing general theory is applied to a Ponies of cases of 
uniternary quantics, the two characteristic equations being solved in each case 
to give the independent simultaneous solutions as leading coefficients. It appears 
that in the case of the quadratic there are three ternariants of the nature indi- 
cated (they are shown to be equivalent to the three asyzygetic ternariants in the 
ordinary theory of the quadratic); in the case of the cubic there are seven, and 
in the case of the quartic there are twelve such ternariants. The leading coeff- 
cients of each of these are explicitly given for the most general form of quantic ; 
and by one or other of two methods, viz. by means of the differential operators 
which give the development of the quantic, or by obtaining the symbolical 
expression of the ternariant with a given leading coefficient, the order in the 
point-variables and the class in the line-variables are derived. The three essential 
elements of each ternariant—its source, its order, and its class—being thus 
known, the full development for tabulation purposes is then only a question of 
differential operators, or of the realization of symbolical expressions. 

‘Some illustrations are given in connection with the cubic and the quartic, 
wherein some of the well-known irreducible concomitants are algebraically 
expressed in terms of members of the fundamental sets. There is thus afforded 
an opportunity of comparing the functions which are algebraically independent 
with those which are only asyzygetically independent. Speaking generally, the 
result of the comparison is that for algebraical independence the order and the 
class are both much higher than for asyzygetic independence, so that in the case 
of complete tabulation many more terms in variables would occur; but that the 
leading (and so all the other) coefficients are much simpler in form (that is, 
contain fewer terms and are of lower degrees) than the leading coefficients of the 
asyzygetic ternariants. 

The theory is then applied to the unipartite ternary quantic of order n, 
with the result that its fundamental system contains }(n + 4)(n — 1) algebrai- 
cally independent concomitants in terms of which every concomitant can be 
expressed. The forms, sometimes explicit, sometimes symbolical in the notation 
of only binary quantics, are given for these leading coefficients; the order and 
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the class of each ternariant thus determined are obtained from the symbolical 
expressions. 

The case of two simultaneous ternary quadratics is next discussed, and it 
appears that there are nine ternariants in the fundamental system. Some sub- 
sidiary ternariants (subsidiary, that is, from the point of view of the fundamental 
system) are obtained; and the 20 ternariants which constitute the asyzygetic 
system due to Gordan, are expressed in terms of the foregoing system. 

Lastly, the fundamental system of three simultaneous ternary quadraties is 
obtained. 

In Part III the general theory is applied to a number of cases of biternary 
quantics ; the special cases treated at any length being the systems of the lineo- 
linear, the quadrato-linear, the cubo-linear, the quadrato-quadratie, the cubo- 
cubic, and the system of two lineo-linear quantics. Finally, the fundamental 
system of the biternary n°mi° is obtained, containing 


L (n+ 1)(n + 2)(m + 1)(m+2)—3 | 


ternariants, of which the greatest number are, for this most general case, given 
in symbolic form (the equivalent of solutions of the two characteristic equations), 
and for each of which the order and the class are derived from that symbolical 
form. In some cases of the last, ternariants syzygetically equivalent, save for a 
power of w,, to members of the fundamental system, are given. 

There is an immense mass of literature on the subject of ternary forms; 
but, so far as I can see, it deals with asyzygetic ternariants which are more 
difficult to treat, and have been given in full systems only for the uni-ternary 
quadratic, the uni-ternary cubic, and a system of two uni-ternary quadratics, for 
a special form of uni-ternary quartic and for a biternary lineo-linear quantic ; 
and part of the system has been given for the general uni-ternary quartic. 

Some of the principal papers dealing with the theory of the cubic are given 
in Cayley’s memoir.* Gordan’s memoirs on the special form of the ternary 
quartic occur in the 17th and 20th volumes of the Mathematische Annalen ; the 
concomitants of lowest degrees for the general quartic are given in a memoir by 
Maisano (quoted in §42); and several of the concomitants are tabulated in full 








* Amer. Journ. of Math., Vol. IV, 1881, On the 34 Concomitants of the Ternary Cubic, pp. 1-15. 
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in a memoir by Joubert.* In connection with the general theory, a memoir by 
Sylvester} may be studied ; and also a recent memoir by Brioschi.f In a memoir 
by Bernardi,§ the characteristic differential equations satisfied by concomitants 
of uni-ternary concomitants are given, and the Hessian and the cubinvariant of 
the quartic are there calculated in full. 

In regard to biternary forms in sets of contragredient variables, the most 
important memoir is by Clebsch and Gordan, quoted in the note to §60; in that 
note a fairly complete list of the more important papers dealing with bipartite 
forms is given, though most of them discuss the transformation of bilinear forms.|| 


PART T 
GENERAL THEORY. 
The Differential Equations Satisfied by the Concomitants. 


1. In the discussion of the concomitants of ternary quantics, the ordinary 
(point) variables will be denoted by a, &, ay; the contragredient (line) variables 
by U1, %, ug. The general uni-ternary quantic of order n may be represented 
either in the symbolical form 


f= Ay = (qa, + aye, + agers)", 
or in the reduced non-symbolical form 


f= (. cer ets. Je, Va, as)", 


where the coefficient of a, xixéxé is the multinomial coefficient n!+(r! s! ¢!) with 
the condition r +s+t=n. 

Every concomitant @, of general order m in the point variables and general 
class p in the line variables, satisfies** the six characteristic linear partial differ- 
ential equations 





*‘ Sur la théorie algébrique des formes homogènes du quatrième degré à trois indéterminées.”’ 
Comptes Rendus, t. LVI (1863), pp. 1045-1048, 1088-1091, 1123-1126. 

+ Comptes Rendus, t. LXXXIV (1877), pp. 1859-1861, 1427-1480. 

Į“ Studi sulle forme ternarie,’’ Ann. di Mat., t. XV (1888), pp. 285-252. 

& Batt. Giorn., t. XIX (1881), pp. 186-150, 258-293. 

|| A short table of contents of this paper is given at the end. 

*# On the Differential Equations satisfied by Concomitants of Quantics,’’ Proc. Lond. Math. Soc., 
Vol. XIX (1888), p. 41. 
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nt c u D =22ra, y, Mae = De 

Lo iy — Us st = 2280, 51,441 ie = Di 
RE CT = Dp í), 
245 —u $e = >) a 1e ie = D@ 

Xs a — Us, 3 = 52i, s41 t-1 se = De 

Ly oe — Us pa = 22ra,_: ;; oF ie = Do J 


where the summations in the literal operators extend to all distinct integral 
combinations of r, s, ¢ subject to the relation r +s+t=n. 

2. The 15 Jacobian conditions, which must be satisfied in order that these 
equations may have common solutions, resolve themselves into three classes. 
The first class consists of 6 equations satisfied identically, in virtue of the rela- 
tions 

(275, 2s) 01 (Dy, DT=0, [D,, Dy) Se; 
[D;, D] =0, [2,,D,]=0, [D,, Di] =0. 
The second class consists of six equations satisfied by means of some one of the 
equations (1), in virtue of the relations 
[D,, D] =D, [D,, D3] =D, [Ds, Di] =D;, 
[Di D;]=D,, [D;, D] =Ds, (Ds, D] = D. 


The third class consists of three quasi-homogeneous equations, viz. 


rat 0 3 3 
Dp= [Ds D] p= 0, 5% n aS + 
$e ð 
Dp = (Dr, Di] 9= n E a 9e A ae | ap (2), 


B atte OD Op 
Do = [D;, Dj) p= 2 Fw, — Ts das — Ug Ju + Us dus 
where the operators D,, Da, D, are 


D, = XX (s —t) 


Dy = EE (t— 7) amg (3). 
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And the further Jacobian conditions, due to the introduction of the new equa- 
tions (2), are found to be satisfied, in virtue of relations of thé form 

[D,, D] =D, [D,, D] = — D; [D,, Di] =— 2D,, 

[D,, DJ=D,, (Dy, D]=— D, [D D] = 2D, 


with similar relations for the other two operators D, and D,. 

3. But the equations in the foregoing system, sufficient for the derivation of 
every partial differential equation satisfied by a concomitant, are not independent 
of one another. 

Let any equation be written in the form P’p = Po, where P is the literal 
operator and P' is the variable operator; then any one of the nine operators P 
is commutative with any one of the nine operators P’. Consider, then, any 
function ® which satisfies two of the equations, say 


Po=Po, Op %; 


(PQ— QP)p =(P — OP) 9, 
=(YP— PQ), 
=(QP— P'Q')¢ 
If the operators P and Q be commutative, then the equation just obtained is an 
evanescent identity; but if they be not commutative, the equation is not an 
identity and yet it is different in form from either of the two from which it is 
derived. It is thus a new equation, 
Ro= Rọ, 
satisfied in virtue of the two former equations. 
When this process is applied to the foregoing system of nine equations, it 
appears that they can be reduced to a system of three equations, independent of 
one another, by means of the following sets of relations: 


n= pivi — nipi D, = D,D, — pe 


then we have 


D} = DD, — DID! D, = D,D, — D,D, 
Di = DID, — DID! D,= D,D, — D,D, 
D: = DID! — D:D! D,= D,D, — D,D, 





Di= DiD — DDA; -D= DD =DD. |. 
Di = pD — DD Dex DD; ce D, | 
D! = DD! — DD! D, = DD, — DD, 
Di = DD! — DD} | D= D,D, — D,D; | 
Di = DD! — DID, D,= D,D, — D,D, J 
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Thus, for instance, the nine equations can be made to depend on the set 
Dig = Dig; D, = Dip; Ds? = D3. 


But it will be convenient to retain the whole system, for it includes the full 
aggregate of equations which are similar to one another in form. 

All combinations, other than those which occur in the foregoing set of com- 
binations, are connected with operators which are lineo-commutative; e. g. 
D,D,— DD,=0. And it may be remarked that the operators in the foregoing 
set of combinations are quadrato-commutative, according to laws of the form 

D,D} — 2D,D,D, + DD, = 0, 
D,D; — 2D,D,D, + D:D, = 0. 


4, It is convenient to assign certain weights to the various quantities which 
enter. We assign the weight zero to x, unity to 2,, and p (unspecified but, if 
desirable, different from zero or unity) to xı. Since f and w, (= tyty + tgx, + uges) 
- must be isobaric, we assign to a, and 4 the weight zero, to a, and w the weight 
p— 1, and to a; and u the weight p* Then the weight of the coefficient a, , , 
is s (p — 1) + tp; and the following changes are caused on any isobaric function 
by. the operators : 

The operator D, increases and D, decreases the weight by 1, 
t e D, i “ D, tt t ce “ p a: 1, 
“ u Diyas D # ‘ Sk eee 


5. Now suppose the concomitant ® expanded in powers of the point 
variables, in which its order is m; this expansion is of the form 


DAT T apa8 


=a, ot -oo + D, +... (4). 


When this expression is substituted in the six fundamental characteristic equa- 
tions (1), the result is in each case an identity; hence, by comparison of the 
coefficients of the various æ-combinations, we have the relations 


OP», s 





DD, ot Ma Gy, = Pete (5); 
D,®, , + Ug IP, s q) | 
T, 8 OU, rT, 8+1 i 





* The weights c, o+4p—1,0+4p (0 unspecified) might be assigned to U: , Uz, Us ; but the foregoing 
assignation is equally efficient for the purpose of obtaining the difference in weights of the variable 
parts of two terms of a concomitant. 


8 Forsytu: Systems of Ternariants that are Algebraically Complete. 


OP, , 








D,®,, Ve TM au = r,i, 541 
2 
0P,,, * 
DÈ. , + Ug us = 8D, 41, s—1 
oP, , 
D,®,, stu Oa, = = (m — y. —s+ 1)s®,, ri 
O®,, « 





DÈ, s+ u a =(m —r—s+1)ro,_ ne | 


From the first pair of these, viz. (5), it follows that if Pa and m be known, the 
full expansion of the covariant can be obtained merely by processes of differen- 
tiation, for the two equations give the relation 


= à. r ð 8 
®,,.= (D, + % S (D; + Us à) Ps, 0 (1). 
And from the remaining four it follows that D, o (= P) satisfies the four equations 
D,P + SE = 0, DP +m QE = =0 | 
(6). 
oP iP | 
DP + 4a, = =), DP + u 5 ish 


6. One immediate inference as to the isobaric character of a concomitant 
can be derived ; for if P be assumed isobaric and of weight &, then the weight of 
,, , is, on account of the effect of the operators D, and D;, equal to e+7(p—1) +9, 
ni therefore the weight of the term a{'~"~*ajaf®,, , is 


(m—r—s)p+r+ete(p—1)+ 6, 


that is, it is mp + e, and is therefore the same for every term. 
7. Let (= P), which in general is a function of u1, w, ug of class p, be 
expanded in powers of these variables in the form 
—q—t),q,,¢ 
P=u ARS Dem UE (7), 
in which the quantities 4 involve only the coefficients of the quantic. Then 
proceeding as before, a comparison of the various combinations of the variables 
in the equations (6) after the substitution of P leads to the relations 
Dih, cr shga, Sie o} 
Di, oF rpi, ei 02 
Dibaoe t Vote. = ù ; (8) 
Dalyt + Varie =0 ; 
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From the last pair of these, viz. (8), it follows that if 44, be known and also p, 
the full expansion of P can be obtained merely by processes of differentiation’; 
for the two equations give the relation 


Ve = (— 1) DID, 0 (II). 


But this relation shows that if 4, , be known, the value of p can be derived from 
it. For the term involving the highest power of uz has, save as to a numerical 
factor, the coefficient 4 p; and a coefficient 4, p+ı is necessarily zero. Hence 


Det Yo, 0 = 0 
Det) = 0 


and similarly (9). 
The value of p can thus be obtained when 4, ọ is given by operating with D, or 
D, a number of times in succession ; the value is evidently less by unity than the 
number of times first necessary to give a zero result. 

From the former pair of equations it follows that 4, ọ satisfies the two equa- 


tions Day (0, D >= 0 (10). 


8. Before proceeding to discuss the effect of the subsidiary characteristic 
“equations (2), it is desirable to reconsider the main equations (1). 

The preceding results have been deduced on the supposition that the con- 
comitant ® is most conveniently arranged initially in powers of the point- 
variables. But if we take an alternative initial expression in powers of the line- 
variables—a necessity in the case of pure contravariants—in the form 


—=r—syïys 
E E E N (1) M A y (4'), 


r! s! 


and substitute in the original equations, then similar analysis gives the two 
results: (i) that y,,, is determined from yo, ọ by the relation 


"=D -n cy’ (Has sa) Ka, o (II), 


and (ii) that yo, o (= Q) satisfies the equations 


— = Wy 
30 = (8). 
D= Mas DQ = 8 Dr, 
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And when Q, a function of the point-variables, is expanded in the form 
“agas 
glél 
(with the evident relation Oo, o = %,0; each being the.coefficient of rup in D), 
then, by means of the equations (6') it follows that 








Q= 210, o +. Geese (7!) 


90, = D3D5%,0= D3 Dibo o 0 (IV); 
that m can be determined by either of the equations 
Dg ho, = °) 
, 11), 
Di F4, 0 = 0 qu) 


and that 6,, o (= wo, o) satisfies the same equations as before, viz. 


Dh, o—=0, Der, o = 0 (10°). 


9. Hence it follows that a concomitant is uniquely determined by the coeffi- 
cient of its leading term; for by (9) and (11) its order and class are deducible 
from that leading coefficient, and either by means of (I) and (II) or by means of 
(IIT) and (IV) the full expansion can be obtained. 

10. The determination of a concomitant thus resolves itself into the deter- 
mination of the leading coefficient of that concomitant. We have already seen 
that it must satisfy the two equations (10); there remains the consideration of 
the effect of the subsidiary equations (2) on the leading coefficient. When the 
expanded form of the concomitant ® is substituted, then so far as D, ọ is con- 
cerned we have the relations 


Diho, o = (m — p) Yo, o = as Dao, 05 Dido, o= 0, 


which, on account of the forms of the operators D,, D,, D, are equivalent to 


D, o = 0 
Dibo, o = (m — p) Wo, 0 ) Sr 


Hence it follows that 44, , satisfies the two characteristic equations (10) and the 
two quasi-homogeneous equations (12). 

11. As in the corresponding theorem in binary quantics, it follows that 
every function, derived by the complete set of equations through an isobaric solu- 
tion 4, , of the determining differential equations (10) and (12), is a concomitant. 

12. Two remarks remain to be made: one is that the operators used in 
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deducing the expansion of the concomitant are, in pairs, applicable in any order, 


— n 2 and Dy—2, 2, D, and D}. 
The other is that the expansion has been derived in descending powers of æ 
and &, while it might equally well have been so derived in regard to a and w, 
or 2, and u; and thus the leading coefficients of concomitants (which are not 
invariants) will be specially associated with coefficients of terms involving high 
powers of x, in the quantic, as later coefficients will be specially associated with 
coefficients of terms involving high powers of x, and of a. l 

13. The general inferences as to the equations which determine the various 
` classes of concomitants are as follow: 

The leading coefficients Wb of. all mized concomitants (Zsrischenformen) satisfy 
and are determined by the characteristic equations | 


Dẹ=0, D=0, 


and, as will appear subsequently, every adopted solution of these two equations 
identically satisfies the subsidiary equations 


Da} = 0, Dh =(m—p)¥, 


where m is the order of the mixed concomitant in the point-variables and p is 
its class in the line-variables. The integers m and p are determinable from 
equations (9) and (11); and the full development of the concomitant is given by 
equations (I) and (II), or by (IID) and (IV). 

The leading coefficients of all pure contravariants Gagenovigs Pounce) satisfy 
the characteristic equations 


D=0, Dy—=0, Da =0, Dÿ=0; 
they Sn identically the subsidiary equations 
DA} = a 0, Di} = = — pr ! 


ar “Dy th and Dy} ty, D, and D,, D 


Hs p is the class of the contravariant. 1 
The leading coeficients of all pure covariants satisfy the -characteristic equa- 
tions D=0, Db=o, Dey = 0, Deb = 0; 


they satisfy identically the subsidiary equations 
Dy=0, DA =m}, 


where m is.the order of the covariant. 
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- All invariants satisfy the characteristic equations ; 
D4=0, D4 =0, Div, De = 0, Dw = 0, D} = 0; 
and they satisfy identically the subsidiary equations n 
| Dy =0, D4=0. 


.14, It thus appears that from the point of view of analytical derivation of 
the concomitants, it is in every case necessary to obtain the common solutions 
of the two equations Dh = 0 = Dy), and that from every common solution the 
corresponding order and class can be deduced. Whenever either the order or 
the class, or both the order and the class, may happen to be zero, two additional 
equations for each zero are satisfied by the common solution of Dy) = ~= Dy. 

It is not, however, necessary to determine both m and p, the order and the 
class, of a mixed concomitant by the processes indicated. ` Since afufy is a term 
of the concomitant, so also +is «fuy, where a’ is the value of when cor- 
responding coefficients of the quantic arè interchanged by the substitution 
w= X,, n = X, w= X. If, then, W be the weight of 4 and W’ that of Ÿ, 
we have from the isobarism of the concomitant i : 


E mp + W=m+ p(p— 1) + Ww 

so that — "E W'—W 

pat 
a quantity thus determinable by mere inspection. No further relation to deter- 
mine mand p, other than an equivalent of this relation, can be obtained by 
such interchanges and substitutions. In using the relation, moreover, it is suffi- 
cient to obtain W and W’ from any—the simplest—term in 4. 

In order, then, to determine by this method the quantities m and p to be 
necessarily associated with the concomitant determinable by a given solution +, 
the first step will be to determine the value of m—#»; the second will naturally 
be to determine the smaller of the two quantities (should they be unequal) by 
the equations (9) or (11). 

There is, however, another method of proceeding which i is much more > rapid 
for the determination of m and p, though less advantageous for tabulation pur- 
poses. It is a consequence of the theorem that every ternariant can be repre- 
sented. symbolically, that a leading coefficient is sufficient to determine the. 
ternariant uniquely ; if, therefore, a leading coefficient be given, the most rapid 


3 


| FoRsvrE: Systems of Ternariants that are Algebraically Complete. . 13 


method of obtaining an expression is to change that leading coefficient so that it 
` may be constituted solely by the umbral elements of the original quantic or quan- 
. tics, and then to complete; by means of the variables, the various factors of that — 
umbral form according to the laws that govern symbolical expressions. Thus 
for instance an umbral factor a, would be completed into @,, an umbral factor 
bcs — bsc, into (bcu), and so on. ; l 
15. Further, since each of the characteristic equations is linear and partial 
of the first order, there will be for each quantic a definite number M of alge- 
braically independent solutions of Did = 0 = Dy); and it is a consequence of 
the theory of such equations that every solution can be expressed as a function 
of these M solutions. ‘It hes been seen that each such isobaric, homogeneous 
solution determines a concomitant, and therefore for every quantic there is a . 
definite number M of concomitants algebraically independent of one another, 
such that any concomitant of that quantic can be expressed in terms of those M 
concomitants, and of the universal concomitant uw, = wa + Wyts F ugt. 
Such a system of concomitants is not unique; it may be replaced by an 
algebraically equivalent system, containing necessarily the same number of inde- 
‘pendent concomitants. And the independence is not merely syzygetic, itis an 
‘’algebraïical independence. ; 
16. In the matter of notation, it is desirable to have the coefficients of the 
quantics so chosen as to render the analytical forms of the characteristic differ- 
- ential equations as simple as possible. Thus the ternary ayaa’ is taken in 


the form _ a + Lt + xia, ; 
+ 2b pty + 22010 
+ Ci; 


the ternary cubic in the form 


agi + Saut + 3ean + hag; 
+ Shi, +. 32 2byn,2 + Saabs 

+ SC + 3ra 

+ dé, 


. and the arrangement of the coefficients for the general quantic can evidently be 
made to follow the same law. 


With this notation the six literal operators in equations are: first, the two. 
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the simultaneous solutions of which have to be obtained are 
a 
ra +a 5 oar CT an ) +3 (a+. J 
d pe 2 
Dex D +a thit +a taat) t (a2 +. 3) 


second, the two which serve to give the development of the concomitant in 
powers of x and to determine m are ` 


Nid Seles 





a 
+ (n= hae + Da t. Fea g + 


ə 
D, = na 5 + (n — a, 2 + (@— Dae +.. 


+ Da + DB Haa 


third, the two which serve to give the development of the concomitant in powers 
of u and to determine p are: | | 
Ne Re CD ə ə a ds À 
D, = sr t ae + Bay 2 Toret tiet Wip +: RUE . | 
? 


ə ; ae rs 
D a + De + 8427 +. ta Bot ye ta tee 


and fourth, two of the three operators connected with the subsidiary equations 
(2) are | 


0 ð 
D,=0.m ge + ogg + Bey A + Bey + 
. 37. 
+ (=a ge + OBS + La ge +. | 
ð © ana 0 . ð 
| De eh Ame AQU 
D, = nay à nr 2) by A + (n— 4) 9 AL 
ə 
+= ag +a na +6 ag po. 
+a— Ya + (n ea 


+ (n— 3) da x. + 
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17. In obtaining the leading coefficients, which are the simultaneous solu- 
tions of the equations D, = 0 and D,= 0, the special form of those two equa- . 
tions leads to an easy method of classifying the solutions. 

They may be regarded in two ways: first, they are the differential cite 


of the simultaneous invariants of the system of binary quantics 


(bo ; ay X ; Y), 

(ep ; by 3 as} X 3 YF, 

(dy, C1 » bz, -a X, YY, 

(G5 d, Cys bs, ağ X, ys 


Ce 2 


second (which is practically another form of considering the first, and which is 
the way in which they will be regarded in subsequent applications), they are the 
differential equations of the invariants and covariants of a system of simultaneous 
binary quantics, the coefficients of which are 


Coy by, As; 
dy, Gi be, Ag; . 
ĉo, dy; Cy, Os, M43 


0 y 


“and the variables of which (and of their covariants) are a,.and — by. 


This interpretation is limited to unipartite quantics; a similar interpreta- 
tion is found subsequently for bipartite quantics. It is to be noticed that, in the 
present case, the coefficient a) of the leading term of the fundamental quantic 
does not occur in either D, or D,; and it is therefore a simultaneous solution 
which must, for the aggregate, be associated with the system of simultaneous 
binariants. With this addition, and regarding a, as a binary quantic of order 
zero, the former of the interpretations of the characteristic equations now is: ` 
they are the differential equations of the simultaneous invariants of the ee of 
binary quantics i 

, (XX, YP, 
-o o anf X, YÈ, 
(co, Bb, a% X, Y), 
(do, Cy X bs, aX, YF, 
(e, dy, Cay bs, atx, yy 


ee eS) 
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18. In the successive applications we shall limit the investigations to. the * 
deductions of concomitants which are algebraically independent of one another, 
and it is therefore necessary to indicaté the number of these concomitants which . 
must be expected in any case. . 

Let N be the total number of literal coefficients “hide exist in ihe most 
general forms of the quantic or of the system of simultaneous. quantics, the- 
algebraically independent concomitants of which are desired. Then, when the 
linear transformations are effected on the quantics, there are N equations con- 
necting the new coefficients with the old; and all these equations involve the 
elements of the transformation. 

In addition to these equations, we have three connecting the: ‘variables. x 
and X, and three connecting the variables U and u; also one more given by 


A= determinant of transformation. 


There are thus in al VN+84+8+1= = N +7 equations which involve the 
elements of the transformation. 

These N + 7 are not, however, es fa number must be reduced 
by unity on account of the relation 


‘Uy = Uy ; 
which, independent of the elements, is satisfied for all linear transformations. 


The number of equations, independent of one another and involving the elements 
of the transformation, is therefore 


dE 


The number of elements of the era is 9. 
_. When, therefore, we proceed to eliminate, among the independent equa- 
tions, the elements of the transformation, we shall in the end have 


(N+ 6—9=) Nas 
relations independent of one another, these relations involving +, x ; u, U; A, 
and the coefficients.: But we otherwise know that these relations are of the 
form p(A, X, U) = A% (a, x, u), Í | 
and every such relation determines a concomitant, Hence the number of con- 


comitants algebraically independent of one another is N—3; and in terms of these 
every concomitant can be algebraically expressed. 
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i is to be understood that, in addition to these, we have the universal 
conaotittaat Us 

À method of obtaining this niner is indicated in §85 after some simple 
cases have been discussed. 2 


PART II. 
ÅPPLIOATIONS TO UNIPARTITE Quanrics, 
Il—The Quadratic. 


19. In this case there are six coefficients, and the equation Dy») = 0 is 


ab ov OY _ 
a 3G, Fa ae 0 


Forming the auxiliary equations necessary to obtain the most general solution of 
this equation, we have | 
| day _ day _ das _ dh _ db _ E 
ma eae a a a 





Of these five auxiliary equations it is necessary to have five independent 
integrals, which may evidently be taken in the form - . 


0) == ap, | 

b =a, 

6, = ds, 

Os = agbo — Gb, 
04 = aye — À. 


Every solution 4 of the equation D} = 0 can, by the theory of this class of 
differential equations, be expressed as a functional combination of 6), 6,, Os, Os, Oi j 
and therefore, to obtain solutions common to Dab = 0, Dap = 0, we must take 
such functional combinations of 6), 0, 0.05, 0, a8 satisfy Dp) = 0. Now 
| D, = 0 , 
D= 0, 
so that 0, and 6, are common solutions of the two equations „And 
D = ysy Bo, 
D, = né 26, 
DOs = bibo — aye, 
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so that 0,D8,—26,D5%= Os, 

| 0403 — Lape = — 6,04. 
. Hence, writing p foi 6,67 + and g for 6,05, we “have 
E 0,D;p = q: b, Dg = — ph; 
and therefore, since Dp, = 0, we find | 

| Dy (q + p0)=0, 
so that the only funehional combination other than 8, and 0, is 
p= f + rh 


= (05 + 6104) 07 
= agb — 2b05 + dico 


after substitution and reduction. And it follows that every solution common to 
D =0, Dh = 0 is expressible in terms of &, 0, and @. 
| The subsidiary operators D, and D, are, for the present case, 


be a + Meda a 2a, 2 | 
0 à ð n a 
D, = 200 sar — 30% ia. ho . 
And by actual substitution we find 
DA, = 0 , D9, = 0 ’ Dip = 0; 
D0 = 206, D,O, = — 204, D, = 0; 


so that the subsidiary equations are satisfied provided the values of m — p a880- 
- ciated with 6, 04, and @ respectively are 2, — 2, 0. That these are the values 
may be verified at once by the method of §14. 

` 20. Considering now 6,, we have m — p = 2, 80 that we determine p. But 


D, = (aa + nae + 2a) y= 0; 


by it follows that p = 0 and therefore m= 2. Hence the concomitant is 


U= oe cet > 
that is, it is the érigtael quantic. | 
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. Considering now 6,, we have m— p= — 2, 80 that we determine m. But 
| | ə 
Dp, = o 3p, Ë 2b a + bi ge- -) = 0; 


| 80 that by. §8 it follows a m= 0 and therefore p== 2. Hence the concomitant 
is = (ao — Bi) +. l 
- that is, it is the recipròcant of the original quantic. - 
Considering now ġġ, we have m— p= 0, so that we determine either 
morp. We have | 
Dip = 2 (agen — aes) 
Dip=0, ` 
“go that by $7 it follows that p= = 2 and therefore m = 2.. Hence the concomi- 


tant is 


p= (ab — Qaybyby + dc) du es 
“Hanes : 


` Every concomitant of the quadratic can be expresséd in terms of U, ©, and ®. 
| 21. A simple illustration of the principle of equivalent systems arises in 
‘the present case. We have . 
Dip = — 2 (bibo — Geo), Di = 0, 
Db, = 2 (aico ~~ bob); 
80 that ai D, (0004 — ®) = 0. 
Hence 6,0, —®, as the leading coefficient of a a concomitant, has p=0; wad 
evidently from the combination of 6, and 8, it has m—p= 0, 80 that m= 0; 
the ‘function is an invariant. We therefore take 
H= 66,— | 
== Alyy + 2010 — agi — 4365 — a360; 
and we evidently have | nn 


uw H = UO — È, 
so that we have an algebraically equivalent system given by U, ©, H; and in 
_ terms of these three concomitants every concomitant can be expressed. This 
is the ordinary theory of the quadratic. ` 

It will be noticed that the foregoing method of operators determines a non- 


resoluble concomitant from a given leading coefficient ; me combination 6,0, — æ 
determines H, and not H. 
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IL.— The Oubic. 


22, In this case there are-ten coefficients, and the caresse equation 


D = 0 is 3 
a a à wy; o ow ov 
% ap, T % 3, + 9 2B, T agg T ae ag 


Proceeding to obtain the ponere! solution in the usual way, we form the 
auxiliary equations | 


das _ da __ = % Az dcg == db, do, i 2, 
0 — 0 — ats = = As ~~ 2by 





- nine in number; it is necessary that we should have nine ei integrals 
of these auxiliary equations’in order to form the most general. solution possible 
of D} = 0. 

Now systems of nine er astanient integrals can be formed in several ways, 
and these systems are equivalent to one another; that is to say, they are such 
that, the functions occurring in any one system, can be uniquely expressed in 
terms of the functions occurring in any other system. Thus we may take 


Ao, Ay, Ag, Ag, 


dabi — Qaybyby + co, 


agbo — aibs, 
Ago ~~ bi, i 
Agl — b, . 
7 agda — Bagbyr, + 205, * 


which are independent of one another, and will therefore constitute a system of 
the kind required. And modifications can evidently be made among the mem- 
bers of a system, provided that the proper number of ide pendent functions 
remain ; thus, in virtue of the relation 


Gy (asb — 2ab1bo T aico) = = (bo oon db} + ai (ce; aa! bi) ’ 


we may replace a, by ab) — abi. | 

But it appears on trial (the work is not here reproduced) that the equa- 
tions similar to those of $19, necessary for the deduction of those functional : 
combinations of the integrals of the foregoing system which will satify Da} = 0, 
are difficult to solve, though not at first sight difficult to form. The system of 
integrals, which seems to be the easiest to treat in this regard, is obtained by a 
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siete similar to that which is is in a: népondie question in the 
theory of functional invariants* whereby one of the variables of the equation 
D} = 0 is made, so to speak, x “variable of reference ”—a quantity in powers 
of which integrals are expressed. And the method has the.additional advantage ` 
of an obvious purely mechanical generalization to quantics of any order. | 
23. We take, then, as the first of the system of nine integrals 
. © = Ao 
and have at once, replacing D, by A for convenience, 
D | A, = 0, 
so that a, is a solution common to the two. characteristic equations. 
We take as the second of the system 
: ha 
and have AG = by; 
this quantity a, is taken as the “ variable of reference.” 
We take as the third of the system 


i ` A = a, 
so that Af, = 26,, and therefore 


60,46, — 20,A0, = 2 (a,b, — abo) . 
Now it may be at once verified that 
0; = ab, — ab l | 


[isa ; solution of the auxiliary equations, and so may ‘be taken as the. fourth of 
the system ; and since 


: Ab; = aye — bibo, 
we have - 9,A9, — 0,40; = acg — 2a,b,b) + a,b}. 
It ci can similarly be verified that | 
POP ‘= aico — 240164 + asb 
is a gelation of” the auxiliary “AH and it is therefore taken as the fifth of. 


the system. And since 
‘AO, = 0, 


it is a solution common to the two characteristic equations. 





*° A olass of functional invariants.” - Phil. Trans. (1889, A), pp. 71-118. 


ae? 
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- Proceeding similarly, we take as the sixth of the system 
i i | | Os = as, 
so that, since A6, = 3b,, we have 2 
| 0,10, — 30,40, = 3 (abs — asb). 
As before, it may be verified that | | 
Os = aby — agbo 


ion salon of the auxiliary. Spanya ‘and may therefore be taken as the ‘ 
seventh of the system; and ` 

. Ab, = 2 dats = bobs); 

` go that ` Ab, — 20,40, = 2 (ate, — 2a,byb, + ab). 

Again, the quantity ` 6,= ao — 2a,bob, + ab} 


is a solution of the auxiliary equations, and it may therefore be taken as the 
eighth of the system. . We have | 


Aby = dde — 2mb, + Bie, 
so that 6,A6, — 8,48, = aid, — 8ajbye, + 3a,b%d, — ab. 
Lastly, the quantity 
0, = aid, — Saibo, + 84,590, — abi ; 
is a solution of the auxilary equations, and it may therefore be taken as the 
- ninth of the system. Moreover, since 


Ab = 0, 


it is a solution common to the two equations Db = 0, Dy = 0. - | 

It follows from the forms of the nine quantities 0 that they are independent 
of one another, for a, is introduced into the system by 6, a by 6, a by 6, 
b,. by Og, Co by Oa, ag by Og, be by 6, ¢ by 6, and do Ms alone, so that among the 
quantities 0 there can be no relation. 

24, The process here adopted is one of ni application. We tks as 
the first integral of the auxiliary equations the coefficient of the highest power 
of x, and as the “variable of reference,” the coefficient of the next lower power 
of a, which involves æ; starting-points in the succession. of integrals are given 
by coefficients of the terms in the quantic involving x, and a, only, and succes- 
sive integrals are suggested by framing combinations of the type 6,A0,, — 20 mA, . 
These combinations will be called Jacobian combinations.. 
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25. Returning, now, to the equations given by the Jacobian combinations 
of the quantities 0 with 6,, and modifying them by the substitutions 
Oo = Qo; 
0, = Obs, 0s = hs; ae 
6, = Kos, 0 = Aps- 0, = 019, 0, = $03 


‘we have them in the form 


HAG, = 0; 
Aps = 2s, 
GiAds = Pas 
HAG, =0; 
GiAds = 3e, 
Ap, = 2r , 
Ag, = — Per 
Ad, = 0. 


These are the squations “which, when integrated, determine those functional 
combinations of the quantities 6 which aresto be solutions of the equation 
Dy = 0. There must (§18) be obtained for this. purpose seven independent 
integrals 0 of these a and they may be taken in the forms : 


= >, 

= = 

Xs = Papa — 5 

Aa Pa 

ee B i, j 

` As = Ppa — BPPD + 207, 
= sps — Par. 


Every solution of te eat Ds =0, which is also a function of the 
quantities 0 or the quantities @ and is therefore a solution of the equation 
Dv = 0, can be expressed in terms of the quantities 41, Xs, Xe» Xar Xo» Xo Xr- 

Hente every solution common to the. two equations D = 0, Deb = 0, can be 
expressed in terms of these seven solutions common to the two equations and algebraically 
- independent of one angther. 

26. The effects of the Hs D, and D, on the 18 quantities 6 are as follows: 
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and therefore 



































Value of Sons | . | | 
La à 








If, then, when the seven quantities y are expressed in terms of the original 
coefficients of the quantic, the several values of m — p for each of the quantities 
derived by the method of §14 should agree with the values as given in the last 
line of the table ; then, by the preceding theory, each of the quantities y is the 
leading coefficient, or the source, of a concomitant the full expression of which 
is obtainable by the methods previously given. 
= 27; When actual substitution is made in the quantities y and the resulting © 
expressions are reduced, the following are their respective values: . 


Vo = Xi = Go: 
Va = Xa = (Co, bi, CALE — by)’, 

hy = Xs = Aye) — bi, 

v= X = (di, CG bs, Agha, — by), 





(13) 





— 2d, | + 2a? | + Saber 
tad | — Oye, |— 2; 













— Ugly | — Ads 
+ ase, | + ab, 
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The determination of the quantities m— p to be associated with these is made 
by the method of §14. Thus, in the case of y,, the weight of any term as 
aid, is W= 6p — 8, while that of the term ca, obtained from.this by inter- 
changing the coefficients of similar terms in.a, and a, is W' = 9p— 6, so that for 

, m — P: = Fp = 3 

: oi ; 

agreeing with the value in the table. The values of m— p thus derived for the - 
quantities y agree with the values in the table; : and hence we infer that these 
quantities y are leading coefficients of concomitants of the cubic. These con- 
comitants will be denoted by Un; Up, H; Un, Hy, Ps; dis 

28. We now infer the general theorem : 

Every concomitant of the ternary cubic can be expressed as a POr of the 
concomitantes Us; Uz, Hz; Uz, Ha, Bs; Js, g, and the universal concomitant uy 

The universal concomitant u, needs to be included; for any constant say 
unity, is evidently a solution of the characteristic equations and yet the expres- 
sion. in terms of the seven concomitants is nugatory. The development of the 
_ concomitant is normal ; for since 4,,,— 1 we have m =p and y, o = wh, 80 that 

m=p=i. Also Po 3 Po, = u, and thus we Care Cy Uy t ru + Laug AS - 
the full expression. ` 

-It isa known theorem—here practically. zied "ET u, is the only 
irreducible universal concomitant for ternary quantics; it is therefore the only 
one that needs to be associated with the algebraically irreducible concomitants ` 
special to any quantic. And it is of importance in the expressions of algebrai-’ 
cally reducible concomitants; for when a relation obtained through the leading 
coefficients: is changed into one between the concomitants, it is necessary to 
associate with each term in the relation such a power of u, as will render the . 
order and the class uniform throughout. 

29. Before these concomitants can be considered as fully given, it is yet 
necessary to determine for such of them one of the integers’ m or p and infer 
the other from the value of m — p. 

_ First, for yı, we have m — p= 3, ‘so that we deterius p, using (9). Evi- 
pas Diy, = 0, 80 that p = 0, and mis therefore 8. Thus 


= gait. ee (14), 
_ being in fact the quantic itself. ; ' 
4 z 
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Second, for y,, we have m — p = 8, so that we determine p. We have 


Diza = 246 (ay, gz bibo), 
D; 3X9 == do (aoo — bi), 
Dis = 0, 


so that p = 2 and m is therefore 5. Thus | 
Oy = ph +. ` (15). 
Third, for %3, we have m — p = 0. To determine p we have i 


Dixy = 2 (aye) — bby), 
Dixs™ 2 (age) — bg); 


Dixs = 0 , 
so that p= 2= m. Thus 
= pal + (16). 
In this connection one result may be noticed. From the forms of D,y, and 
Dys, we have — D, (Xa — %1%3) = 0. 


The value of m — p to be associated with 4, — 7173 is 3, and the equation just . 
obtained shows that p is zero, so that %s— %ı%s is the leading coefficient of a 
pure covariant Of the third order. It is the Hessian H, and we have the relation 


ul = U,— D. | 
Fourth, for 74, for which m — p = 3, we determine p. We have 
Diya = ba, (abdo — 38b + 205), 
so that Dixy, = 0; hence p= 3 and m is therefore 6. - Thus 
U; = yani + . (17). 


Fifth, for xs, for which m =p. We naua in a similar 1 manner that p = 4, 
go that m = 4, and thus 


Ay = aera + is (18). 
Simian for ye, we find p= : 6 = m, so that - 
P, = yiu t. | . (19), 


and for % we find p = 4 and m = 7, so that 
Sng lub bee (20). 


où 
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Tt need hardly be remarked that ‘in order to obtain the complete expressions 
of these seven fundamental concomitants, it is not- necessary to effect all the 
differentiations implied by (I) and (IT) for all the terms; for, since any concom- 
itant is symmetric, either direct or skew, in variables ‘nd coefficients of terms of 
similar rank in the quantic, the knowledge of one term is sufficient to give by 
symmetric interchange all terms of similar rank in the concomitant. 

_ 80. The important connection of §17 between the theory of ternary quantics 
and that of simultaneous binary quantics, can here be made applicable immedi- 
ately to the cubic. On inspection of the equations, it appears that they are the 

characteristic differential equations satisfied by covariants (and invariants) of the 
simultaneous binary quadratic and binary cubic having a, and — b, for variables ; - 
and that therefore every simultaneous invariant or covariant of the binary quadratic 
and binary cubic having a, and — b, for variables, ts the leading coefficient of a con- 
comitant of the ternary cubic. Moreover, thisis practically the actual form in which 
the sources have been obtained, and it is on this account that the symbols v (the 
binary quadratic), A, (the Hessian or discriminant of the quadratic), v, (the binary — 
cubic), Ag (the Hessian of the cubic), $5; (the cubicovariant of the cubic), and 
“ Jy (the Jacobian of the quadratis and the cubic), have been assigned to the 
sources. 

Hence known results from the theory of the binary non can .be 
used for the theory of the ternary cubic; and conversely, the foregoing theory 
leads to an important inference as regards simukaneous binary quantics. The 
quantity a), thus interpreted, is in fact the binary quantic of order zero ; that is, 
in the theory of simultaneous binary quantics it is a pure constant, and hence it 
follows that every invariant and every covariant in the system which belongs to a 
binary cubic and a binary quadratic can be algebraically expressed in terms of the 
. quadratic and ite discriminant, the cubic with its ANGIE and cubicovariant, and 
the Jacobian of the cubic and the quadratic.* 

31. As illustrations of the general theorem that all 1 the concomitants of the 
ternary quantic are expressible in terms of the given system, we e proceed to 
some nee cases. à 


[en 





*For the theory of the asyzygetic concomitants of the binary quadratic and binary cubic when 
simultaneous, see Salmon’s Higher Algebra, 3149, in 8d edition (1876) ; Clebsch’s Theorie der bindren 
algebraischen Formen, 459; Gordan’s Vorlesungen über Invariantentheorie, $81 (a comparison of their 
notations is given in my memoir, “A class of functional invariants,” Phil. Trans., 1889, A, p. 91, note), 
and Hammond, The cubt-quadrto system, Amer. Journ. of Math., Vol. VITI (1886), pp. 188-155. 
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The cubic contravariant P has for its leading coefficient*. . 
P= Co (ast, — b5) — by (asdi — Byer) Has (id — à), ” 
which is the invariant Z of Salmon, thie intermediate invariant of v, and Ag. 


Now if Æ be the Jacobian of two quadratics 6, and 6, of which the discriminants 
are D, and D, and intermediate invariant.ia J, then 


k= ms = 0,07 rane) BD, — BD, . 
Taking 6, to be w, We have D, = A,; and taking 6, to be we have 


“NE — 4 (yay — ci) (age — bi 3) — (ad = bye)?" 
z= ENR of cubic . > 


ray À 4 + åh). 
Ku, = jul E 7 Ps» 


for K, Jas, Ps are all Jacobians. Hence the relation becomes 


poh = (Jaha + F rap) PAG + 478) + Hh 
ee R = Jih + Jestas — viha + oe 
so that PB = Jialeg + jogs — vahs + Usha. 
` Hence passing to the concomitants of which the foregoing quantities are leading 
coefficients, we have 
Pu, U, U? = JE, + Jas UPa — US HS + ÜR H, By, y 


Aiso 


the factor u, being inserted to make thé order and the class uniform. — 
The reciprocant F (Cayley, L. c., p. 644) has for its leading coefficient 


J= aidh — Bagbyerdy + tagit 4d} — 3bici 
1 


and therefore 


FU? = ©} + 473 


‘ no factor w, being necessary. - 
The value of the quartinvariant S (Cayley, l C., p. 641) is is 


S=vp— h t hth 








, * Cayley, Third Memoir on Quantics, Phil. Trans., 1856, p. 642. 
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` (inthe table the quantity — ¢f* should be: — efh*), where 


| L = ay {hab — cı (mto + 201) + Sbycaby — azob} 
— by {da} — Bois + By (aye + 20%) — aycebs}, 


` being in fact the linear covariant Z, of Salmon (=q of Gordan); and it has 
already ($30) been proved that % must be expressible in terms of the. seven 
functions (13). In fact it is not difficult to verify that 


bong = — beds + Jog (vs + Ihaw + jas) 


Soy = vip — VgV=hg + vvh — Qi + Jaala + Bhathas + Ja, 
the relation among leading coefficients. This, when turned into the correspond- 
ing relation between the concomitants, is : 
SU, Ufu = = U (Jin Hs F Ja UD, — UH; + U} H,4;) 
— U,U3H, + U,U3H} — D, U} + Ja H,U} + 8H Ui + dis, 


the power of u, pe inserted to make the order and the class uniform throughout 
the equation. 

. And in every case the first step in the expression of a given concomitant in 
terms of the fundamental concomitants is the arrangement of its leading coeffi- 
cients in powers of a, and b, (i. e. of A and f in Cayley’s tables). | 

82, As a last illustration we may take the following: It is a consequence 
of the general theory that each of the eight quantities U, H, 5; P, Q; F; 8S, T* 
is expressible in terms of the seven fundamental concomitants and of u, 
Hence some relation must subsist among these eight quantities and us, an irra- 
tional form of which relation can be obtained by the following indications. 
Taking U in the form 2° + + 2 + 6lzyz, we have 
a + +2 =A, 
PE + PP + pu, . |: 
| zyz =r, | 
where à, u, r are expressible in terms of U, H, ¥ and the coefficient 7. Now if 
aty+2= 3p, yz+ zx + ay = 3g, we have 


pl — g) = h (A—38n =, 


q (q — pr) = y (3P — u) =p, say, 


Hence 





* Cayley’s 84 Concomitants of.the Ternary Cubic, Amer. Journ. of Math., Vol. IV (1881), p- 1. 


~ 
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| where c and p are similarly expressed to à, Ur? From these it follows that if. 
p= Y, we have. nn i 
ad ys — ¥* (80 +1) + ¥(80! + ro — p) — =Q. (i) 
Similarly, if Bt +? =N, 
| : ne HPE + E = w, 
O inč, 


where 4/, u’, 7” are expressible in terms of P, Q, F and the E l, and if 
we write E + m+ = 8p = 34 Y’, then 
` Y? — Y” (80 +7) + P (30° + ro — p')— -o"=0, 4 x: - 3G) 
and both Y and Y’ (and therefore p and p') can be expressed in irrational forms ` 
by means of (i) and (ii) in terms of the three covariants, the three contrava- 
riants and the coefficient 7. - 
_ Now x, y, z being the roots of `, 
| u — 3p? + 8qu —r = 0, 
and £, », & those of | 
| w — 3p + 3qu—r =0, 
then (Burnside and Panton, Theory of Equations, 1st edit. p. 1138) 
: ue = ak + yn toh = 3t 


satisfies the equation | 


ea; ++ (gf +VAR)=0, `> (iii) 
where | h=g— p=— a | 

| = — r+ 8pg — 2p = — r — 30 + p, 
and ` Az ga 


with similar values for 4! 4 A. 3 
When the- value of DEF Y) derived from (i) is substituted in a g, À 

- they are expressed (irrationally) in terms of / and. the three covariants ; and 
when the value of p' (= W Y’) derived from (ii) is substituted in X, g', A’, they 
are similarly expressed in terms of 7 and the three contravariants. When both 
these sets of quantities and the values of p and p' are substituted in (iii), it comes 
to be an equation. between U, H, 5; P, Q, F; ws, and J. When its rationalized 
equivalent is obtained, it folows—from the fact that all the occurring quanti- 
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ties, other than combinations of l, are covariantive—that such combinations are 
also covariantive ; that is to say, they can be expressed in terms of S and ae | 
This rational form would be the required relation. 


Symbolical Representation of the Concomitants. 


33. Instead of determining the order and the class.by means of equations 

(9) and (11), the following method is effective, viz. to change the leading coefficient 
into one which is symbolical in the umbral elements of the original quantic, and com- 
plete this symbolical expression according to the laws which apply to the concomitants 
of ternary quantics. 
For this purpose let ` | 

U, = agi +. = = By... 

hy = Age) — bi = a ay, (Baas), 
and therefore 1 i 
| H= + (abu) aba: 
Next we have 


` Then 


Vaia (Co, bis LACE — b = aye E 
for c = mat, by = ous, a; = ao, and 


Ee — Ag —— agbo 


= Bi (abs). 


Hence, remembering that with the symbolical notation, the repetition of a real 
_ coefficient requires the introduction of a new umbral coefficient, we have | 


k = a. pi (a505).¥4 (ass), 


and therefore = (aBu)(ayu) a By. 

Next we have. = (dos ci, by, taht, — bo) = Oh, 7 

where ex = ast — agbo = (0585) Bl da | 
so that as before = (aas) BY - (anys) 71. (aads) OF, 

and therefore `U, = (aBu)(ayu)(aôu) 82728. 


*# It is not sufficient to have one only of the two invariants, for in a less special form we should have 
the quantities 7° and abe, in the notation of Cayley's paper on the 84 concomitants. 
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| Further, 4, is the RA of v,, 80 that we may write 
hy = + (09) 60, 

= + (aba). (anys) 74. (Bads) B, 
Lo H, = + (aBu) (ayu) (83u) yi. 


Again, œ; is the cubicovariant of v, so that 


w= = (6p) (OY) oat i 
= (aba) (ays). (8:85) à [ (728s) et (243) 23], 


and therefore 
| = («Bu (yuXBdu)yeu)yAu) Bea. 
Ad lastly, jog is fie Jacobian of v and vg, so that l 
Jog = a (80) ab. 
We write & = a and & = ag, a= Ba and 0, = 8;, and so on, so that 


Jas = A1 (A383) - (2478) 73 [(Bsds) Sa. (Bses) €], R 
Jn = (aBu) (ayu) (Bu) Beu) any rhe 


It will be noticed that for each of the functions thus represented, the order 
and the class agree with their former values. : 


“and therefore 


Modification of the Fundamental System. 


34, According to a well known proposition, the square of any J acobian bin- 
ariant can be expressed in terms of other concomitants associated with the binary | 
quantics of which the Jacobian is taken, and as the Jacobian may thus be con- : 
sidered to be of ambiguous sign, it may be deemed desirable to replace the two 
Jacobians in the foregoing system, viz. bs and Js, by equivalent concomitants of 
determinate sign. 

For the first of them we have 


= f — Hg, 


where f is the din of %, (§31) considered, and thus replace Ÿs 
by f, which written symbolically is 


(aba) (7208) (asya) (Bô), 
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we have the corresponding function given by 
F = (aBu}(yôu)(ayu)(Bôu) . 
This replaces ,. 


To replace Ją we take the quantity p (of §31), the symbolical form of > 
which is a p= a (m, | 


ee nh = h => (00) Ob 

p= + a (OPPONE) | 

| = La (By) (sy) (4s) 
_ This leading coefficient determines a function 

Lon p (Byu} (ayu) (au) a, 

© = -p (aBu)(ayu)(Byu)(aBy) te, 


by the usual hd of compounding these determinants; hence there is effec- 
tively determined a function : 


so that z 


+ GENE) ayu) (Byu). 


This replaces Ji; a the present rejection.of the factor u, accounts for its insertion 
in §31, necessary to render the order and the class both uniform throughout the 
equation which gives the expression for P in terms of the former fundamental 
` system. i 


The Number of Algebraically Independent Concomitants of the Ternary ni. 


86. Before proceeding to the detailed consideration of the quartic, the general 
method of obtaining the proper (§18) number, of the independent solutions of 
the equations Dy = 0, Dy) =0 can now be indicated. 

We find as before a complete set of independent solutions 6,, 6,, @,.... of 
Dy = 0, and then take such functional combinations of them, say F (4, @:,...), 
as will satisfy Dep = 0 or Ay = 0; we must therefore have 


og, OE 


af à 


= 
yt, + SE 
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Hence the subsidiary equations necessary for the determination of f are 


dy dB, _ dh 


AO, Ab, Ab °°? 





the number of independent solutions of this set will give the required number of 
` independent functional combinations. Now all the quantities A0 are not func- 
tions of the variables 0 of these equations; it is necessary to take such combina- 
. tions of the Aé as are expressible in terms of the variables. ` In actual practice 
these combinations are similar to those which arose in the cage of the cubic (§25), 
viz. functions of quotients of the variables 0 such that when a quotient-is oper- 
ated on by A, the regult is expressible in terms of some other quotient. 
To estimate the effect of these modifications, let us consider them i in connec- 


tion with the ternary quantic of order n, which has > (n + 1)(n J 2) coeffi- 


ciente. The number of subsidiary equations ‘associated with Dp = 0 is less - 
than this integer by unity, and therefore the number of the quantities 6 being the. 
number of independent integrals of these equations, is 


+ (r + 3n). 


In forming the functional combinations of the quantities A6, it is necessary 
($23) to take some one of the quantities 0, as 6,, for a variable of reference, and 
then the number of independent ce ‘of the form | a 


A9, — 20,06, = Or, 


= which can be formed, is (nt + sn) — 1. Each such equation can be used for | 


the transformation of a fraction in the subsidiary equations 


‘and therefore the number of equations in the modified set being one less than 
the number of modified fractions, is (rt + 3n) — 2. But each of these modi- 
fied subsidiary equations leads to an integral, and therefore the number of inde- 
: pendent integrals is = (nè + 8n)— 2, which is the number + (n + 1)(n + 2) 3 
of $18, 


= + (n +4) — 1), 
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which is the required number of algebraically independent solutions of the 
simultaneous partial differential equations Dy) = 0, Dy = 0. 
Since each such solution determines a concomitant, we have the result: 


All the concomitants of the uni-ternary ‘nt can be algebraically expressed in 
terms of u, and of + (n + 4)(n — 1) properly chosen independent concomitants.. 
. Thus there are 8 for the quadratic in this algebraically complete system ; 


there are 7 for the cubic, as was proved, and, as we shall now see, there are 12 
for the quartic. | 


In the same way it may be proved that: 

All the concomitants of the bi-ternary n?m“, symbolically represented by azur 
can be algebraically expressed in terms of + y(n + 1)(n + 2)(m + 1)(m + 2) — 3 
properly chosen independent concomitants. 


4 


[IL.— The Quartic. 


36. The explicit form of the general quartic is 


ai + Ami + Grga + Arjat, + au, 
+ Abies + Anh, + 62e, + Awb 
+ Gcriei + dabom + Gage 
+ Adari + das 
+ costs, 
and the characteristic equations Dip = 0, Dy) = 0 are respectively 


ee ə ə 3 ə 2 
P= aay + + Saag + 4d ae Fast 2by = 


ile aie ce = (;, 


Obs 
o 2 
tog +a 2 ya tag = 0. 


To find the common solutions, it is first necessary to construct the subsidiary : 
equations for the former of these; being 14 in number since there are 15 coeff- 
cients, and so 14 independent integrals of them are necessary. ` 
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The form of nine of these subsidiary equations is exactly the same as for 
the cubic, so that their integrals are the same as for the cubic, viz. we take 
Gos i, bz, bs, bas bs, Og, br, Gs, 
asin $23. For the remainder, which are | 


das da, db, _ de, _ dh _ de 
0 "7 0 la, 2% Bey ‘4h 
we proceed as before, and take DAS | 





b = ay. : 
Then Af, = 4b,, 80 that ` l 
6,46, oa! 40,06, = 460: 
where | © Do = bay — aubo 
is the next integral. We now have 
= Oo — 86% = 30n, 
where On = aa? — Wyayby + ab? 


is another integral. Next l ; ; 
| | . HAG, + 20,06, = 20%, 


where | Ory = dei — 30010 + 3050103 — abi 
is the succeeding integral ; and . | 

R ; | GA — A = Os \ 
where ` bis = egat — 4d,akby + 60420 — 4b,a,b8 + a,b§ 


is the last integral; moreover, we have 


XN 


37. By the substitutions. — | 
RATE Pos = Dos On = ns nb = ns sr = drs, 


these equations take the same forms as the eight equations of §25, viz. 


Ad, = TA 

p FAP = 3u, 
` GFA, = 293; i 
FAds= dis, ` | 


FAP = 0 , 
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so that of the (8 +5 =)13 equations we must have 12 integrals. Seven of 
these are already obtained, being 4, Hs» Xar Xar Xs» Lo Xi the remaining five 
are easily found to be 

Xe = Pis 

Lo = Ons — Ph, 

Xio = ProPis— BPnPrDis + 2%, 

Au = PPs — 4h? + 3h; 

á Xa = ss — Pas- 


The twelve integrals are independent of one another, and every solution common . 
to the two equations Dy) = 0 = Deb can be algebraically expressed in terms of 
Xi Hares sss Xu Xa» ; 

38. The effects of the. operators D, and D, on the quantities @ in the case 
of the quartic are as follows : 







































































Value of 


mP 












































. Hence, if ultimately it should appear that the values of m — p to be associated 
with the respective sources are as given in the last line of the second table, the 
twelve quantities y are sources of concomitante. 
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39. When actual substitution is made in the quantities y and the resulting 
expressions are reduced, the values of y,,...., % are as given in (13), butit . 
must he remembered that the coefficients are now coefficients of the quartic, 
and therefore different values of m and of p may need to be associated with those - 
quantities. For the remainder we have | 


Ds = (6, di, Cy, bs, a,{ay, — by), 3 | | i 7 











- The reasons of the notations adopted are fairly obvious; A, is the Hessian, ¢, 
the cubicovariant, à, the quadrinvariant, of v, regarded as a quartic; and 7, is 
the Jacobian of v,, regarded as a quadratic, and v4. 

40. To find the values of m and p, the shortest method will be to change 
all the expressions into symbolical forms. For this purpose, let. 


T=... sde H=p=..:., 
be the original quartic. It is evident that U, is the concomitant with thé 
“source Vo. 
Then — 


J hy = acy — BL = + ifi (Bara), - 
and therefore. . B= Ee (aBu) a28? | 
= gui t © ok (22). 
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Next we have v = (op bis a%m, zd by)? = ate, 


—- 28 — n? ae fe Js i 
for co = aidé, by = aiats, dy = ajag; and 


Eg == Agly — Agbo . Di 


= B (as), 
so that Toa _ % = af. BY (aab). yi (a373) 
and therefore Q= CE aeiy 
= gæi +. (23). 


(As in the case of the cubic, we have 0, - — ULHA, divisible by u? and leaving as’ 
its other factor the Hessian of the quartic.) . | | 

Next we have . ` a 
| v= (dh, Cy, by, as, = b= ajb, | . # 
where O; = Aga, — agbo = Bi (abs), - | os 


so that vs = 4. BE (a83) 44 (ax) BE (as) j 
and therefore | U, = (aBu)(ayu)(adu) a, Baye : 
o O sgh (24). 


Next, ħa is the Hessian of vg, 80 that 
ha = g ab (OP Oe 
= + op (apa. (ay) (BdA $ 
pnd therefore | M, = + (apu) (oyu)(Bdu) 08.9388 “Sn 
= euh +... : (25). 
Again, , is the ae of vs, so that i | o 


= upy (9)? ont (6) 
= aby (Abs) (ays) «83 (Bað) (Yas) Ad ue ui 
and therefore 


p = (Berre Aalay aAa 
, = yaru +. | (26). 
Also, js is the Jacobian of 4 Vy and va, 80 that 
Jas = = 08; (e0) es 
= = a8, (abs). (a73) yi [( aða) 8. (Br) Add, 


- nd therefore 
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and therefore 
Dis = ae ue (Gy Bay da p 7 z 
= gari +... s (27). 
- Coming now to the new forms in (21), ‘we have | 
= (@, ch C3, bs, aa, — bj = = fb 
and, as before, p; = Ath — Asbo = (aba) G3, 80 that 
Vs = (oa) pi. (2373) 72- (485) ôi- (ases) ef, 
0, = (api ayadu laei) BrE | 
= yoz ui +. (28). 
‘Next, A, is the Hessian of v,, and therefore i 
h = -y (popio? 
= -5 (02b). (ays) (ads) 81. (Ba) 24 (Bu) eb 


hence M = (Buhay) (aðu) (Bau)(Buu) yaus 
=g 7 (29). 


Again, for ĝu, which is the cubicovariant of v, we have | 


and therefore. 


= + (po) (or) plopt ; . . 
+ (blby). (a8) Of (585) ef ae Ay a) 23 to alts) HA (ya) Yi» 


and therefore - 


Le + ee eae TTT. na 
ry + . . (30). 
For ù, the oe of v,, we have | 
F ù Es) + (po); a 


L= + (aBu)! . 
= Au eee (31). 
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Last Ja i8 the Jacobian of % and +,, 80 that 


ju = al 1 (ep) Epi. 
= aj ( as): (ays) yi. (Gis) aq (Bus) ui (Gan) Ph. 

and-therefore . 

Jus CA (Bu) (Bru) ayia 
| = diet +. a (32). 
Tt will be seen that in every case the value of m — p agrees with the required 
value in the earlier table, and we are therefore now justified in enunciating the 
following theorem : 
Every concomitant of the ternary quartic can cie algebraically expressed in terms 
of u, (the universal concomitant) and of the twelve fundamental concomitants U, (the 
quartic itself); H,, D; Us, Hs, Ps, Jag; Ua, Hy, Bi, L, Jas; the leading coefficients 
of these concomitants are given in (13) and (21), their order and class in (22) to 
(32), and their full expressions can be obtained by (I) and (II). 

41. This fundamental system may be modified—as in §34 for the cubic—in 
the case of all the concomitants which have Jacobian functions in the leading © 
coefficients. We have i 

Ps = foh v — 473, 


where / is the discriminant of ùs; and thus we may replace ds by f, the symbolic’ 


form of which is 
f (abs) (7305) (a373) (8,84) aby, 
and therefore ` 


P= (apu) (yðu) (ayu) (Bòu) abayas | 
= (ah — Gasbscido + Aaget + Adobi — Bbo) atut +... (26) 


will replace D, in the system. 


Similarly we might replace 7: by j ae intermediate invariant of v, and hs; 
its symbolic form is 


F A (Cira (ay) orbs) Bay 
and E E EE Aanguion 
+ (Gyu) (ayu) (aßu) dibaya 
= + (8y) (apu) (ayu) (Byu) atasa, 
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so that 
| + (aBy)(aBu)(ayu\(Byu) abays 

a (asc, — b3) — by (agda — bye) + a (bada — cat Hs... g (27) - 

will replace Jy in the system. 

Next, a being the cubicovariant of vı, we have 


C+ Gi — thai + 4A = 0, 


where j, is the cubinvariant of v,; and so we may replace Pa by Jar the sym- 
bolical expression of which is 


+ po) onor} 
= + (ab) (8y) (ay), 


so that I= + (a8u)(Byu){ayu) B 
= (eba, + 2d:1b303 — bs — 3 — did) ui +... _ (80) 
will replace D, in the system. 


Lastly, since /,, is the Jacobian of v, and v, and we retain A, and 4,, it can 
be replaced by the ‘second transvectant of vs and v,, the symbolical expression of 
E T is ; 


q= + ailp 
= + A (ba). (Bays) 74 (Bd) ia 
and therefore’ 


Q = -p (Bu) (Byu)(BBu) a sp ; 
Ga — 2b,d, + cc) af — 2 (adh — 20163 + bco) abo 
+ (asc, — 2b,b, + ous) Dp fafut + .... (82) 
will replace je in the system. 

- 42, As illustrations of.the general theorem of §40, the following may be 
taken. It has been shown by Maisano* that all the concomitants of: the quartic 
of the second degree are (l. c., p. 201) a262 (abu)*, which is effectively H, of (22), 
and (abu), which is J, of (31); and that among those of the third degree are: 








* “ Bistomi completi dei primi cinque gradi della forma ternaria biquadratica e degl’ invarianti, 
7 covarianti o.contravarianti di sesto grado,” Batt. Giorn. di Mat., t. XIX (1881), pp. 198-287. 
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(1. c., p. 208) (abu)(bcu)(cau), which is effectively J, of (30/), and (abc)'aÿbic?, 
which is U, — U,H,. Another concomitant of this degree is 


o= asb (abu) (acu) = fa (ado = 2b + ba) = by (cas yey Hasc) laut + ..., 
so that - OU,U;= H,U3 + HU} + Jh- 
Another is mS 
= (abu)? (abe) & 
= [ay (ea, — 40,63 + 36) + a (aby — 800 + 35,d, — ia | 
— by (doa, — 35e + 3b,¢, — ah )] ud +. 
= added + ...., 


and it is not difficult to prove that 


(u,¥ — UL) TRO? | > 
= D} Uk, — Vi UD, + SUR (HUE + HU?) (Usa. — Ueda) + (Ua — Us) 


Lastly, when the tabulated value of À = _ (abc) is taken as calculated 
by Bernardi, it can be arranged in the form 


` A= 4 — 12p + 8N, 


fa 


where p is the coefficient of (27), 4) is the coefficient just given and 
N= es — Haas + 20s (catty + 281) — Abgcabs + aco, 


evidently a simultaneous invariant of v, and v, and expressible in terms of 
Vs, ha, Vas hy, % t4: Pis Ju 

The general method of expressing any EA in terms of the set, 
here proved to be complete, is to take its leading coefficient $, which must be a — 
simultaneous concomitant of vo, Vs, Yg, v, and must be expressible in terms of the 
quantities in (13) and (21). Moreover, since they are binariants, it is sufficient to 
consider the coefficients of the highest powers of a, contained by them; and it 
is found that in every case ò can be arranged as combinations of quantities, 
which are concomitants in a, and by. Thus, for instance, © above has for its 
leading coefficient the simultaneous linear covariant called L by Salmon (p. 178) ; 
® has a leading coefficient composed of a part wi, and the simultaneous covariant 
called Ly a Salmon (p. 179), -and sa! for A. 
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_IV.— Complete System of Algebraically Independent Concomitants for the n°, 


43. It is at once evident that all the leading coefficients of the concomi- 
- tants just obtained for the quartic consist of (i) the algebraically independent 
invariants and covariants of the binary quadratic, the binary cubic and the 
binary quartic in a, and — b, as variables; of (ii) the Jacobians of this binary 
quadratic and binary cubic, and this binary quadratic and binary quartic; and 
- (iii) of the original quantic. ` 

The forms of the characteristic differential equations satisfied by these 
leading coefficients show that every- solution i is a concomitant of the simultaneous 
system of binary quantics formed in the above way; the theory shows that every 
such solution can be algebraically expressed in terms of the members of the 
above set. 

` And the result is true for the general quantic of order n, so that we can 
now state a complete system of algebraically independent concomitants. 

44.. First, let U= a* be the quantic which, written explicitly, takes the 
form ur ` 


nl i . > 
(ap; di; eee ay Aes as)" ta — 1! rm (by bis e... bn alor en 
! : 
a = 3 (Co, Cine) CAEN COR re)" —* 

LC thy vee y des BOE 


‘We shall represent the leading coefficients in symbolical forms, as in §§33, 40; 
their explicit forms are obtainable in the same way as the explicit forms of con- 
comitants of binary quantics, and indeed are the same as those binariants when 
a, and — b, replace the variables. 

We have, first | p 
f | U = aZ = agit... 

Next, let i 
v = (Cos bi; aha, — by)? = af? (aga, — agbo) = aiT’, 
then the concomitant is | | 

= mht +. 
and Aa = aco — b, the Hessian of v, so that the concomitant is 


Hy = ha +. 
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and as usual we have . 

(U, — -UH,) + u} = Hessian. of U. 

Next, let ` i 
Vs = (dy, Cy, by, LACA i b = a pi 

then the concomitant is 


T,= va + 


and the associated set is given by la (the is and @, (the cubicovariant) of 
vs, the concomitants being 


# 


= haf- +... 
| = pah- +... 
„and so on. ; 
In general, let 
v, = (. oe a ’ Cees ba, a,{ay, aa by = a "és 


where p; = ay — a); and we shall suppose p, g, + to: be equivalent symbols. 
Then it is known from the theory of binary quantics that all the concomitants 
can be expressed in terms of the following set of binariants of the second and 
of the third degrees alternately INe aia Oe Gy Oy, Vid. 


ray (2, r) = = a-r Beo" (po) p; r— Ig 
NPC Bt" eon 

@(4,r) = a? Srania of riai, 

ü (5, r) = By" (90)! (or) pi op ay, | 

a(6, r) = = Ge n — ro tof ne 

o (7, 7) = a "Br *yt (po) (or) opt | 
and so on; the symbols pẹ, Op, 7; in these respectively denote œa — abs, 
Ba, — Bobo, and y,a,— Ysbo. The series of functions concludes with the term 
@ (r, r), the form of which depends on the evenness or oddness of r. 

In order to find the- order and the class for each of the concomitants, we 
must take two separate typical forms, say œ (2s, 7) and o (2s + 1, 7), where r 
may not be less than 2s in the former nor than 2s as 1 in the latter: 

For the former we have 


o (28, r) = = a?” pi np ro r 


when this is changed into a further symbolical form for the concomitant, (pc) 
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becomes (a,(3,) and so ultimately comes to be (au); that is, every power of (pa) 
introduces a unit for the class. Again, ‘ps becomes of the form 


0T? (830s — Baba) = AT (Bab), 


and so ultimately comes to be 0%-1(B@u); that is, every factor se the form pẹ 
introduces a unit for the class and n— 1 for the order. And af” ultimately 
` comes to be a3~’, and so with 8,. Hence finally, the order is 


2(n— r) + 2(r — 28)(n — 1) = 2n (r — 28 + 1)—4(r— 6), 
` and the class is l 2s + 2(r — 2) = 2(r —0), 
and therefore the concomitant is ; 
| Wes, = 0 (28, i) gra 046 G pe De 
Similarly for o (28 + 1, 7), the symbol for which is 
a "BE ya (po) (or) pi tog ir, 


Wisi r =0(2% + 1, r) SE Le +.. 


we have 


For this class of the complete set of the concomitants given by W;,, the 
values of u, for a given value of r, are 0,2,8,....,r and Wo, has for a 
leading coefficient v,, being | 


= me ru ass p5 
and the is of r are 2, 3, n. Thus the total number of concomitants . 


in this division is in (n+ e — 1. 


45. Next, for the class of concomitants whose coefficients are the algebrai- 
cally independent Jacobians Of Ug, Ogy eca On, WE take Jy 5, Jo, as Ja, 5r ee eea Jone 
Evidently. | i 
Js, r = af BE” (po) peot 
where pz = agay — ab, Of = Bit — Bebo; and the concomitant is 
Jap =j CHE 


The values of r are 3, 4,...., n, and the total number in this class of con- 
comitants is therefore n — 2.. | | | 
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Hence the total number of concomitants is 


1, for the original quantic, 


+ i n(n + 1) — 1 for those in the first of the classes, 


__+nr—2 “ono 4 gecond “  “. 
i. e. the total number is -> (n + 4)(n — 1), agreeing with the former result. 
These concomitants are algebraically independent of one another, and every con- 
comitant of the quantic can be algebraically expressed in terms of them: 


V.— System of Two Quadratics. 
46. The two quadratics may be taken in the forms 


agi + its + Lars + cu + 2620523 + a, 
ai + Dior, + Lalas + cki + ae + ayes; 


the characteristic equations are 


Dy + Di ag + a + aren T 2b 
A= Dy+ Dix bo zee + cosy + Bre, + Ba + ob dy + 20h 2%). | 
There are twelve coefficients in all; there will therefore be eleven equations 
subsidiary to, and eleven independent re of, D, + D! =0; and ultimately 
there will be ($$18 and 35) nine independent solutions common to the two 
equations. ` 
From the form of the characteristic equations, it at once follows that they 
are the simultaneous concomitunts of two binary quadrates,. the literal coefficients of + 
which are co, b1, ag, and cj, bl, al, and that the variables of the concomitantes are 
two sets, viz. a, and — by, al and — bl. 
47. The subsidiary equations for D, + D{ = 0 are 


da _ da, _ das _ day _ daj _ dag _ dy, db, _ da _ dbl 1. do 
“Emi ails thle ies 


0 0 — 0 0 0 ~ a ~ a 2% d ~ af = %! 


of which six integrals are immediately-given by 





bo = ay, 0, = Oy, b, = ay; 
0 =}, j= =: ai, b; = aj, 


and we may take either 0, or 6/ as a “ variable of reference.” 
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The full system of equations, subsidiary to the solution of A=0 in tie 
tional combinations of the solutions of D, + Ei 0, are for the alternative 
F variables of referénce: ` 








PAb, — 20,40, = 26, BAN — WAB = 24) 
PA, — AR == 6, |. BA — A= 8, | 
GAH — HAh= o | Ah — GAË= — 9 
GAY — 26,06, = An +, AI, — 20,A0 = Lys 
8,3 — VA = be BA %s — {Ab = XA 
0,A6,— DA == My - A — GAË—= M 
WAY %A= AJ. dah WAM = wy) 


where the eleven quantities defined by the equations 


bs = bya, — si a, = bia, — ae = Mes ahi 

Xs = : bái — abi 03 = bial — agb 2 A 
0, = Cyt} — Qbyayby + ab qa = Ci — 2b) 14109 + ay 
2u = Gui — by (abi + aibo) + abbi 7; Ua = Coda — bi (aibi + a + abbé ¢? 
x= oa — 2b,a1b6 + abo 0 = Gay — 2biaib, + ab 


all are solutions of D, + D{=0. Further, the quantities 44, 44; 04, %45 D; Aus bas 
_ are solutions also of A = 0. 
For each of the variables of ‘reference, the first five of the equations of the 
- get are suflicient to give all the equations, subsidiary to A = 0 and necessary for 
the derivation of solutions additional to those already obtained. 
Taking @, as the variable of reference, we have common solutions of the two: 


characteristic equations given by à 


bo, 903 lss hy; ®; 


and four more are necessary, given by the solutions of the first five.equations in 
the first bracket of modified equations RSR to A—O. If, then, we sub- 


stitute 

1. 0s 248 (A ea hy Xs ; ee 
a, ae ET W =p SOs ker SO ee. e 
6! > ’ us _ 1 0, $ Xs ; 3 ve ’ ô; , 6, — €; 


RUN SN a a ee 
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then the equations come to be ae i | 
| HAp= 2 WAP =. En 
Ag = 6 Pag = LA 
BAe = ĝ OAs! = — à 
GAr = 2% p, Ar = Yp, 
GAp = yj Ap = |. 
GAs = ju PAs! = Ay | 
BAs = À, i 0r Ao! = u J 


_ and what we wish are four independent étions of the first oo equations i in the 
former of these brackets. Such solutions are : 


2 = pli — = ae — 8, 
= eb, — gp = 2 
de Ta — p’ = ajo — bf, 
O= ehy pp =. 
and à, and u, are the respective Jacobians of and 0, (with a, and by as variables) 
and of @ and 4, (with a, and bọ as variables). | 


Hence it follows that every common solution of the two Hate equations 
can be É us in terms of the nine common solutions . 


hos bs, 333 05, Yes H; Q, gs Lu 


48. If. we take the first five of the modified equations in the second bracket, po 
we find the four new solutions to be | 


p= ryu p” = aat, 
B= go + Ge = a 
X= p'i— og = aa — df, 
A 'O0=09 + AE = pa; 
` and every solution can be expressed in terms of the éd 
Oor Sar Zay Oy Ob S55 Pr us Me 
49. Other solutions of the system of equations are 


Ja = ac + ajCy — 26,61, 
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an intermediate between 3, and 3; 


J= ph — — Gh, = (bla — Bed at — aiba (alo — cel) + B (al — abi), 
f=— poi + g'xa = (bico — bico) af — aiba (aico — asc) + 66 (afb, — bi); 
the former a Jacobian of 0, and 4, (in a, and bas variables), the latter a Jaco- 
bian of 6 and y, (in a! and bi as variables) ; | | 


ga = sb — quu=(bico—bicé) Ay} — 445 (a3co— 0451) — aiba (610{ aci) + bobo Ch abi), 
an intermediary between g and f and a J acobian of 6, and us. 

These four are the most important of the solutions, and they will be used in 
connection with the fundamental system to be made symmetrical later. 3 

‘Other solutions—the simplest in form—are as follows: they should be expres- 
sible in terms of the fundamental set, and the verification of this leads to the 
values given for them. The left-hand sides of the equations give the solutions, 
the right-hand their values : 


spa — piu = — $H, SHa — pa = $94; 
. ga, — 99, = | P95; qua — oc = — $333 
- 60, — qu = In, 80, —q'u—— Gr; 
ph — ph = g, prés —qu=— f; 
cd, — g9 = Ay g htp = bu; 
| 
eh ph = hy MT PPS Aij 
D i z ic i 1 3 
mp Mn tee; 
i . 
op May ope wio. 
A — 0h = ga + Ps, pla — O'X = — I3— fs; 
8A, Oly =g È s'ta — O'h = — g: 


‘And the equations which express the values of the quantities g, a Qu fa, pres 
in terms of the fundamental systems are 


CAPES ui + pH, 
Oxa = Ai + PDs, 
g? = Ada — lu 
J= uka — Aa, 


P = — Sit Arde, — 326 l ` 
9 = — IA + Sabia — S502 
f Jaha = uag — a ; 
ACY & = dug — OSs 


” 
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It may be remarked that a form more directly intermediate between g and 
g is given by gs + 4S, the value of which is 


(bico — bici) ma! — -+ (afco — ages)(ab} + albo) + (afb, — asb!) bobi, 


which with similar forms will be adopted for the system in the case of three 

quadratics. The form gy adopted in the present system ‘is directly connected 

with one of Gordan’s concomitants, and. the corresponding concomitant has its 
order and its class each greater by unity than those of the present gy. 

| 50. The fundamental system can be modified so as to be symmetrical with 

-regard to the two quantics. We have seen that 


Ohh, = ua + pH, 
byu = : 24 + ? LT 


BO that in the first fundamental sain we can replace À, and u, by y, and 6 > 
respectively, and in the second by 6, and 1, respectively. The two systems are 
‘the same, and it thus follows that every common solution can be expressed in terms 
of | Op, 955 P; Das B; bo Vas Xo De 


51. It is now necessary to determine the order and the grade of each of the . 
concomitants determined by these leading coefficients. It is easy to show that 


U= Gi Mister 
Um Oot +... 
P= grim +...., 
O= Suh ‘+...., 


OHA +...., 
O, = ri +...., 


P, = bet eee, 
K = geni + eee es | 
Gi = Ori + ...., 


. and therefore every simultaneous concomitant of the two quadratics can be expressed 
algebraicalt y in terms of U, U', ®, SH O, O, B,, X4, Of. | 
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In addition to these nine, it is convenient to have other six, the leading 
coefficients of which are respectively Aer fas Js Js Jus. ond fs. It- is easy to 
determine their order and class; the concomitants are 


ES T E . 
My = wad + ...., 
Gs gui +...., 
G = xu +..….., 
Gis = gui + ...., 
Fy = fxd + ,..., 


and the equations which give the values of these in terms of the cn of the 
fundamental system are i 
Mi = Olt, — DO, | 
Ai = 0,X,— PO, 
Gb = M,O,— AYP, 
GP = A0, — MX, 
OFF, = 0 koz OTi + 90 
OX, Fa = GP + 0,02+ ne 
Un Pi = MG — 0,0,D 
tX = AyG! — es ` 


The six concomitants A,, Ma, G, G', Gy, Fis may be used as subsidiary to the 
. symmetrical set, it being understood -that in expressions they represent the fore- | 
going combinations of the members of that set. | 
52. Now Gordan has shown! that the number of asyzygetic concomitants 
of a system of two ternary quadratics is 20, and he has given (1. c.) the symbol- 
ical expressions for them. From the foregoing theory it follows that each of 
them must be expressible in terms of the set of nine above obtained ; the expres- 
sions I find to be as follows: 








* REN “ Vorlesungen über Geometriè ” (Lindemann), pp. 288-291 and note on p. 290. 
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f=U, 
Fa = 20, ; 
Ain = 6 (0,7 —@,), : 
Aus = 2(U'0, — 2A, — Y, + UF), 
u,B, = 2(U'0, — Ay), 
f=", 
Fo = 20}, 
wA == 6 (OLU — OD), 
wdy = 2(UOl — 2M,—X, + UF), 
u,B, = 2 (UO; —M), 
N=—D, 
uO = 2(G— @®), 
. UO = 2(G'— Ojo), 
gi = 4(0@ + OG — 290b — u Fas), | , 
| = 44, ; g 7 o | 
= = 4(DA, — U'G " Wa UG), 
WT, = 4 (M, — UG +uU'G), -~ 
uA = 4(D5 — U'op, — UDX, + U'A, + USM, i 
| — DA — UG + UD, + 2u, UU Ey), 
i fa = Fy, l } | 
UD = 4 (P — UX, — UE, + UU'Fy),) 
the symbols on the left-hand sides being those used by Gordan. From these ` 
relations it is easy to deduce the equations 
u,D = Fy O + FC — Nfs, 
uA = fT +/T, — NP, 


subsisting among ORAN concomitants. 
` VI.— System of Three + Quadratcn, l 


53. They may be taken.in the forms 


ai + tite + 2,2, de cit + Days + ah l 
ai + bim + axte + e + birse + ala 
agi + Zoe + Valse + cf + 2b forgo + a'zi; 
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the characteristic Ste are ` 
| D+ Di + Di! = 0. and Az D, +D + Di = 0. 


There are eighteen coefficients in all; there will therefore be seventeen equa- 
_ tions subsidiary to the first of the Re equations, requiring seventeen 
independent integrals. The number of modified A-equations is sixteen, and there 
will therefore be fifteen solutions independent of one another and common to. 
the two characteristic equations. 

Hence all the simultaneous concomitants can ” a in terms of fifteen 
concomitants. 

. In what follows, only the se are e given they are derived by algebraical 
- analysis similar to what has preceded, and the solutions evidently maintain the 
preceding analogy to binariants. 

In forming the ee the following quantities occur : 


=a) . H= a Of) = a! 

smal sap Wa}; 

0, = a 6; = a} 6 = ap! J 
Os = bya, — abo ° Xs = bay — abi ns = bay! — ashy’ | 
J= bla, — aibo po O = biai — abi fpo m = biai! — aby 
6 = = bila, — al!bi g = — bl'a! — ~ a'b = be bal! ne lb}! 


S of these quantities, only 6,, 04, 04’ are on of the equations. The modified 
A-equations are constructed for the three DEEE cases, according as A, 61, or Of! 
is taken as the variable of reference. 

The further quantities here following also occur ; they all are eimultencoue 
solutions of the two characteristic equations: ` 


0, = == (Op bi; a fa, = by)? ` A = (co ’ by » ay n Yan, ra bolai, — bi) 


Xa = (&, bi, a ai, — bj) ’ A == (Cp, bi, as hay, F bojai’ 1 bi’) 7? 
Na = (Co, bi, a fai, — bY 2. Ad! = (ey, bis ay Yai, — bojai, — bo) 
p= (c$, bi, al Ya , = b,)? la = (cà i bi ; ay Yaz, aa boa» a bi) 

i= (ch, bi, ag for, — bo) po “ui = (Ch, bi, as Yar, — fa, — bo) Fi 
n= (ch, bi, ag fay’, — bo Y wl! == (of, Bf, af fal, — dofal’, — bi’) 
| £a = (ce, by’, ag Kay eS by)? Va — (co: b He Xe, cw bojal, ` Seen bé) 

an E de re ei) 


=U Bi! ajja! — BP vil = (a bi! a'{af, z5 bhja!!, — Bf) 
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where in. the right-hand column A, denotes caai — b, (abi + aibo) + asbobi, and 
similarly for the others. 

54. Taking first the equations independent of one another and formed with 
0, as the variable of reference, we have 
6,A6, — 26,40, = 20) 6,A6 — BAG, = ¢ BAG! — BAG —— 9! 
DA — BAR = o)” GAU — MAG = Ay }, BAG! — 20 A0 = 2%}, 
f bAta — YA = da AE — bA = 2 


where @ = a,b) — alby, ? = al'by — ab}! are simultaneous solutions of the two 
characteristic equations. i 
A set of independent solutions of these equations—necessarily seven in 
number to make up the required fifteen, for we already have Op, 05, 06’; 91, ta, Es; 
$ and p'—is . 
(00, — 0) +O = h = ao — bi 
(bh — 4) HAE S = a — Oy yo 
(eD PA = Y = afo bi" 
(810, — Op) +0, = A, 
(Ob, — bp) +0 = u fs 
(Es — Ed) +0 = v 
(~ Gig! — di?) +0 = 9", 
where the quantities @ are . 
p = abi — ajbo 
® = aibi — abs 
p" = afb — aft 


Hence it follows that every simultaneous solution of the two equations can 
be expressed in terms of the fifteen independent solutions already obtained, viz. 
o, 9%, 0 Oa, Wa Ea P, D D”; de, D, ONG Aar May Vas 

As this set of fifteen is not symmetrical with regard to the three quadratics, 
it will be replaced immediately by an equivalent set of fifteen independent 
solutions which shall be symmetrical. 

- 55. Taking now the equations for each of the three possible variables of 
reference, we find that the foregoing set of eight is increased when all the quan- 
tities which arise in the other sets are treated similarly with 0, as the variable ; 
the new equations thus obtained are, of course, not independent equations as 
they can be derived from the eight, but it is convenient so to increase the set in 


56 -Forsyrn: Systems of Ternariants that are Algebratcally Complete. 


order to have them complete in form.. Introducing quantities : defined by the 
equations | i 
0, = Ëp = Of! = re bs = bg = 7 =o”) 6, =e = gy" 
h = Br = 0p = On" >, 0 = bs = Og! = 0 +, Of = He = 61/8" 
= Ot = = fn! = OP! = = Oh = oq" L Oy = Oly 
da = Op = Ola! = Ofn a” P ue | 
és stoe Glo = = Hat, ni = Oy = Glo = Gu" À, 
ng = bn = Ox! = HP ` Ea = Qr = Oly! = Ola” 


the three completed sets of modified A-equations are 








——y— 




































































































RA=¥ AS gasp, 
Vp = 2q Vip! = 2q! | gpl 2g" 
va = 6 v=. | va 
vex Qo y'= = v'y"= 9! 
gy=— y 77 =— 9" 
g - i gi wee 2p” 
VP = h i vu = qi Wp" = Z 
vi 27 vin'= 2p g'n! = w" 
Vt be viel =El Vil nh 
VO = Ay Va = a yr! = ayl 
Vas M y'i = Ai | vien 
VE Mi viol= = bs Vir = ui 
VE = lM | vo = a! Wh ui 
à VO = n FE vil =n viol = 
Wel = yl! 
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in each of which sets the first.eight are the independent equations for that 
set.* 

56. We first modify the algebraically complete system of solutions so that 
it may become symmetrical with regard to the three quantics. We have 


Oxa =A HPR, 
Omn =a toh, 
ep UP >= Ang! + 64", 


so that y, and n, may replace y, and 34; and 


LEA +, 
bang = ut + pri, 
— Ha = wad! + ad", 


so that &{ and yj may replace v, and u. Hence all the simultaneous solutions can 
be expressed in terms of the algebravoally a set of fifteen constituted by 
bos 955 05 Das Der HP, DOS Las mi Vas m Ea Ey @ symmetrical set. 


The foregoing equations used for the modification of the syrien are selected 
from the following aggregate : ` 


aip + rd! + 4,9" = 0 Md + yd! + MP!=0) | 

ulo + a + gp” = E 2 up + Up + ao"! = ’ 

vip + vp! + Ep = 0 vi + ED +r@"=0 
Oxa = AG + Piss | Og = Ag + "D5 Hata = M + O'S, 
p05 = $ HPR fi t= m + "Ss | Oink = Af" HPY pe 
kki = + toy! -E = vi + o EXO = 4" + pry 


57. re in the system of simultaneous concomitants for two quadratics, there 
are other solutions of the two characteristic equations (and so other concomi- 
tants) simple in form and useful because subsidiary to the expression of concomi- 
tants. The most important of these are: 





*In the case of a system of n ternary quadratics, it is easy to see (1) that the number of equations 
` in each of the n complete systems formed as above is n*-+-2n—1, and (2) that all the simultaneous . 
concomitants are expressible in terms of 6n — 8 concomitants properly chosen. 
8 
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Sag = acg + ae — 2bibi' 


Ja =at + aye) — 20,0} | 
| > 
Fig = aci + agao — 20,04! J 


g =(4, B, Clu, —b) ga =(4; B, Cfa, — dhol, — Bi) ) : 
g' = (4 ; B ’ C Yai, — bi} ? Gis = (A, B,. O ta, — b fai’, — by’) , 
g'=(4, B, O Jal, —bi) ga =(4, B, Cal, — bal, — Of) J. 


j =(4', B', O'fa, — by)? fy = (A', Bi, C'Yu, — dolar, — bo) 
J =(4/, B, Cc’ Jai, — bi} ? : fs = (A, B', O'ar, — bai’, — by’) 3 
. j'=(4, Bl, O' Ya, — WY ja=(4, B', Cal, — bifat, — W) 


e =(A", BY, Ca, — b) e= (A, B, Ofa, — bofa, — by) 


e =(A", BY, C'Yu, =a | eg (4, B, Oa, — fa, — bi) | | 
, ; 
e!=(4", BY, OSa; — bf) es =(4, B, Ca, — difal!, — bi!) 


where | 
1 Dy. 

“ae = bic — bich, | B == dico — MCh, 9 C = alb, — abi, 
A! = bo ble, B! = ayel!— alle, y O = ab — ayb, 


1 


1 
2 
1 411. Hal lal = + 2. L 11 
ZA" = Uleh— b, BY = alloh— ao, y O = bi ah. 


And the equations which express ‘these functions in terms of the system of §56 
are of the forms 


Eá cn a | | Irs = ug + (fs — 26,33) > | . 
igo = bale — u b, ua eg + (2893 — bafa) D 
L go! = ulm— Mn! Gl, = dg’ + (is T 24493) D" j 
‚with two similar acta and 

+ gf = SE + Abas — Sal 

Lee + Sales — W 

te= yh fé NE | 


` being one of three sets. 
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= 58. The orders in the æ-variables and the classes in the wvariables are as 
follow, being most easily obtained from the symbolical forms: 





















































ORDER. CLASS. | | LEADING .CORFFIOIENT. 
0 2 Os dy 3; fa Sia fa: 
aa aang? 

2 0.) by Oh, 8. 

2 1 ®, Ÿ’, ọ". 

2 | 2 64; as ae Vs 6, ni l; E, EL, i 

/ tt 1 my? / 
Aus Ags Ag bas May Mg Vas V4, V4 

9 j cor ’ a €, e! ’ 


g ‘ g', A 


Jis: Js: Gis Ja: Jess Jis 





Po : 
Cig, Cag: 4g 





which is to be read: that the concomitant in S, as its leading coefficient is of 
order 0 and class 2, so that its first term is S,u{, and so on. 

All the simultaneous concomitants can be ds in terms of the fifteen, PA 
constitute the symmetrical set given by 


U =b +.... Q = 9 +.... P =r +.... 
U! = 0h + = +o... D = pat +. 
MU +. . = +... D = plat +... 
X= quai +. ni | EE 

H= nc t.. H= neii t.. a= au + E 


the symbolical expressions for which are 


U=}, 


O= + (aßu}, 
. Ọ = apah (a'au), 
Biyi (aB'u)(ay'u), m= 
P, = Baya (a Bu)(a'yu), 
2 = Baye (a Bu)" yu), 


U' =a 
= as 


P = alla, (aau), 


i= 


U" =al"; 

o = + (a//Bl'u} ; 
pl! a ll alalu); 
By 11 (aB'u)(ay/u); 
Hi= Beye (a!B"u)(aly!"u); 

aya (2 B'u)N(a" y'u). 


60  Fonsrrn: Systems of Ternariants that are Algebraically Complete. 


And for the purposes of expression, the remainder of the set of concomitants 
determined by the preceding table will be useful. 
Thus the Jacobian a Conic Sections, §388) is 


= (Ue! +UP +0");  - 
the involutant (ib. §388a) is 


1 GJE 1/08 , OJ ef! %, 
8 OWE, 2\ O% LA Hs 





‘of the ten simultaneous invariants, which are asyzygetic, nine are given by equa- 
tions similar to those which give the four asyzygetic invariants of two quadratics 
in §52; and the tenth, being 


Sas (aes! + afo — 20464") — 23 {lai — B, (aby! + dibi) + abiho h, 
is equal to ; = ye 
| | UFa + U'Fa + UF 2M — Loi — aN) 
Similarly for other examples. | 
Some investigations dealing with a ee of three quadratics are given by 


Cayley and Hermite in the 57th volume of Crelle’s Journal, and by Gideon ee 


in the 80th volume. ; 
: (To be continued.) 


Second Memoir on a New Theory of Summe TENG, 
Functions. 


. By CAPTAIN P. A.. MacManon, R. A. 


J 


In my first memoir on this subject (Vol. XI, No. | 1) I introduced the notion 
of the “separation” of a partition, but restricted meet to the discussion of 
rational integral symmetric functions. 

In the present memoir I am engaged with fanetions which are not neces- 
sarily integral, but require partitions, with positive, zero, and negative parts for 
their symbolical expression. Re 

The chief results which Lobtain are l | 

(i). A simple proof of a generalized Vandermonde-Waring power law which 
presents itself in the guise of an invariantive property of a transcendental trans- 

formation. | 
| (ii). The law of “ Groups of Separations.” 

(iii). The fundamental law of algebraic reciprocity; the proof here given’ 
being purely arithmetical. 

(iv). The fundamental law of algebraic expressibility which asserts that 
certain indicated symmetric functions can be exhibited as linear functions of the 
separations of any given partition. - 

(v). The existence is established of a pair of symmetrical tables in asgocia- 
tion with every partition into positive, zero, ane négative parts, of every number 
positive, zero, or negative. l 

Thé results (iv) and (v) are immediate deductions from (iii), which I believe 
to be a theorem of great importance and a natural origin of research in symmet- 
rical algebra. 

Attention may be drawn to the free introduction of the zero part ae the 
| partitions ; this forms a connecting link between arithmetic and algebra, and 
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` enables us to pass in a novel and natural manner from theorems of quantity to 
theorems of number. An illustration of this may be found at the conclusion of 
this memoir, where I have given symmetrical tables of binomial coefficients. By 
employing zero parts, any algebraic function of one quantity may be expressed 
by means of partitions; and further, every unsymmetrical algebraic function of 
the quantity æ is expressible as a symmetric function of any arbitrary quantities 
xin number; this is in fact equivalent to the development of ¢ (x), a given rational . 
and integral algebraic function of x; in a series of factorials, but it is interesting 
as showing that all algebra is in reality included in the algebra of symmetric 
functions ; for this reason I think the theorems here given are entitled to rank 
as cornes in general algebra, and should not be Rennes as appertaining exclu- 
sively to symmetrical algebra. | 

In one or two succeeding memoirs I hope to be permitted to further develop 
the theory of the X — x transformation which possesses many properties of great - 
elegance, and to exhibit, with some approach to completeness, the theory of the 
allied differential operations, a large and important part of the subject upon 
which I have not entered in these two memoirs, although I have it by me in 
manuscript. 

Readers should consult “Symmetric Functions and the Theory of Distribu- 
- tions,” Lond. Math. Soc., Vol. XIX, p. 220, and ‘Théorie des Formes Binaires, à 
by Faa de Bruno. 


SECTION 1. 


1. The theory of symmetric functions is a part of the general theory of per- 
mutations, combinations and distributions. Formulae in the former are merely 
` elegant analytical expressions of propositions in the latter theory; this fact I 
have dwelt upon at some length in a paper, “Symmetrie Functions and the — 
Theory of Distributions,” Proceedings of the London ie Posie ty, 
Vol.. XIX, p. 220 et seq. 

As an illustration, I give the interpretations of two well known theorems in 
` symmetric functions and refer readers to the paper above quoted for the neces- 
sary explanations and elucidations. | 

2. If 


Ga + aye? a + o>. hss Le ye} Aaya? thot +. 
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then a, and hy are designated réspectively ‘the elementary symmetric function 
of weight m,” and “the homogeneous product sum of weight m” of the quantities 


Oi B, Yr Oye ace 
where 


1 ane + aa? — aga? FU = =(1- — el — _ Bx)(1 — yz)(1 — $x) .. 


We have the well known theorems 


= er ES 0 


Al Al Ag! 
the summation being controlled by the relation sà, = m and 
| ' © (PEN ., z 
Dis = HR ataja) sac E a | (ii) 


with, as before, the relation ZA, = m. 
8. It will be observed that (ii) is derivable from (i) by the interchange of 
a and h. | 
"4, These formulae give rise respectively to 


` Theorem I. ‘Considering n objects of any species whatever, the number of 
distinct ways of distributing them into an even number of different parcels is 
precisely equal to the number of distributions into an uneven number of different 
parcels, except when the objects are all of different species; in this case, the 
former number is in excess or in defect of the latter number by unity, according 
as the number of objects is even or uneven.” C 


5. Theorem IT. “Considering n objects of any species whatever with the 
restriction that no parcel may contain two objects of the same species, the 
number of distributions into an even number of different parcels is in excess or 
in defect by unity of the number of distributions into an uneven number of 
different parcels according as n, the number of objects, is even or uneven.” 


6. In these theorems it is to be understood that the phrase “of any species 
whatever” means that the objects are not restricted to be all of the same 
kind or to be all of different kinds, but may be of any kinds whatever; the 
phrase “different parcels” means that no two parcels are of the same 
description. | 
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7. As an example of the first theorem, suppose there are four objects, say 
three pears and an apple, we have the distributions : l 
One paroel. 





Four parcels. Three parcels, Two parcels. 
P:P: Pp: 4 PP, p:a PP, pa PPpea 
P: P, a, P PP; 4, P pa, PP 
Prt, P:P Ps pp; a | PPP, a 
a, P: Pı P a, PP; P a, ppp 
` ‘P, A, pp Ppa, P 
a, P, PP P ppa 
PA; p: P 
P, pa, P 
P, P, pa 
| No.— 4 9 6. 1 
and 4+6—9+1, 


as stated by the theorem. 
~ 8. Again take three different objects, say a pear, an apple, and an orange;. 
the distributions are 





Three parcels. Two parcels. One parcel. 

p,a,0 pa, o pao 

P, 9,4 0, pa 

a, P,O ao; p a 7 

a, 0, P P, a 

0, p,a Op, @ 

O, æ, p a, op 

| No.= 6 6 1 oc 
and SPIE TE | 


as stated by the theorem. . 
9. As an example of the second theorem, tako two pears and two apples, 
and remember that now no two similar objects can appear in the same parcel; 


we have thus 
One parcel. 





Four parcels. Three parcels. Two parcels. 

Pi Pı, 4 pa, p,a pa, pa no way. 

P: A, P, 4 Pa, a, p : 

a, P, P, a P, pa, a. 

P,4, 4, P a, pa, P 

a, P, 4, Pp P, à, pa 

a,a, p,p | G, Pp, pa 
No. = 6 6 1 ” 0 


6+1—(6+0)=1, 


~and 
as should be the case. 
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SECTION 2. 


The Vandermonde- Waring Law. 


10. Referring readers to the “Definitions” given on page 2 of my former 
memoir, I pass ọn to a further consideration of the separation theorem given on 
. page 19 (loc. cit.), viz. | 





per (m+. um. 
Gerets gaye) 
htl t. „hitit. 2! = 1 Ja 
en —) Pa OS 
. where S{Au”....) denotes the sum of the n powers of the quantities expressed 


by means of separations of the partition (Au...) of the number n; (RPI... 
is any one of these separations and the summation is in regard to all the sepa- 
- rations. 

11. I established this theorem in the Proceedings of the London Mathe- 
matical Society, Vol. XIX, p. 247 et seq., but having recently obtained a. far 
simpler proof, I give it here as a preparation for a far more Au result which 
will be established subsequently. 

12. Write 


X, = (i)n, 

X = (2) ay + (1) at, 

a 

X, = (4) wy + (81) rw, + (2) x + (21°) ma + (14) af, 


Xn = È (mymymg oo.) Em Vala, o 


the summation having reference to every partition Fo ...) of the 
number m. de | 

13. We may regard the quantities Xis Xs, Xz... a8 sise into the 
“quantities x, 2, æ,.... by means of these relations, and we may enquire 
whether there exists a system of invariants of this transformation; whether in fact 
we can form a system of relations between X,, X,, Xz, .... which, to symmetric 
function multipliers pres, are equal to the like functions Of Mi, Wy, Xg À 
complete system of such invariants does exist, and they are of fundamental 
importance. 

9 
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In the first place, Æ is such an invariant ; the complete system is found in 
_the following manner : 
14. I suppose that the symmetric functions: on the dexter of the above rela- 
tions refer to quantities 
OB, Vis 
which I further consider to be infinite in number. 
15. I-observe that the expression 
1+X4+4,4+44+.... 
may be broken up into factors of the form i 
| 1 + au + an + azrt... 
so that there is the identity i 


1 ++ À, + A+. + . =T (1 + aay, + ae, + atn + . = +; 

a factor appearing for each of the quantities l 

| a, B, Vie cant 
this relation indeed, from another point of view, serves to define the quantities 
X,, X;, Xs,.... in à concise manner and a posteriori one is directly convinced 
of its truth. : 

.16. It is convenjent to introduce an arbitrary quantity u and to write 

1 + uX, + X + X + oo. STL (1 + uam + uar + part oo) 

Taking logarithms, we find . 

log(1+ uX,+ eX, ee Te) =2 bE (1 + ae + dax, + pat +... +); 


the left-hand side of this identity i is, hen expanded, 
Al 
eX te (hms) + (RAR + EAM) +... 
the oe term being 


Lht. me = lı Yh ees 
“>> (-) iit. FUXÉ 


where i= + là; 
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whereas the right-hand side has the general term 


| Dee EE hed ahah 


17. Hence, equating coefficients of like Powers of u, we have a system of 
invariants shown by the relations 


A= (i)a, 
x: 4 
a F=O fai} 
X; — a ot Sh, 
yatar Gti! | 
2 Pere i LILL. Kita 


l Dr. 
Me Te 


18. If we now multiply out the left-hand side in order to find the cofactor 
therein of Cr 


we see that the cofactor consists of products of symmetric functions, and that 
each product is necessarily a separation of the symmetric function ` 


(Ar...) 
. aa 


1 


Moreover, the coefficient of 


in the product X™X™.... is (vide first memoir loc. cit., p. 9) 
: m! m! h 
D T AA) E 
wherein (Z)*(J,)*... is any separation of (Ab...) of specification (ue. . .).* 
‘Hence ` a - ; 











enter Qt z1)! XX, ue 
CS ar DE De 
1! a! 
17 Ja -— 1)! f 
{Ee yatata a ) COOR ee, 





* At Professor Cayley’s suggestion, I abandon the expression ‘ species DATI ” in favor of ‘ speci- 
fication,” which is a far more appropriate word. 
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ase : mtm tH... SHAR +... 
herefore : . 
X> jutht1 Et © =D yy Xb. | . i 
ss A 
z> a ne PTE 


: Sieroin (I (Ay)... 18 any separation of (AbAB....). 
Hence, substituting 








D pee eae D (he 
<0 one. pere = ee ee 
and equating EET of ahal.... we obtain 
ET 
| | | So Dr 


in is the theoreni to be proved. 
19. It will be observed that the theorem arises at once from the invariant 
property exhibited by the formula 


De jatht. Gth+.. ol Ebb. 


Lt Gl. 
— 1 
=() > (- Yh rtly+ A ahat.. 


an application of the multinomial theorem in ‘algebra being in reality all that is 
necessary ; the formula in fact, establishes the theorem at once for all partitions 
of all numbers, and is itself a condensed and exceedingly elegant analytical rep- 
resentation of it. It is very interesting to find an extensive proposition like the 
one under view appearing under the guise of an invariant of an algebraical 
transformation; I remark it particularly, as I have never met with a case at all 
similar to it before. 
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SECTION 3. _ 
Property of the Coefficients of a Group. 
20. On page 28 of my former memoir I defined a “Group” as applied to 
separations of a partition, and I recall here that the separation (A°x)(4)(u) belongs 
to the group GLRA); °} 
because (a8) and (u?) occur in the separations (4*)(4) and (u)? respectively. 
21. To put the group in evidence, it is expedient to substitute for the rela- 
tions between Xi, X,, X3,.... and a, &, 2, .... another set, as follows: 
Y, = (1) Ys = 
= (2) ys“ (1*) yu, 
Yy=(3)¥e+ (21) yh + A) me 
Y, = (4) ys + (81) yoy + (P) yor + (21°) roe + (14) Yu, 
we then find 
¥.—%h—-> + WM Yi 


= (4) y+ (81) — (BXD yan + (P) ya — $A + (2H) — VED ga 
+ AN — ODOH + yu — (CD gots — | Yh 


+ GG gy = ED. 


22. Observe that the cofactor of ys, is composed of members of G {(3);.(1)}, : 

se LE u Yada ig eS “ yen G {(2); (1°)}, 
| “ . a ; st Yay g a | (i G { (2); (1}}, 
and that these are the only ÿ products which are multiplied by separations of a 
partition composed of different parts. Generally, in the cofactor of a y product, 


| Pr Ying Seer 
the equations must belong to the group 
GY (a) EEE E . 
23. I have before given the theorem that if the symmetric function (2) be 
expressed by means of separations of any partition of Z which does not merely . 


consist of repetitions of a single part, the algebraic sum of the coefficients of the 
separations of each group is zero. To establish this, it is merely necessary to 
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prove that, re in succession 


Yi, 
1 
Y, = D Y, 
1 
Pt 
1 1 
Pi Ml + PT, 
‘every product l a AO | 


vanishes on putting all the symmetri¢ functions (1), (2), (1), (3), (21), (1), .... 


equal to unity, unless y = u=... 
24. For this purpose put 


JS Yis 

'Y, = Ys + Yis, 
= Ys F YY + Ya 
= Ya F YY + Y F YY + Yu, 


so that 

LHA + 7 + +... . 
= (1Hyitynt yot... JAH get . (LHH yata: shoes 

and taking logarithms 

log (1 +Y, +1 +Y; +...) = log (1 +y + Yn + Yat...) 
+ log (1 + ys + yn tynt...) ee PUE as TEDE ee 


and on expansion 


ht ng A+R- T+ Fi) 
Né Ra OFAR Es 
=p+ (ou) + (ym = yon + 5 vf) 
+ (un g Ye + Yes — zA) Fe 
+ + (gs = = #)+ (a — wnt > Tu). 
+ (a Ys — abt wah = 19 +. 
+y + (ve) + age. 
| DO rs me +... 
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which may be written l 
D patna (à RE = = Dt yy Yeo... 
sP etea hth Daya, 
y Peye EEEE Dl g i, 
+ Du (a! ne z Sml By. 
where the right-hand side, visibly, contains =. odii 
a ee | 











in which w = a 
* 26. It is thus established that when we express the symmetric function (2) 
by means of separations of a partition of the number J, which does not merely 
consist of repetitions of a single part, the APRES sum of the coefficients in each 
group of separations is zero. | 
This proof seems far preferable to the one given in the former memoir. 


Section 4. 


The Theory of Rational Symmetric Functions. 


26. I propose to discuss symmetric functions which are rational, but are 
freed from the restriction of being integral. 


Such an expression is | Re = >. By"; 
s , y” 3 


` attending merely to the indices, this may be written 
(pq, — cr), 


in seb form it appears as a partition with negative as well as positive parts. 
As far as I have discovered, Meyer Hirsch Was the first who employed partitions 
with negative parts, but neither he nor any subsequent writer appears to have 
developed this part of the theory (vide Hirsch’s Collection of Examples, Formu- 
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lae and Calculations on the Literal Calculus and ie translated by Rev. J. 
: A. Ross, London, 1827). 
27. As a matter of convenience, I write the partition (p, g, =a in the- 
form (pgr) and writing the parts of such a partition in in order of alge- 
braical magnitude, thus : 


28. I call p and s respectively the positive and negative degrees of the par- 
tition or of the symmetric function. 
| 29. The sum p+g+.-..— 7—s is the weight of the partition ` or. 
symmetric function, or qué ton it may be alluded to as the partible 
number, 

30. Strictly speaking, the partition (pq . . ..r8) may be spoken of as an alge- 
braic partition of the partible number, Bak: no confusion need arise in ‘the | 
comprehension of what follows if we A merely of the partition instead of 
‘ the algebraic partition. 

.81. For the sake of continuity, as well as for other weighty reasons which 
will appear, it is advisable to admit the zero as a possible part in such partitions. 
The general function to be studied then becomes 


ee aa 


which may be written | 
(pg....00....78), 


where p,Q,.-..7,8 are integers. 
| 82. Repetitions of the same part are as usual denoted by power indices, 80 


that | (pp0007 77) 
is written ‘ (0°). 


33. Regarding pP, Pr: Pas +--+ Pa 88 positive or negative integers excluding 
zero, we have evidently 


(PPs. > - p,9) Ag (Pips + ++ Pi) 
(P1Ps ++. p0) EP (pps P 


E 6 CU a RR a 8 eS Rs 8 ay re Ba OR Je Rs 8. 
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from which we obtain in succession 


N (PPa +--+ Pa) = 8 (P1Ph - + ++ De) + (PrP +++ + PaO), 
MÈ (PaPa +++ + Po) = È (DiPs + + + + Pa) + 28 +1. (PPs +++ PaO) E2 (Pips +++ PO), 


so that the function (p, p,....,) multiplied by any rational integral alge- 
. braical function of n is expressible as a linear function of the expressions 
(PP + - ++ De); (Pips ae - + p20), (PiPs ‘ : ate Ps), BS 


in which the coefficients are independent of n. 


34. Hence we are considering symmetric fictions which are rational 
algebraic functions of the n quantities 


> CARTE TE 


and at the same time rational and integral algebraic Gaston ofn. 


35. Having in view a comprehensive sy of the woe theory, I proceed 
as in the former case and put 


“14+ Xu esa 


piae LEX} + 








e argos L3 
= 1 1 1 1. 
Ta —1 lt + a Tə je ss i) 
1 + Erw + Baye + Prt... E 
X 1 1 1. 1 
l terr tp aa" | 
1 + pot + yoy + Pay +... | 
X 1 AE | 1 
Teas GG hee eta 
| x etc. 
[1 Faru + ame + Da +... | 
= 1 1 1 1. 
rr Paai Ne eed) 


10 
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86. On multiplying out the TET side of this equation, the cofactor of 
u’ (s positive, zero, or negative) is found to contain symmetric functions which 
are symbolical by all partitions of g into positive, zero and negative integers, 
and moreover, each of these symmetric functions (infinite in number) is attached 
to the corresponding « product. 

Equating coefficients of like powers of u, we obtain 


X = (0) % + (11) WB Sy + (22)az-5 + (2P) Wye 
+ (V2)aieg +(VUP apd +.. 
~- + (0°) a3 + (107) xæ; + (202) taxxa + (20T) tom 
> + (1908) rés + (LOT aa Hee 
+ (0%) 23 + (LOT) mize + (2072) maea + (20°T*) mge | | 
+ (19072) siess + (1 oT) a ee . 
+ Hesse +... rs vus Pause 


A, = (1) ay + (21)aye_) + (UI)ate, +.... 
(10) avy . + (201) agro + (LOT) ciri +... 
+ (10°) aya + (20°T) nae + (LOT) irri +... 


X= (les, +2, + (Pos +... 
+ (01) arly + (102) ræs + (OP) meaty +.. 
+ (OT) aby + (102) ark à + (10°) meet be 
Bt tote le, biens 


etc. 


and generally in the expression of X,, e being positive, zero, or negative, the 
summation is taken for every partition of s into positive, zero, and negative 
integers. 

‘87. Observe that we may write these relations in the form 


1+ a = (1 + æ)" + (11) ay (1 + z)" a + (22) ay (1 + ay)” Para 
+ (27°) a, (1 + 0) a yt (172) a (1 ay)" + (PT) at (1 + ato)” x 
+. i 
Ay = = on Gr)" (2T) a (+0) rt (171) af (1+ x)" Fa 
X_; = ( (1)(1-+ x)" Tig, _1+(12) a, (+0) ~g S sae mi 


nm ss a a a a a a a a 
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38. And also in the forms 


Lit ae 
apap aT OD Ay + aay + ( iy da. | 
+43); E F- a 
X, z 
Ta T T is are” 
Tta Ts 
TE = = Orgs t aa + OM a + 


Ce ee 


39. These relations may be regarded as defining a transformation of | 


Xos Xi Ay ,.... into functions of a, a, ao peress 
METRE CNRS RE ES | LR ee ee 


and we may seek the invariants of the transformation. 
40. Recalling the relation 2 


1+Xyi+ Au vee = U {14 aeu + aay + ar + ....}, 
1 1 1 1 
+ 4 ea co Mara ee ga? 


and taking logarithms, we find 
log (1 +w + Mu  +Ap+...)=E log (1+-a%au’ any aru + ...); 





1 1 
+X FH + À ya F t + PE vag ’ 
which may be written 


pe . | 
log (1+ He) + log {1 + pge +g” +... 
| ie dre | 











=D Re Ifat +o? pee aies 


1 1 Si Tz 1 
Fe Are tort) 


41. We may now expand each side by thé multinomial theorem and equate 
coefficients of like powers of u. 
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Taking first the zero power of u, we have 4 

















XX 
log (1 ERS LEZA 
XX; 4 EX 
“ | “an Fox) 
LH _ 8 XX 
(+ Xo) ` 2 (+x) 
XK +2 9 MAX  _ XX. 
CHX GESA; (1 +X) 
Pret XXX 3% 1 , XX 23 X 
es Eee Tes. 
Cu HU pa 10 xe, 
FR | OFX 8 +X) 
EE | 
Mb 
= (0) [log (1+ 2) — Gay B 
| Re Byta + aita 
(+ to) (1 + To)? 
-+ Te Pema whe à 
(la)? “ 2 (1 + 24)" 
[Ts ig Ms hs 
(1 + a)? (1 + a)? (1 -+ a)! 
Tel à BB B1 wie ti 
tapa TO Gps t UFa 
git +4 TT 4 _ 10- icon 
E Uta (1 + %) 3 (+) 


from which it appears that the left-hand side of the identity is an invariant of 


. the transformation.. 


42. Observe that this invariant consists of a logarithmic term, together with 
an infinite succession of square blocks of terms; each of these blocks possesses 
row and column symmetry, both as regards the numerical coefficients and as 
regards the forms of the X products. 
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43. An invariant is likewise obtained from every other power of y positive 
and negative, thus: ` l ; a 





X, : 

> 

XX Gr + AXi a 
GFR A+R 


Ks gM MK, 
FR TERY +R) 











ee a eS 





2 
= (OL; Le 
Tati O ts 
A+) (+a 
En TT 4.9 Lis whey 
(1 + af (La)? (Fw 
Lyt BDE Ta. 
Fate tra) Tara) 
| ee ee Meet J: 
and ` Aa 
I+ 


e X,X_, 4 XX, ° 
A+ Xo)?  (1+2X) 
= XX + 9 XX 1% aoe XX, 
CFI UFA TR 
XX 5 ATX Ka XX, 

















TUX HIFI FI 
D ; | | | 
(1) [ 1 + Ay 
aoe TT ja maa j i 
(L-+ mP (+) . 
_ me +2 TT 109 Ta 
(1 + 2)? (1 + %)? (1 + 2%) 
Ties Bts TT 
+ fay Pata À Gta) 


A acini, Dood Ss, che aan a ee lis 


78 MAOMAHON : Second Memoir on a New Theory of SRE Functions. 
44. These invariants may be written ‘ 
nent Gbe =D ls 
log (+ x) + D ) AT lee =) (a a 
the summation being for all solutions of the equation 


ba + dg to = 0, 


in positive and negative integers, but excluding zero; and 











Vote ee a VGE =) N 

: hl dbl... LFX IFZ) ’ 

where the summation is for all integer and non-zero solutions of the equation | 
bla ++ =m, | 


+ 


m being any positive or negative but not a zero integer. - 
45. We may expand the logarithm in the invariant of weight zero, and 
moreover in all the invariants we may expand the factors : 


Gee): Ge) 


and we see that we may write the whole system of invariants in the form ~ 
| pre ack het Bt ' 
a ) rte: AUX...) 
where now Ua + Ba + | = 


` m may be any integer, positive, zero or negative, and the summation is in regard 
to all solutions of the indeterminate equation 


lay tag te... m, | | _— 


in positive, zero and negative integers. 
46. We can now enunciate as follows: 





Theorem. . If . P . 
1+. X%y+X% ++... S Hantam +om+....), 
: | 1 1 ; 
+ Xi t Xy , tz tt F —3 
then | , oo . 
| 1)! 
Dette tin 





2 De 
=) Dee ) hab, 
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where the summations are for all solutions of the indeterminate equation 
hag t+ hag+....s=m, 


in positive, zero, and ER HSE ‘and m is any integer, positive, zero, or 
negative. à 
` 47. This invariant E that has just been established i is fundamental and 

of very great importance. 

_ We now proceed as in the previous more simple case, to multiply out the 
sinister of the idéntity, in order to find out therein the cofactor of apa? ... 
this cofactor is an assemblage of symmetric function products, each of which is’ 
symbolized by a separation of the partition (APAP....), and we obtain the 
numerical coefficients by application of the ordinary mal iniomial theorem: the 
reasoning 18 ‘the same as in the previous case, and w we are thus led to the com: 
prehensive. ‘theorem | 


| (++ (at+4+... zal 











IE (m) 
= DE Gb D ep. 
or, as this may be written, | 
48. This, G te D! (ibat. | E | 
= Sent Gti CAES 


wherein (Atay... .) is any partition of m(= XA) into positive, zero and nega- 
tive integers; S(abab....) denotes the symmetric function (m) expressed by 
means of separations of the partition (#44... .) of the number m; (JJH)... 
is any separation of the partition 


| SOR ae a 
‘and the summation is in regard to all such separations.. Two examples of this ` 
theorem are subjoined. 
Example I. 
‘49. To express the symmetric function (2 by means of separations of the 
symmetric uenon 


. (2107). 


+ 
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We form two columns, the first consisting of the different separations, and the © 
second HOME the coefficients given by the theorem. We thus have | 


Separable Partition Coefficient 
(2101) - — 6 
Siparations Coefficients 
(2)(1)(0)(1) — 6 
(21)(0)(T) +2 
(20)(1)(1) +2 
(21)(1)(0) +2 
(10)(2)(1) + 2 
(11)(2)(0) +2. 
© (01)(2)(1) + 2 

(21)(07) sa à 
(20)(17) oi 
(21)(10) - Be eee 
(210)(T): ad 
(2110).  —1 
(201)(1) — 1 
(10T)(2) | — 1 
(2101) . +1. 


- Hence. 


— 6 (2) = — 6 (2)(1)(0)(1) 
É + 2{(21)(0)(1) + (2000) + (21)(1)(0) + (10) (2)(7) | 
+ (11)(2)(0) + (OTN) . 
— {(21)(0T) + (20)(1T) + (21)(10} 
— 4{(210)(T) + (211)(0) + (20T)(1) + (101)(2)} 
+ (2101). i 


50. To verify this idéntity, observe that 


(0) =n, 
(A0) =n—.1.(A), - 
(Aye0) = n — 2. (%4), 
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so that the identity leads to 


— 6 (2) =i en (AANT) 

+ 2n {(21)(T) + (27)(1) + (17)(2)} 
+ 6 (n — 1)(2)(1)(7) 
— (z — 1) {(21)(T) + (27)(1) + (112); 
—n(211) 
— (n— 2) (CD + (1) + (11)(2)} 
+ (2 — 8)(211); 

which reduces to : 

+ 2(2)= + 2(2)(1)(7) | 

— {(21)(1) + (21)(1)- + (17)(2)} 


+ (211), 


a result which is precisely that given by the thenien for the expression of (2) 
by means of separations of 
| ‘ (211). 


51. Wien in the algebraic form, this last result is 
23a? = aE Sat — Za’ B'E — Sa bE — Zop Sa? + Za? Bly}, 
52. Example II. 


To express S; by means of separations of (33), The result arranged by 
groups is as follows: — 


28 — 2(3)%(3)P  —(3}(#) — 3 DE) + 2(3*)(3)(3") + (8°)(3)? —(3°)8") 





— (8°) 
— 3(3)°(38)(3) + (8) (33) + 2(3*3)(3)(3) — (3°3*)(3) mous 
+ (8)(83) +2(8)(83)2)— (#)(83) ` 
—  (373)(33) 
+ 3 +1 ° +4 © + 2 +1, +1 





53. To establish the law that the algebraic sum of the coefficients in each 
group is constant, we proceed, as in paragraph 24, and put 
1HARI HR +... | 


= (LH yt Yat yot -AIHH yn tynt.. JAHH FYnt Yat ...)... 


Vie +Y X (Hyr tyrtyrt.. JAY tye typt --.).-. 
. 1 E ~ 
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Now, taking Past the demonstration ees part passu with the former 
ant. simpler case. 


© SECTION 5. 
The Law of Reciprocity. . 


' 54. I pass on to the generalization of the law of Du which was 
established in the former memoir, p. 3 et seq. 

| 55. The theorem to be proved is: 

Theorem. " Writing 





e ae + Xp + mp tag! + axy Éd à 
| ; 1 1 1 1 
LR +s Taaa a Taa? 


. where the product extends to each of the n quantities 
| dy Oy PRES (n= œ), 


| and forming and developing the product’ 


| | APARAG oes 
we obtain a result $ 
AAA PAT, =... FO (AA. ss) OEE en ep ea) 
0 being the numerical coefficient of the term 
| (AAA. e 
in the development of the product | | 
AAA da à 
then. XXe Kz. im. +4 Eis i eee, eee 
that is to say, the coefficient of the term 
(PRPS ps - -  «) aan. 
in the development of the product 
| | Xh XXE. 


is the same number 6.” 

56. The proof here presented is, as. was the one in the former memoir, 
purely arithmetical in its nature, and depends upon the consideration of a par- . 
ticular mode of distribution of a given number of objects into the same number 
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of parcels, no parcel being empty; we have invariably one object in each parcel. 
The distribution is of a more general character than the one previously considered 
and includes the latter as a ‘particular case. It will be seen that when once the 
character of the distribution has been precisely defined and its connection, with 
the subject treated of, established by a close examination of a particular case; 
the actual proof is instantaneous; it arises in fact from a single observation 
which is of such an elementary character that it admits of no dispute. 

Itis necessary to make some definitions more extended than those given in 
Proc. Lond. Math. Soc., Vol. XTX, p. 243. 

57. Suppose any number of objects, all of the same kind, to be separated 
into an upper group and a lower group, in such wise that the upper group con- 
sists of À, more objects than the lower group; such an assemblage of similar 
objects, so separated, may be spoken of as “Objects of type (4)”; the actual 
number of objects is immaterial; so long as the number. of objects in the upper 
group exceeds the number in the lower group by ;, the objects are of type (A). 

58. The number 4, may be ess zero, or negative. 


aaa 
Ex. gr. Objects of type (0) may be” a me aaa etc.. 


; nie À a aaa 
and objects of type (2) may be aa ° aaa ®© aaaaa eo 


59. I make a distinction between “ Objects of type (A)” and “ Objects (A,).” 
I consider, “Objects of type (A)” to have reference to objects of any, the 
same, kind, so that pues 


a b 
a or be out 


are alike of type (0); whereas, when the objects are restricted to be of a certain 
definite kind a, I speak of “Objects (A). ; 
60. Again: ‘Objects of type (AAAs. . . .)” is defined to mean. 
(i). “Objects of type (A) of one kind. 
' (ii). “Objects of type (A) of a second kind. 
(iii). “Objects of type (à) of a third kind. — 


thus “objects of type (301)” may be such as 


cco ddd ee ee f g 
ddd ee e f 99 
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where the species of object obtaining in each group is not specified; whereas, if 
it be stated or implied that the objects in the three groups are of given species, 


say a,b,c respectively, we would speak of “ objects So ”; then “objects . 


(301)” might mean an assemblage such as 


aaaaa bb 

aa | bb c , 
be excesses of the objects in the upper group over those in the lower groups 
being respectively 3,.0 and — 1. 

The distinction made between “ objects of type Gaas.. ..)” and “objects 
© (As... .)” will be now understood. 

61. Observe that “objects (0)” refers to a set of at least two objects, one in 
each group. 

62. If no restriction be die upon the number of objects, there is an 
infinite number of assemblages included in the phrase “objects (As . . . -)”5 
by fixing the number of objects we obtain a finite number of assemblages ; fixing 
the number of objects at 8, “objects (301)” will comprise the three assemblages : 


aaa bec. aaa bb | aaaa b 
’ 


“boc! Doo a be 
63. We have now objects of various kinds, divided into upper and lower 
groups; and we may have boxes or parcels of various kinds, similarly divided 
into certain upper and lower groups, to contain these objects in such wise that 
one parcel of an upper group contains .one object of an upper group, and one 
parcel of a lower group contains, one, cher of a lower group, there being as 
many parcels as objects. 
64. “ Parcels of type (A~AgAg..-.)” and “Parcels (414,4, . . . .)” are defined 
precisely as in the case of objects, capital letters being employed to exhibit themi 
‘instead of small ones. | 
65. Thus 9 " Parcels (10°2)” will comprise the four tie of parcels: 


ABC -D A BBC >. 
B. ©- DDD’ BB. 0 DD’ 
A B 00 AAB 0 


B CC DD’ A B 0 DD 
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66. Let us now take 8 “objects (301),” viz. the three assemblages 


aaa bc. aaa bb | aaaa b `, 
b ce’ bb ec’ a bo 
and also 8 “ parcels (42),” viz. the two assemblages 
| AAAAA  AAAA B . 
À . BB’ BBB 


We make a distribution of 8 “objects (30T)” into 8 “ parcels (42)” by placing 
the objects which occur in any one of the assemblages of objects into the parcels 
‘which occur in any one of the assemblages of parcels, in such wise that objects 
of upper and lower groups appear only in parcels of upper and lower groups 
respectively, and one parcel contains one and only one object. 

67. This-distribution is practicable because the partitions 


(801) and (43) 
are each of the same weight, viz. 2 In this manner a definite number of distri- 
butions is obtained. 


Let us place the second assemblage of objects in the first assemblage of 
-parcels : thus, as one case, we have 


AAAAA 
aaabb 
A BB 
-b be 


68. An examination -of this distribution shows us that we can separate it 
into four portions, so that each portion consists of but one kind of parcel and of 
but one kind of object; the four portions are . 


I Mm |IX | IV 
AAA | AA 
aaa | bb 
A |B! B 
b |b le 
wherein portion I contains “objects of type (3)” placed in “parcels of type (3),” 
i a s at (dt a eR agi ee (1)? 
m “ ao Ae A e e g w D 


IV tt dt tt i (i) n és t tt t (1) H ý 


86 MacManon: Second Memoir on a New Theory of Symmetric Functions. 


this particular case of distribution possesses a property which is indicated by the 
succession of numbers 3,1, —1, — 1; thus the property may be defined by 
the partition (311) whose weight is 2, which is of necessity the same as that 
common to the partitions (801), (42) which define the assemblages of objects 
and parcels. 

69. We may now restrict ourselves to those distributions of assemblages of 
objects into assemblagés of parcels which possess the property defined by the 
partition (317°). 
| 70. This partition (311°) will be spoken of as the “ navies of restriction.” 

71. The. whole number of distributions of assemblages of objects (301) into 
assemblages of parcels (42), subject to the restriction of partition (317°), are 
now given; they are four in number, viz. | 


AAAAA 
aaabb 
A BB 
b be 
AAAAA 
aaaab , 
A BB 
a be 
AAAA B 
aaab c ; 
BBB 
bee a 
AAAA B 
aaab . b | 
| BBB 
bbe 


72. It is to be understood that the distributions now under examination are 
connected with three partitions of the-same number ; the partition of the objects, 
the partition of the parcels, and the partition of restriction. | 

‘78: The weight.of the partitione may be any integer, positive, zero, or 
. negative. 
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74, The number of objects may be any whatever, subject merely to a lower 
limit which is fixed by the partition of restriction; if a positive part À occur in 
this partition, 4 objects at least are thereby implied; a negative part % also 
implies at least À objects, whilst each part zero necessitates at least two objects ; 
thus if p be the sum of the positive parts, if there be g zeros, and if r be the 
sum of the negative parts, | 


pt qtr 


is a lower limit to the number of objects which can be taken, while in general 
we may take p + 2g + r + 2m objects, where m is zero or any positive integer. 

75. For present purposes it is necessary to consider a minimum number of 
objects as taking part in the distributions; this, as above mentioned, is known 
as soon as we decide upon the partition of este on 

In the example already given, 8 objects were taken, but 6 objects may be 
taken, as is evident from the partition of restriction (3119. Reducing the 
number to 6, we find one assemblage of objects 


aaa b 
b 6 


and also one assemblage òf parcels 
BB 
and subject to the restriction, but one distribution, viz. 
| | AAAA 
. | aaab 
| . BB 
bo 


76. In general, therefore, our distributions are precisely defined by three 
partitions of the same number, and in every case their number will be perfectly 
definite. 

77. It is now necessary to make a minute examination of a partidul case 
of. the general theorem, in order that we may see the bearing of this theory of 
distribution upon the multiplication of symmetric functions. 
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78. Since 


Paneer eee | 
+ (27) z1 + (201) 2x81 + (20T) a aiia E 
+ (11) sie + (107) arw + (1°0"1) inei t -e 
+ (82) xaxa + (302) txota + (802) art» + - 
+ (8T) z + (307°) xa? + (30T) agree? $e 
+ (212) agew + (2102) Lts + (210°2) ERA EF 
+ (217°) vma + (21077) gma + (210°T*) te +. 
+ (12) eiea + (1°02) zies + (19072) diriz +. 
+ (PP) eea + (PoP) wrat + (LOT) aiea +. 


Xa = (2) vs + (02) zæ + (02) ræs tH... 
-+ (Bus + (108) ayaa g + (1073) taes +... 

+ (T°) e + (OP) aya. + (OT) ai + . 

+ (172) DT Ts F (1013) FU + Goma vi + 
we have | 
Za.. + {(11)(08) + (1#07)(2) + (1X1078) + (10)(178)} adage yey... 

79. The partition of ihe term axs i8 (0T2); each of the products 


(1)(02), (107)2),, (1)1072), (10)(172), 


is a separation of the partition (1*012) of specification (13); ; this pone of neces- | 


sity because (12) is the partition of the term X,4_,. 


80. When the products which occur in the coefficient of the term 4. 
are multiplied, a monomial symmetric function (1°12) will be presented attached 
to a certain numerical coefficient; supposing the symmetric functions refer to 


quantities a,b,c,....,we have 


neo mn nT 


T 
and also | O RITON — a b 1 i 
m= te ; 
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81. A term +. _ =. Şo f the symmetric function (1*12) arises from the 
` multiplication EID: in the three wáys: 





@ b 1 1 a è 1 1 a b o 1 
for each of the terms ae ae aa Sed T's PE T Toe P’ 18 
a b 1 1 7 
the same oe 45 T’ of the function (112). 
82. Observe that such a product as . 
G = De z) 
1'1'c0/\e À 
a b e 1 i 
L which ubih to the function (1*0T2) and 


gives rise to a term... TOF 
not to (1713); the coefficient of a. in the product (1°T)(02) is thus 3.. 
` 83. To connect this result with the preceding eon of distribution, observe 


that the terms 





toa O1 1 a6 6 1 
al eo B? Tbe’ À 1'1 ed! 

may each be considered as representing an assemblage of 7 objects (112), the 
numerator and denominator letters denoting objects in the upper and lower 


groups respectively ; the term = : r ; = : = arose from the multiplication 


a b =) a =) 
[Cones (>a): 


and, conversely, we may regard it as decomposed in this manner; we may 


further consider this decomposition of the term 4 : : ae F to denote a dis- 


tribution of the assemblage of 7 objects represented by the term; this distribu- 
12 : | 


# 
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tion will de into an assemblage of 7 parcels (12) and will be indicated by the 


scheme i AA B 
ab `a 
A BBB 
c add 


` 84. Drawing a vertical line between the A and the B parcels, the scheme : 
breaks up into two portions; the left-hand portion denotes a distribution of 
objects (1°1) into parcels (1), whilst the right-hand shows a distribution of objects 
(02) into parcels (2); the distribution is of objects (112) into parcels (12), and 
it is necessarily subject to a restriction whose partition is (17012) because the 
term afxt_1#_, has this partition; the two portions into which the distribution 
may be divided are respectively restricted by partitions EN and (02) because 
these partitions are factors of the seperation 


. (2T)(03) 
which is being discussed. . + 
86. Two more distributions of precisely the same: nature correspond to the 
two vermis a p 1 i-a 6 o 1 
1'boc'@’ 1 1 ed 
these are AA B AA B 
| ab b ab c ; 5 
À BBB A BBB 
c bdd c. edd. 


each of the three distributions is of objects (1712) into parcels (12), and is not 
only subject to the restriction whose partition is (17012), but also more minutely 


~ -to the compound restriction indicated by the separation (1*T)(02). 


86. It is thus clear that, corresponding to the algebraical result 
(PIX) =... + 8 (VTE) +4., | 


we have a distribution theorem, viz. 

.“ There are 3 ways of distributing objects (1°12) into parcels (12), (12) 
being the specification of the separation (1°1)(02), subject to the compound 
restriction, of separation (1°1)(02).” 
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87. Oonsider next the product 


ee a 6 € 1 1 
(101)(2) = ae Ts @ er 


1 


Gr can only arise from the product 


Ge oe a 


the coefficient of (1°12) in the product Pona) is therefore unity; the corre- 
sponding distribution is seen to be 





AAA 

abd | 
AA BB’ 
cd dd 


the restrictions in the A and B parcels are respectively (1°07) and (2); hence we 
have a distribution of objects a into parcels (12) subject to the composite 
‘restriction (1*0T)(2). 

88. Again the product 


CODES 

+ is obtained from 2 products 
COG a aa. 
DE+LS 


thus the coefficient of (1°12) in the product (1)(1012) is 2, and the corresponding 


E 
=. 





distributions are A BB A BB 
- b ab a ab : 
BBBB BBBB 
b c dd. ac d d 


which are distributions of objects (TAa into parcels (13), subject to the compo- 
site restriction CUIR 
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di Oe pete 
(10)(112) Sn 2 1, 
c.f... is obtained from 6 products 
Gé ae! GG ss) 
GX) GG re) 
EG ea) GA Se). 


the coefficient of (1°12) i in the product GORE is thus 6, and the corresponding 
distributions are 


the term a 





AA B “AA B 

ab b ab a 

A BBB A BBB. 
b cdd a cad 
AA B AA B 

ac b be a 


ad ð ‘bd a 
A BBB’ A BBB 
d cad d cdd 


hé are distributions of objects (1°12) into parcels (12), subject to the compo- 
site restriction (10)(1T3). ; 
-90. Altogether, in the product X,X_,, the coefficient of (1°12) aie ms i is 
12 (=3 +- 1 + 2 + 6); the 12 corresponding distributions have been exhibited ; 
each of these had reference to objects (1°12) and parcels (12); each, further, was - 
associated with a composite restriction which was denoted by a separation of the 
. partition (19012) because the term a#0c_,¢_, has this partition; each of these 
separations had the specificatiori (12) because (12) is the partition of the term 
X,X_,; the 12 distributions were complète, that is, they included all those that 
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were possible under the given conditions; this must be so because there is a 
one-to-one correspondence between the distributions and term products, and care ` 
was taken to consider the whole of the latter. Amongst the separations which. 
denoted composite restrictions were included all separations of (12013) which had ` 
the specification (12); this is a consequence of the-forms of the functions X 
and X_,. Hence if we consider the whole cofactor of afax_,0_,, which arises 
from the product X,X_, and therein the coefficient of (1°12), we find that this 
coefficient denotes the number of ways of distributing objects (1°13) into parcels 
(13) subject to the restriction whose partition is (17012); this restriction does 
and must involve all the composite restrictions whose separations have a specifi- 
cation (13), and there is no need to specifically mention the circumstance in 
describing the distribution; we may simply state that the analytical result 


XX=... . +12 (1°72) Tttt +... 


is the analytical statement of the arithmetical theorem: “There are 12 ways of 
distributing objects (1°12) into parcels (12), subject to the restriction whose . 
partition is (1?012).” | 

91. In the case just considered there is a one-to-one correspondence 
between the literal products and the distributions; this, however, does not 
always obtain. Suppose that we take the product’ of symmetric functions 
(1*0)(2), in which each factor is of the same weight 2, and seek the coefficient 
of (21°) in its development ; proceeding in the usual manner, we have ` 


CODI ga LF 
bo. 


and | A a 
CODES 


$ ae b 
the RER TE + 





arises only from the product 


GHG): 
` but corresponding to this decomposition, there are two distributions of 6 objects 
(21) into 6 parcels (2), viz. 
AAA BB AA BBB 
abc aa aa abe. 
A af B? 


a a 
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the. fact is that the component partitions (170) and (2) being of the same weight 
but different, we obtain an additional distribution by the interchange of À and 
B; but if we form the product X? we obtain a term 2(1°0)(2), the 2 appearing 
for the very reason that (1°0) and (2) are of the same weight but different; we 
may therefore effect a one-to-one correspondence between the literal products in 
2(1°0)(2) and the distributions thence arising. Similarly, if we form the product 
Xj, and (1), 1,),.... denote different partitions on weight À, we will on devel- 
opment obtain a an which involves 


Oph agi; 


ut El. 
and, moreover, corresponding to a literal product in (1 D . there will 
be precisely FO pias. À 


Hat... 
distributions, since we may permute the capital letters in any one distribution in 
all possible ways; thus we may consider that there exists a one-to-one corre- 
spondence between the literal products in 


L+a+-.... 
See 
and the distributions which arise from them. . 
92. In general, if partitions of the same weight p, (where p, is positive, - 
zero, or negative) be denoted by (Pi), (P2’), (Ps), ...., the development of : 





the product - Se 
p IPI iai 
will produce a term Here l 
1 xl! + ! 4 il e... | ol wt at wl 
eae ) re ML (PJP... o (PPJ. -o 


and there will be a one-to-one correspondence between the literal terms occur- 
ring therein and the distributions arising therefrom. 
93. Hence, from what has gone before, the result 


Xp ae Mee oc et OCARARAY... J agian... +... 


is the analytical statement of the arithmetical theorem: ‘There are 0 ways of 
distributing objects (APAPAP: ...) into parcels (pfp5p;"....), subject to the 
restriction whose partition is (sfs%sg.. . .).” 
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94. Recalling our former result 
. XX=... . + 12 (1°72) Fr ee ae 
we can now establish, i in an instantaneous manner, the er result 
= XX =... + 12(12) aye +... 
for, take any one of the foregoing 12 distributions, viz. 
AA B 


ab. a 


A BBB 
a cdd 


and change the small letters into capitals and vice versa, We get thus a distribu- 
yen aa b 
AB A 
a bbb’ 
A CDD 
which may be put into the form . 
AA B 
«ab a 
A ` © DD 
a b bb 


and this denotes a distribution of objects (12) into parcels (1712), subject to a 
restriction whose partition is (17012). 

95. We have thus passed from a distribution of objects (1*12) into parcels . 
(12) to a distribution of objects (12) into parcels (1°12) without altering the 
restriction which still possesses the partition (17072). 

96. This interchange of small and capital letters (in reality an interchange 
of objects and parcels) cannot possibly alter the partition of restriction; this is 
manifest from the definition: of the latter. 

97. Further, the process is reversible; from every distribution of the second 
kind we are able-to pass to a distribution of the first kind and vice versa. 

98. There is thus a one-to-one correspondence between the two natures of 
distribution, and the numbers of the distributions of the two kinds must be 
identical. Hence 

AXEL = =... + Prega Fe +. 
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for this is merely the analytical statement of the arithmetical fact that there are 
12 distributions of objects (12) into parcels (1°12) subject to a-restriction whose 
partition is (17072). 

99. The general theorem is now practically established, for if 


ZAI on ce She ee OMAN. Joan en us 
there are 0 ways of distributing objects (APAPAP... .) into parcels (prp5p; . . - .) 
subject to a restriction whose partition is (sf:s%g:. . . .), and the above reversible 
process proves that there must be also exactly 0 ways of distributing objects 
(pips ps...) into parcels (ADABAY....), subject to the same restriction ; hence 


ARAEXR =... + O (PEPPPR + Jam ses has, 


the theorem to be demonstrated. 

100. This proposition is cardinal in symmetrical algebra and of great 
importance; I hope, in. a subsequent memoir in this Journal, to give another 
proof of it by means of differential operators. 


SECTION 6. 
The Formation of Symmetrical Tables. 


` 101. One of the consequences of the theorem of reciprocity is the possibility | 
of forming a pair of tables of symmetric functions, of a symmetrical character, in ` 
association with every partition, in positive, zero, and negative integers, of oray 
number, positive, zero, or negative, . . 
102. For, let the separations of the partition (s%s%%....) possess in all r 
specifications which may be 
Hy, Xg go eee + Lys 


PARATE eer du 


denote the corresponding X-products, so that if 


and let, moreover, 


Xa == (Urals Situs ); 
[X] = XXX, . 


103. The law of reciprocity shows that if- 
AAA «eee t Pass... +. ree 
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so that P consists of an assemblage of separations of the partition (6f:sJ*sg"... .), 
each of which has the specification (ppp...) which is one of the series of ` 


specifications 
Ris May Kgy seo Hes 


P on development will only give rise to symmetric functions which are symbol- 
ized by partitions included in the specification Bet 41, Xg, Xe) + + +» ej for other- 
wise the law of reciprocity could not be true. | | 
104. Now form X-products corresponding to all the specifications; let 
Pas Pao Pas o- Pa be the corresponding values of P, and further let 6, m be 
the numerical coefficient of x „papag ...in the development of [X,,], or what is 
the same thing, the coefficient of x, a thé development of Pa; thus, 
Xa =. ep Paaan....+.. 
=... (Ot + h, wm, mat... +2) afagaes S 
X =... + Pippo. +. 
oO eet TE? ne + du) aia AT le PTT 
X,=....+ Pananas.... +. 
=... + (Oa, + Ours E bsa + + Ou) alatat aay Ra key, 


a ‘M ln‘ lly l‘‘l‘y‘M‘ ‘ʻa ‘‘ ‘n 


X,=....+ Poti . wate l z 


E E EN, one ee PISE ea 
105. This result shows that the Rene of separations 
| "Pan Pra a ee ar 
are linearly connected with the specifications 
í | His Los Hg eee Kry 


and that we may form a table, viz. 


xy Ke Xg eee Ky 
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_ and then by the law-of reciprocity 


Opa = Ie; 


and the table enjoys row and column (i. e. diagonal) symmetry. 
106. We may similarly invert the table and express xı, xg, %j,--++% as 
linear functions of Por Pal P. in a table enjoying the same symmetry. 
107. To make the meaning clear, omit in the first instance all partitions 
which contain zero or negative parts, and write down a complete system of 


X-products for any given weight, as follows, e. g. weight = 5: 


AL 























XX | 
| 
ze (41) | 90 
mn\(32)| | OO 
zel ET) (NG) OM) o 
žale A De aa |. | 
aa (29) | (29) | 209 +600 | Day 2 090 (AY | 


+ 


























af} (as) | (90) GG) aay} EYE | aja) 


here each line is a set of “ assemblages of separations,” each assemblage having 
its own specification, as appearing by the top line. ` The assemblages and specifi- : 
cations represent symmetric functions, and the theorem is that these symmetric 
* functions are linearly connected, the coefficients being symmetrical in regard to 
a diagonal. Thus, from the last line but one- we have the assemblages (separa- 
tions of (21°)) x a 
(21%), (211), (3(1) + (200), (21)(1)%, 2(2)(19)(4), (2) - 
linearly connected with the specifications | | 


G), (41), © (8), BY), (21), (2. 
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108. Again, let us take the or — 2 and the separable Person ied DE 
the corresponding portion of the table of X-products is 









(OT) (0T) 
o AAL, FX; 


(OXOT)+ (OT) ORNE OT ONT +2 (0)(01)(1) (ory 


















cea? à (œI x 


showing that we have ihe assemblages (separations of (0*T*)) indicated in the 

bottom line, linearly connected with the specifications shown in the top line. 
109. Writing down the assemblages in a vertical column and the specifica- 

tions in a horizontal row, we may then form a table which calculation shows 


(2) (02) (02) (P) (07°) (0T) 


to be 
OP) 
(0)(OP) + (0°)(T) 
(OP) 
= 2 (TNT) + (0T 
(o*)(D} + 2 (0)(0T)() 
| Ou 
where the third NE 


(CP) = 4 (P) + 5 g +2 (PP), 


or in an algebraic form 


(Ys YY agia Sate 5 Satay -14 o agya, 


verified through the medium of the identity | 
n | SE +5(n—2) + 2.4 (n — 2)(n — 3). 


























110. The table akeady given possesses diagonal symmetry as a direct conse- 
quence of the law of reciprocity ; thé inverse table, which expresses the specifi- 
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cations as linear functions of the assemblages of separations, necessarily enjoys 
the same symmetry. Its form is 


(07)(1)* + 2(0X01)(1): 


(0)(07*) + (OF) 
(opr? 


(0)(P) 
2(0°1)(1) + (01) 
































111. It has thus been demonstrated that a pair of symmetrical tables exist 
in the case of every partition into positive, zero, and negative.integers of every 
number positive, zero, or negative. 

112. The theorem in regard to the coefficients in a group, given on page 38 
` of the former memoir, is extended easily to this enlarged theory, and we may 
enunciate as follows: . 4 

113. Theorem.. “In the expression of symmetric function 


(prprpy ... -) 


by means of separations of l 
(s1888. . ..), 


where the parts of the partitions are positive, zero, or negative, the algebraic 
sum of the coefficients in each group will be zero if the partition 


(pipiyE....) 
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possesses no separation of specification 


(181, 530g, 899g, +» khe 


114. This theorem may be verified in tho second of the tables above given 
in the cases of (2) and (T°) only, as all the other symmetric functions in the left- 
hand vertical column possess separations of specification (02). Ex. gr. 


= (OMI  — FHT? — EOT) +AT) 
— $ (0)X(0T) (T) + $ (0T)(T) + 8 (0)(0P) — 4 (0T) 
+ # (01) Ce : 


+ $ +$ +$ +$. 








(T) = + (0P) — + (XP) 
— + (0)(0P) +4 (PT) 
+ + +. 





SECTION 7. 
~” The Law of Expressibility. 


115. The law given on page 6 of former memoir may now be extended as 
follows : 


116. Theorem. “Ifa symmetric function be symbolized by 


the parts A, p, Vy... . being positive, zero, or negative, and 
(AnAgdg - . ..) be any partition of À, 
. (stisli n.) “o “u 
(runs...) “o We ERP 
the symmetric function (Auv...) 


` is expressible as a linear function of separations of 
Ang + +: Urllallg «+ VVWg + - Jo 


117. As an example of this, we may express the function (0°) as a linear 


102 MacManon: Second Memoir on a New Theory of Symmetric Functions. 


function of separations of (0*); it will be interesting to give, as well, the complete 
tables of separations of (0*) which includes this result. 


(0%) + 2(0*)(0) 


3 (0*)(0) 


(0) (0%) (0%) (09 


= | (0) 


(0) 

3.(0°)(0) 

(0?) + 2 (0°)(0) 
(0%) 
































from which 
(0) = = ws 3 (0°)(0)Ÿ — re {(0°) + 2(0°)(0)} $ 2 (0): 
and this merely exhibits a relation connecting the second, third, fourth and fifth 
binomial coefficients in the expansion of (1 + x)"; for 


(+ a) = 1-4 (e+ (a? + (0a? + (Oat... + (Or) a, 


` 118. The subject of “ Expansion by factorials,” which is usually discussed 
in works on Finite Differences, is thus clearly within the domain of this theory, 
and the two tables last given might have been expressed by the notation and 
symbols of the calculus of Finite Differences. 

On this subject I hope to say more upon a future occasion. 

119. It is, in conclusion, to be particularly observed that all algebra is 
expressible by means of factorials, and thus any algebraical expression whatever, 
of a finite nature, may be exhibited as a symmetric function of one or more sets 

_of quantities. 
ROYAL ÁRBENAL, WooLwiod, ENGLAND, December 1st, 1888. 


: De l’homographie en mécanique. 


M Par P. APPELL. 


“La découverte des principes de projection centrale marque incontestable- 
ment une époque importante dans l’histoire de la géomêtrie moderne. Les 
méthodes fondées sur ces principes possèdent un caractère à la fois intuitif et 
systématique, qui les rend également propres à découvrir de nouvelles propriétés 
des figures et à rattacher tout un ensemble de propositions à une même vérité 
générale.” * 

- nous a paru intéressant de montrer que ces mêmes principes peuvent être ` 
appliqués, en mécanique, au mouvement d’un ou de plusieurs points libres solli- 
cités par des forces qui ne dépendent que des positions des points. On peut, par 
exemple, à l’aide de la transformation homographique, rattacher les unes aux 
_ autres des questions de mécanique en apparence différentes, comme le mouve- 
ment d’un point attiré par un centre fixe proportionnellement à la distance et le 
mouvement d’un point attiré par. un pan fixe en raison inverse du cube de la 
distance. 

-Un cas particulier de la TEE qui fait l'objet de cette étude a été 
indiqué par M. Halphen (Bulletin de la Société Philomathique, 7°™° série, t. I, 
page 89). Nous avons résumé les points principaux de ce travail dans une Note 
présentée à l'Académie des Sciences de Paris (Comptes Rendus, Séance du 4 
février 1889). 

1). Prenons d’abord le cas le plus ble et considérons, dans un plan fixe ` 
«Oy, un point matériel de masse m sollicité par une force F dont les projections . 
X et Y sur les axes Ox et Oy sont des fonctions des seules coordonnées x et y du 
point ; les équations du mouvement.seront 


ms =X, me Y: à : (1) 





* Voyez une Note de M. Moutard, Applications d'Analyse et de Géométrie de Poncelet. Tome I, 
page 509. 
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‘Supposons que l’on ait trouvé des expressions dè x et y en fonction de t vérifiant 
ces équations, et faisons la transformation homographique définie par les formules 


ax + by + c a alx + bly fecal’ r : 
a= Tet hy Te er ES LE TS 2) 


en remplacant en méme temps la variable indépendante ¢ par une autre variable 
t liée à ¢ par la relation: 





kdi = az + bla y + oly? . P = : (3) 
où & désigne une constante différente de zéro. Nous supposons que le détermi- 
nant a b e)! p 
ad b gd 
a! b! gh 
n'est pas nul, et nous désignons par A, B, C, 4’, BY, O, A", B", C" les coeffi- 
cients respectifs de a, b, c, a’, v, d, a”, b", c! dans le développement de ce déter: 
minant ; ainsi . 
A= peen b'e!" Ae c'b!!, Bo c la! ugg C = a'b!! poe b'a", 
A'= cb! — be", aana eft, .... 





Ax 





Cela posé, on a : | | ; 
= = k (ax i bly + oll) LE | 
| =[(a LE Du y + 9 — (Ft 


ou, en réduisant 


b” Yatie) 


Bu oei- E+E aH) 


on trouye de même 


On tire de là 


À anal O (x 3 Pira de y Sy], 
:_Py dx Me , , dy. | 
E (ae thy toy [—e 2% —y a) 8S +48] 
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ce que. l’on peut écrire, d’après les équations (1), 
| 2 By | 
mgg = mga = To | (4) 
en Fo. | l 
=K (aa + by +IP, C'(xY —yX) + BX— sA ` (5) 
= (ala + by + 0!) [— C(xY—yX)—BX + AY] ) 
Par ER ZX et Y sont des fonctions de g et y; X; et Y; sont donc des 
` fonctions de + et y que l’on pourra toujours, à l’aide des formules de transforma- 
tion (2), exprimer en fonction de a et. Il suffira pour cela de résoudre les 
_ équations (2) par rapport à æ et y, ce qui donne. 


Aa, + Aly, + 4! eee 


"= Det On +O Y= Ont Oy, FO" ) 
A 


ale + bly + cl! = Cnt Oy FO. 


et de porter ensuite ces valeurs de x et y dans les expressions (5). 

` D'après les équations (4) le point (a, y1) se méut dans le temps ¢, comme 
un point matériel de masse m sollicité par une force F, dont les projections X, et 
Y, dépendent seulement des coordonnées a et 7, du point. On obtient ainsi le 
théorême suivant : 

Toutes les fois que Von sait trouver le mouvement d'un point (x, y) sous l’action 
d'une force F dépendant seulement de la position du mobile, on en déduit, par la 
transformation précédente, le mouvement d'un autre point (x, y) sollicité par une 
… force F dépendant seulement de la position du mobile ; la trajectoire du second point 
est la transformée homographique de la trajectoire du premier. 

On remarquera que la droite suivant laquelle est dirigée la force F, est la 
transformée homographique de la droite suivant laquelle est dirigée la force F. 
En effet, en désignant par £, et 7, les coordonnées courantes, on a pour l'équation 
de la droite suivant laquelle est dirigée la force F1, l 


kn mh, 
X S R? 





la transformée homographique de cette droite s'obtient en remplaçant £ et , par " 


ag + bn te aE + bn +e! 
ale + by + cl? ‘alk +b" + PUR 
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x, et yı, par les expressions (2), X, et Y, par les papresione: (5). On a ainsi, 
aprés quelques réductions, 
O' [an —s)—y =o] +B (Ez) — —A'(n—y) 

or (a¥— yX)+ BX — AY 


cae Cl ee) ee ad), 
— O(@¥—yX)—BX+AY 








or cette équation, où Ë, 7 sont les coordonnées courantes, représente une droite 
passant par le point £=x,n=y et ayant pour coefficient angulaire ie ;. C’est 


donc la droite suivant laquelle est dirigée la force F. 

2. Applications. Examinons le cas particulier où la force F est centrale, l 
c'est-à-dire passe par un point fixe que l’on peut toujours prendre pour origine O 
' des coordonnées x et y; alors la force He passe aussi par un point fixe ayant pour’ 

coordonnées 


e —_ , 
$ x= Gp =y 


situé à atio finie ou infinie. 
Supposons d'abord c” différent de zéro ; le point (æi, y{) est ce à distance 
- finie et on peut le prendre pour origine O, des COMORES (a, 1), ce qui 


revient à supposer 
e=. = 0, 


et par suite 
All = B" = 0, 


A=be!, B=— a!c!!, A= be’, Bl = ac". 
Appelons r la distance du mobile (x, y) à l'origine O et r, la distance du mobile 
(a, Y1) à l’origine O,: 
| r=v Fý, ne Va 


On aura, en appelant F la valeur algébrique de la force centrale (ZX, Y) prise 
positivement si la force est répulsive et négativement si elle est attractive, 
a 
X=F+, yor; 
et avec les mémes conventions, 
| LEA, HER. 
i 1 


| 
Pr) 
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Les formules (5) deviennent alors 
F, n= I? (ale + o'y + ole! (ax $ by) a 
F, a =j (a'z + b''y de c'e "ala ae by) = oA 


d’où, en ee des se 





+ by : a'x + bly 
a= o Fy y Fo’ A= ale + ES 
F : 
= Bel (ala + bly + c!) L (7) 


formule qui exprime l’une des forces centrales en fonction de Vautre. l 
Exemples.—I. Si la force F est proportionnelle à la distance, F = ur, le 
point (x, y) décrit une conique ayant pour centre le point O; on a alors 





= On F F gP: 
A désignant une constante, comme il résulte de la formule- 
n lg I = A 
Lt lem ge Ox, + O'y, + O” 


Done un point (æ, yı) sollicité par une ies centrale d'expression F, décrire une _ 
conique telle que la polaire de l’origine O, par rapport à cette conique soit une 
droite fixe 


Cr + On + 0”=0 
homologue de la droite de linfini dans le plan «Oy. 
IL. Si la force F est en raison inverse du carré de la distance F = rs le 
point (x, y) décrit une conique ayant pour foyer le point O; ona alors © ` 
| F LL fl 7 ’ 
(Or, + O'y + Gr 





et comme 





if 
n= += GE ory la au + Ca ay), 
on & 


R= En 
[ (ba, — ay} + (B'i — PAU 


uw’ désignant une constante. Donc un. point (a, yı) sollicité par une force cen- 
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trale exprimée par cette dernière formule décrira une conique tangente à deux 
droites fixes distinctes ; | 
| | (ba, — ayy)? + (ble — a'y) 
homologues des droites isotropes 
e+ y= 9; 
-dans le plan nous 

Les deux lois de force ainsi trouvées sont celles que MM. Darboux et Halphen. 
. ont signalées, à la suite d'un problème posé par M. Bertrand, comme étant les 
plus générales qui font décrire à leur point d’application une conique quelles que 
soient les conditions initiales (Comptes Rendus des Séances de l'Académie des 
Sciences de Paris, Tome 84). La transformation que nous venons de faire, pour 
déduire ces lois de l'attraction proportionnelle à la distance ou inversement pro- 
portionnelle au ‘carré de la distance, a déjà été indiqué par M. Halphen dans le 
Bulletin de la Société Philomathique de Paris (7°%° série, Tome I, page 8 9). 

Dans ce qui précéde, nous avons supposé c” différent de zéro; si Von a 

cel — ; 
3 1 
le point x = r y = or par lequel passe la direction de lä force F est rejeté 
à l'infini, et la force F, est parallèle à une direction fixe que l’on peut toujours 
prendre pour direction de l'axe O,y,. L'on aura alors 
| | c=c"=0, Zo, 
Als Bl = 0, ne . 
A= — bd, Baal’, A" =be!, B” = —ae’, 


et les expressions (5) de X, et Y, deviendront - 
ee : Y, = — K (allx + by) ei 


Exemples—I11. Si F est proportionnel à r, F = ur, ona 





c ath 
A, = 0, = (On, + O'y at Guy" 
puisque is 





A 
I n i : 
ee et Cu + Cp + O7" - 
Done un point (a, yı) sollicité par une force parallèle à l’axe Oy, ayant pour 


expression la valeur ci-dessus de Y}, décrira une conique. dans laquelle le 
diamêtre conjugué de la direction Où est la droite fixe 


Cay + Cy + CO" = 0. 


l 
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Si l’on suppose C= 0, on a 
y= i . 
(Ey + OP? 
il existe alors une fonction des forces pour la force F car 
Fdr = urdr 
est une différentielle exacte, et il en existe une aussi pour la force transformée 


F, car | 
- T = 4 dy; 
Xda + dy = (Oy + Č 8 


est aussi une différentielle exacte. Cet exemple montre qu'il peut exister une 
fonction des forces pour la force F et en même temps pour la transformée A. 
IV. Si F est inversement proportionnelle à 7° - 


-F=4S, 





en la 1. 
on & | X, = 0, at o yI 


0” [Ge — Y + (a'm — a} 
oro Pad ty = CE ne + OF `] 





: ; _ w 

AS X=0, = [Oa — BY + (ay — a) ff 

Ainsi un point sollicité par une force parallèle à un axe Oy, ayant pour expres- 
sion la valeur précédente de F; décrit une conique tangente aux deux droites 
fixes parallèles ayant pour équations 


(b'a — bP + (a't — a} = = 0, 
V. On vérifiera de même que, si la force F est constante en grandeur et en 


direction, la force F, est centrale et a pont expression, si l’on prend pour origine 
0; le centre des forces fy 
A= 
(Cx, + Cp 
Comme le point (a, y) sollicité par une force constante en grandeur et direction 
décrit une parabole dont l'axe est parallèle à la force, le point (æ, Yı) sollicité par 
une force centrale d'expression F, décrira une conique passant par O, et tan- 
gente à la droite fixe | i 
. Ox, + Cp = 0; 
cette loi de force centrale est un cas limite de la seconde loi de force centrale 
signalée par MM. Darboux et Halphen, à savoir le cas où le trinôme homogéne 


~ 
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du second degré en a, yı, qui se trouve élevé à la puissancé 2 au dénominateur 


dans l'expression de cette loi de force, deviendrait un carré parfait. 

3). Le succés de la transformation homographique que nous venons d’effec- 
tuer, conduit à essayer, comme en géomêtrie, des transformations plus générales 
obtenues en posant l 


w= $ (x,y) w=, y). 
et en faisant le changement de variable indépendante 
dt, = À (v, y) dé, 
, Ÿ et À désignant des fonctions des coordonnées a et y. L'on aura 


da, 1 dm 1 0 dw |, 1 a dy 
a a a a ata by ae! 


Hre ONS) +5 Fa aG aH) 
tale G D+eG Olas 


“et pour a une expression analogue déduite. de la précédénte en remplaçant ĝ 








para). Les équations du mouvement 


deviennent alors 











a ce ae 

0 

À = à ett prs Gs 20.) (2 F | 
126 RPE DÉC MEF 


Y, étant donné par une expression analogue déduite de la précédente par le 
changement de @ ena. Le point (a, y.) se meut donc, dans le temps ¢,, comme 
un mobile sollicité par une force F, de projections X, et Y,;. Mais, la force F 
étant supposée dépendre uniquement de la position du mobile (x, y), cette force 
F, dépendra en général de la position et de la vitesse du mobile (x, 7h). 
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Cherchons quelle doit être la transformation pour que, quelle que soit la. 
force F, la force F, ne dépende que de la position du mobile (a, y). Pour cela, 
il faut et il suffit que les expressions: de X, et F; ne contiennent pas les derivées 


premiéres as ay. On a donc les équations 


oe a | à ð 
1 à \ 
a (x #)=0 GG B= 
Ga +o ie 


et trois autres équations analogues pour la fonction 4. Les deux premières 
équations précédentes montrent que 

Op . 

a g (x), 


1 oo ee 
f{y) étant une fonction de y seul et g(a) une fonction de x seul. La troisième 


équation donne alors 
| S'y) + 9 (&)= 0 


oe qui-ne peut avoir lieu que si f’ (y) et g (x) sont. constants : 
Y=, g(a)=—a 
d'où . fM=syt+B, g(2)=—ax—y, 


On a donc 
0 à 
| Ge = Bay +B), = — Ales +7) 
d’où, en éliminant  & l’aide de l'identité _ 
ð (0\ _ Ə (2% 
ay (ae) = ae GP) 
Aa OA 3A na eke 
+ oy (ey +8) + Gy (aw + y) =O. GE 
On trouve de même, en désignant par a’, “i ! des constantes | 
EAEE, nn LS | 
aaa! + Ÿ = (aly + 6) + SE st (8) 


On a ainsi deux équations du premier degré en. ea ; Fe dans iene le dé- 


terminant des coefficients des inconnues 


(ax + y)(a'y + B) — (ala + yay + 8) 
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west pas nul, car s'il l'était, le determinant fonctionnel 


2 BY 2 à 
| | x öy dy dx 
serait nul. Si l’on posé, pour abréger, i | 
aß! — Ba! =a", ya! —ay =b", yb! By’ =e" 
l'on a, en résolvant les deux équations du premier degré (8) et (8°, 
1 ə | —2al! 1 0A — 2p" 
À dx aat byt A. dy T alu + bly + cl? 


d’où en intégrant 





log A= — 2 log (aa + by +c" —log k, 
g 


1 
A = Ela Fy Fey . 
k désignant une constante arbitraire. Ayant ainsi determiné à, on calculera les 
fonctions @ et 4 à l’aide des relations 
a tok ð 
Be =A (ay + 8): Be = — A (ext y), 


= (eg +87, Ge = — A+ y), 


qui donnent pour + et 4 des expressions de la forme 
ax + by + ¢ ax + bly +c! 
. b= auto yF Ve eye 
a, b; c, a’, b', c' désignant des constantes. On retrouve ainsi la transformation 
homographique définie par les relations (2) et (3); et l'on voit que cette transfor- 
mation est la seule pour laquelle la force F ne dépende pas de la vitesse, quelle que 
soit la loi de la force F en fonction de la position du mobile (x, y). 

4). Si la force F, tout en ne dépendant que de la position de son point 
d'application, était assujettie à des conditions particulières il pourrait exister 
d’autres transformations de la forme précédente 

m= ple, y), n=vd(x, y), d =À (x, y) dé 
pour lesquelles F, dépendrait seulement de la position du mobile (x, 4). 

Cela arriverait, par exemple, dans le cas particulier où la force serait cen- 
trale, et dans le cas plus particulier encore où le mouvement serait rectiligne. 
Prenons ce dernier cas et supposons que le mouvement se passe sur laxe Ox; 
l'équation du mouvement sera 
| dx 


Ra ee 
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x dépendant de x seulement. Faisons 
% = (x), dh=@'(x) dt, 


l'équation prendra la forme 
| moe — _X 
dû (x) | 
où le second membre peut s'exprimer en fonction de x, seulement. On a ainsi 
une transformation, avec uné fonction arbitraire @ (x), transformant le mouvement 
rectiligne d’un point, sous l'action d’une force qui ne dépend que de la position 
du mobile, en un autre mouvement rectiligne de même nature. 

5). Si nous revenons au cas général nous verrons sans peine que les considéra- 
tions que nous avons développées peuvent être étendues au mouvement d’un 
point dans l’espace et même au mouvement de plusieurs points sous l’action de 
forces ne dépendant que de la position des mobiles. 

En effet les équations du mouvement, dans un probléme de ce genre, sont de . 
la forme 





Pay Pat, da, | 

P a ac a o) 

Xis Xy,..... Xn étant des fonctions données de tt, ro neo ee ae 
Faisons la transformation homographique générale . . 
laha t agta À» » 2 + Gina F Gi, nga 1 — Pi @=1,2,....n) (10 
Y: at + Gt H -o oe + au + Onpa Q’ ( oes J A10) 
dis Qia e-+ < Oy, Qg» Étant des constantes, et y1, Ys ~... de nouvelles fonc- 
tions que l’on substitue à 2, a,....; faisons en même temps le changement de 


variable indépendante dt 
an 
Nous aurons alors E 
3 dy; =o dy. dt aot dP; P, dQ . 








da T dt di, O ae Pe 
puis 
By, d dP, daN PP, PQ | 
Ua CE (CGP ae )= OOP RE) UD 
Comme Q et P, sont linéaires en q, 2,....2,, le second membre de cette rela- 
tion contient les quantités +, a... . x, et leurs dérivées secondes par rapport à t, 


mais pas leurs dérivées premières. On pourra donc, à l’aide des équations (9) et 
(10), exprimer le second membre de cette relation (11) en fonction des seules 
16 
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quantités 71, %....%,. Les équations (9) du mouvement sont ainsi trans- 
formées en d’autres de même forme. 
Cette transformation homographique est d’ailleurs la seule transformation 


de la forme Ys = Di (Er, Lu + + ss La) @= 1; 2) 4455 %) 
dh = A(t, Las... Th) at, 

qui transforme les équations (9) où X,, X,....X, sont des fonctions quelconques 

de Xi, %,.... 2%, en d’autres de même nature relativement aux quantités 

Yi, Yor---+ Y et à la variable indépendante 4. 


6). On pourrait généraliser les résultats précédents de la façon suivante qui 
nous a été signalée par M. Goursat. 
Soient les équations de Lagrange 





a at ar 
dt dq} 09; mR Qis 
(=, (i=1, Dinar) 
où Test une forme quadratique de gi, qj, ....q4 avec des coefficients fonctions 
de gi, Qu... qa et Où Gh, Q,.--- Qe dépendent seulement de q, gs, -+ ©- qz, 
trouver les transformations de la forme 
Ti = Ji (Qu Que ++ Qu) | (¢=1,-2,....4) 


Ut, =A (Qis +. Qu) dé 
qui transforment ces équations en d’autres de la forme 


dt, or; ri A 
das, (i=1, 2,....8) 
où S désigne une forme quadratique de rj, 73,....7; avec des coefficients fone 
tions de f3, %;,-..7,et-ot Æ, &,... Ry dépendent seulement de 7, 7,... pe 


Un cas particulièrement intéressant serait celui où la forme Sse déduirait de 7 - 
par le simple changement de 
I 


Gir Yar Qi Gs Gar ee Oh 
en MG Tee CAT Tay wee Te 
Tl est à présumer que les transformations que l’on trouvera sont analogues à celles 
qui, dans le cas du mouvement d’un point sur une surface, (t = 2), conservent lès 
lignes géodésiques. 
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(Continued from page 60.) 
PART III. 
APPLICATIONS TO BIPARTITE QUANTIOS. . 


59. The theory given in Part I holds alike for unipartite and for bipartite 
quantics : the difference in details arises through the difference of the literal 
operators. If in the quantic, symbolically represented by a®™ut, the coefficient 
of aiaga wugus be 

m! u! P 
rleltl plolr| erenn 


(with the conditions r +8 + t= m, p +0 += y), ‘then the six operators simi- 
‘lar to those of §1 are* 


D;= 3 (CRE t, p o, r Olp 9, ipa eos) co 
GTT 


ə . 
Dy = X (s0, ertt nor — Mr, ntp oth r1) Ds 
F8 PONT 
D, = 3 (tates, tt, 007 7 Panat pha rt) Od, i 
8,0, po, Tt 
i 1’), 
D,=S £ a 
à — (SG, +1, s —Lépor — pars h p— -Leth r) Id, sta or 
8 Py DT 
D te o 
= E (idnina — Carat pont et ae. 
os By By Py Oy T 
aS G] 
D; ae Z (rapi, nito nT aa Tlp, 5, hetl, TE) da., 
1188, PTT 





* See the memoir there cited, p. 48, where the signs + within the bracket should be changed to —. 
16 
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I.— The Lineo-Linear Quantic. 


60. In the symbolical form this is a,u,;" the explicit form we shall take 
to be | 


U = (a + hag + gixa) Uy + (ati + Pots + Dates) thy + (agen + At + gas) Us; 


the sequence of literal coefficients and the arrangement of numerical subscripts 





* The principal memoirs dealing with the theory of bilinear forms are given in the following list: 
‘Weierstrass (1858). *“ Ueber ein die homogenen Functionen zweiten Grades betreffendes Theorem.” 
Berl. Monatsb., 1858, pp. 207-220. 
Kronecker (1866). ‘‘Ueber bilineare Formen.” Berl. Monatsb., 1866, pp. 597-619; reprinted in Crelle, 
t. LXVIII (1868), pp. 373-885. 
Weierstrass (1868). ‘Zur Theorie der bilinearen und quadratischen Formen.” Berl. Monatsb., 1868, 
pp. 810-888, 
Kronecker (1868). Bemerkungen zu vorstehendem Vortrag. Ib., pp. 889-846. 
Christoffel (1868). ‘‘ Theorie der bilinearen Functionen.” Crelle, t. LX VIL, pp. 258-272. 
Clebsch und Gordan (1869). ‘Ueber biterndre Formen mitcontragredienten Variabeln.”’ Math. Ann., 
t. i, pp. 859-400 ; specially pp. 871-400. 
Beltrami (1878). *' Sulle funzioni bilineari.” Batt. Giorn., t- XI, pp. 98-106. 
Jordan (1878). “Sur les polynômes bilinéaires.” Comptes Rendus, te LXXVII, pp. 1487-1491 ; Liou- 
ville, 2 Sér., t. XIX, pp. 85-54, 
Jordan (1874). ‘Sur la réduction des formes bilinéaires.”? Comptes Rendus, t. LX XVIII, pp. 614-617. 
“Sur les systémes.de formes quadratiques.” Comptes Rendus, t. TEEVI, pp- 
1768-1767. 
Kronecker (1874). ‘‘ Ueber Schaaren von quadratischen Formen. ”? Berl. Monatsb., 1874, pp. 50-76. 
Nachtrag zu diesem Aufsatze. Ib., pp. 149-156. 
“ Ueber Schaaren von quadratischen und bilinearen Formen.” Ib., pp. 206-282. 
t " Ueber die congruenten Transformationen der bilinearen Formen.” Ib., pp. 897-447. 
Darboux (1874). ‘Mémoire sur la théorie algébrique des formes quadratiques.” Liouville, 2° Sér., 
. t. XIX, pp. 847-896. 
Jordan (1874). ‘Mémoire sur la Lie et la transformation des systèmes quadratiques.” Ib., pp. 
897-499. 
Frobenius (1878). ‘Ueber lineare Subetitutionen und bilineare Formen.” Crelle, t LXXXIV, 
pp. 1-68, 
Bachmann (1878), “Untersuchungen über quadratischen Formen.” Crelle, t. LXXVI, pp. 851-841. 
Hermite (1874). Extrait d’un lettre à M. Borchardt. Crelle, t. LX XVII, pp. 825-828. 
Cayley. ‘Sur la transformation d’une fonction quadratique en elle-même par des substitutions liné- 
aires.” Crelle, t. L, pp. 288-209. f 
Stickelberger (1879). ‘ pu Schaaren von bilinearen und quadratischen Formen.” } Crelle, t. LXXXVI, 
p. 20-48. 


l Frobenius (1879). Tebar die schiefə Invarianten einer bilinearen oder quadratischen Form.” Ib., 


pp. 44-71. 
Cayley (1858). "A. memoir on the automorphio linear transformation of a bipartite quadric function.” 
| Phil. Trans., 1858, pp. 89-46. à 
Other references will be found in these memoirs which deal very largely with the transformation 
and canonization of the forms; the memoirs of Christoffel, Clebsch and Gordan, and the last by Frobe- 
nius, deal with the concomitants. 
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will be seen to harmonize with those in later examples. The six operators in 
(1') are 


a a ð d ð ð 
D= hga t ga, tls 5, a Pad 95 





D= nat nat oa — “a Lu Ba 
Date tas -aa a TA 
Pa AGE + aa + AE — “a har- nag 
ue hag thag + hag — aa a Fd 


ð QO : ð 
D= hh poe + ngs + ee ma — hag — N Jg 





From the general theory it follows that every concomitant has its leading coeff- 
cient a common solution of D, =0 and D= 0. Proceeding therefore to 
obtain these solutions, we first consider the set of equations subsidiary to D, = 0 

given by 
da, _ dg, _ das _ dga _ Ua _dhg_ _ dhe _ das _ dgs 

0° 0 a 0 ~~ 0 gı p Js—h — h — 9s" 

eight in all; eight independent integrals of them will therefore be required. We 
have 


0 = h, 
6, = dg, 
08 = = fi 
0, = 923 
and we apply the process of §35. Changing D, to A, we have 
A0 =0, 


so that 6, is a solution common to the two equations. Now for the ‘variable of 
reference’ we might take either a, or g,; taking the latter, we have 6, as the 
connecting variable of the modified equations in A. We have 


Ab; = hy, Ad; = — az , 


80 that Ab, — (Ab; = — (asgi + ail) = — bs, 
this quantity 0, being easily verified to be another solution of the subsidiary set. 
And then A, = 0, 


go that 6, is à solution common to D, = 0 and D,=0. . 
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Next we have " A0 = h — gs 


.80 that A0, — 20,405 = g (ls — gs) — ags = Ws, 
where 6; is easily verified to be another solution of the subsidiary set. Next we 
have Ab, = — = hy (hg — 9s) — Aagi, and therefore 


OAs — OA, = — gi + gia (9s — A) + ght = UE 
where 6, is a solution of the subsidiary set. And then | 
— Ad, = 0, 


so that 6, is a solution common to D, = 0 and D,=0. 
We now have seven integrals of the subsidiary set; the remaining one neces- 
sary we may take to be 
Og = hg + gs; 


and we have Ad, = 0, 


so that 6, is a solution common to the two characteristic equations. 
Tt is easy to see that the eight integrals thus chosen are independent of one 
another. 
61. Four common solutions of the two anses equations are | 
6,, 95; Or, Os; for the remaining two that (§35) are necessary, we have 


BA (03 + 08) = — 05; 
GA (0 3) = W bg, 
GA (05 = 0) = 07) 
of which two solutions are 
O — 0404 _ 
er ia 


LE + ghs — goha, 


| ene O h= Air E Mati $ h — hapt => Y (Ys — Ža) (Agha — A591) — Jasta. 


There are thus six common solutions, the values of which in terms of the 
coefficients of the quantic are 


= % = ay, 

0; = 0 = (Gs, CAE hy), $ 

0, = v = (— Rs, Ja — hs, PAg: M}, 
Os = ga + lai” 
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instead of ,, which is practically the oo. of v, considered as a binary 
f tak 
Seen: = Pi — ~ = gas — Gols; 


and instead of @,, which is the J ~ of v, and v considered as binary forms 
in g, and h as variables, we take 


So = Ps + + 6,9, 
=a, (Jahr =n rhs) + as (giha — gan) . 


To obtain the order and the class to be associated with each of these quan- 
tities as leading coefficients of a concomitant, we use (I) and (II) and easily find, 








O = bat +...., 
O, = Oui + ...., 
O= ui +...., 
O, = Ory +...., 
O = Aat. ea, 
O; = Jut . 
Further, we at once have ae 
| i 0 + h= h, 
an invariant, and Wd = Où + Og; 
and also 65, +3,;=| a, a, a |=, 
fis Ysr Ys 
fy, fy, le 
an invariant, and “l= 0,0; + Os. 


Another invariant, of the second degree, is given in §68. 

It follows from the general theory that every concomitant of the lineo-linear : 
ternary quantic can be expressed in terms of the six Menno concomitants 
©, ©O;, ©;, Os, ©, (OM 

62. But if, instead of taking in $60 the quantity 6, as the variable of refer- 
ence, we take 6, as that variable, we are led to the following system of inde- 
pendent solutions common to the two characteristic equations : 


0 =a, 
0; = (ħa, RGA as), 
= 9s + Ra 

oy = Gals — gahs, 


Og = Ag (Jafa — Jihs) + ds (Gilg — gala), 
Pr = (— ls, lo — gs, Gas, az”, 
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the first five of which are the same as before and necessarily lead to the same 
concomitants, while the sixth leads to the concomitant 


D, = Qi + .... 


Hence (861, fin.) ®, must be expressible in terms of ©,, O;, O,, Og, Oz, Os. 

63. Now Clebsch and Gordan have already* given the complete system of 
asyzygetic concomitants of the bilinear ternary quantic; they are, in addition 
to Ug, 


Symbol Symbolic 
(0. and G) Form. Evaluate Form. 
ff =a,u, = Gate...) 
a = a, = a, +h, + gs; 
h = agba = d + h + gi + 2a + 2agg, + 29h, 
J = pla = (ai + a + 593) Hy +. ..., 
E Qis Ay, Ag 
% Ab es = 9 a 3 q+ a E 
- {9u Gar Ys 


p = ab, (BYL) = {— ashy + ayas (hs — gs) + pasti + 
po = puba (acu) = {gihs + gin (fs — g) — Mpp i t 


From the theorem that the system ©,, ©; $ ©, O O, O; is algebraically 
complete, it follows that each one of this set can be expressed in terms of 
members of that system ; and, in fact, it is easy to prove the relations: 


| f= ©, . 
ut = O + Og, 
Ua = Of + Of + 20, + 2u,0,, 
Uf, = À + Os; 
Ugla = Us (++) —e6,—e,, 
p= >, 
Ņ = — 0. 


And the expression of ®, in terms of the system of six concomitants © is easily 
-shown to be given by 
' uz0,P, = U05 — 0,0,0, — 0,0%. 





* See pp. 872 et seq. of their memoir, quoted in the note to 360. 
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This equation is, after the foregoing relations, equivalent to an equation among 
Clebsch and Gordan’s forms; the verification of this result is easily obvainahis 
from the canonical forms of the concomitants (p. 386 1. c.). 

64. If, in the two equations of §60 which determine leading score 


.we take Ja— h= Æ, geth = ba, 
we find i à ; r 
o ` 
D= ho hga — 9 OE + TE O 


2 a a 2 
Di= hgg 0a, hop on T 


When these are written in the forms 


LE Ba, T cn toh 
ə ə. ə 


ha ia hy Se + ee 


they are the differential equations of the concomitants of a binary quadratic in 
literal coefficients — hs, k, ga, the variables in the concomitants being gı and ha, 
a and — ag. 

To this system of solutions must be added'a; and 0, neither of which enters 
into the transformed equations and both of which are therefore solutions. 

This inference is verified immediately on a reference to the system of solu- 
tions obtained, the solution 6, being the determinant of the variables, 

Similar inferences in the succeeding cases may be derived after the character- 
istic equations have been transformed by similar substitutions ; but the inferences 
will be left unstated, because obvious from the respective systems of solutions, 
and the equations will not be transformed, the requisite substitutions being 
indicated sufficiently by the respective systems of solutions. 


IL.—A System of Two Lineo-Linear Quantics. 
65. They may be taken in the forms | 
= (a, + Ints + gare) toy + (gr, + Peary + gts) Uy + la + lens F Jao) Ua, 
ae = (aies + Mie, + giz) thy + (aies + lies + gixa) Uy + (agar, + is + ge) Us, 


and the literal operators are now of the form D, + D! instead of D,. We must ` 
therefore find the simultaneous independent solutions of 


D, + Di=0, A=D,+Di= 0. 
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From the 17 equations, which are subsidiary to the solution of the former 

En it at once appears that there are eight integrals of the form 

Ba, = %, gi = Ai 

pi = aj, 0 = a, B= gi, =g yy? 
and these integrals are used for the deduction of further integrals by the usual. ` 
method hitherto adopted, and also for the modification of the A-equation. Also, 
as in the case of a single lineo-linear quantic it was possible to take either 
6, or 6, as variable of reference, it is now possible to take any one of the four 
Os, 03, 64, 6 as variable of reference. 

As in the earlier case of the system of three quadratics (53-58), I merely 
give some important stages of the work and the results. 

Since there are eighteen coefficients, it follows (§18) that al the simultaneous 
solutions can be expressed in terms of fifteen independent simultaneous solutions. 

66. In addition to the preceding eight quantities 6, which are solutions of 
D,+ Di= 0 and among which 6, and 6j are also solutions of A= 0, the following 
quantities—all being solutions of D, + Di= 0—arise in the formation of the 
modified A-equations : 

= = (hy — g) A a) de (s — 95) 9 — o : 
= (hs — gi) gi— 2) Ye = (la — Gs) gi — 291)? 
Xs = (hy — gs) Oy + ie) Pe = (ls — gs) % + se 
x= ha — gs) at 2g) pi = (a — ga) a5 + 2ga) 
And in the modifed A-equations in the fourteen quantities, so far obtained yet- 
not simultaneous solutions—viz. 6,, Os, 04, 04, 6, 6) and the eight just given—the 
following further quantities arise, all of them being simultaneous solutions 
of the two characteristic equations : 


65 = agg; + ot bs = alg, + al 


05 = asgi + azhj bs = agi + ahi 

D = ghi — gin; P= agds — asas; | 
0, = (A, B, Ot, — hy)’ y= (£, B', On, — h’ 
A = (4, B, Of, —Aikn, — hj) ài = (A B, C9: — hïgr, — hi) ; 
di= (A, B, Clg, — A) «Of = (AY, BY, ON gi, — hi? 


pr = (A, B, Ofa,, aka, as) pi = (A, BY O'fa,, asas, as 


= (A, B, Oja, a} | m= (AB On | 
; ; 
oi == (A, B, Chaz, as) ai = (A, B, C'ai, as)? 
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Ps = (4, B, Chon, — lala, ds) A3 = (4’, B, C% 91; I Ras, ag) | 
y= (A, B, Chn, — has, a3) ; a, = (4, B, ON: — Palo, ag) ; 
Ds = (4, B, CYgi, — hfas, az) " v = (4, B', C'{gi, Te) has, ag) 
xs =(4, B, Chor, — Milas, as) p= (A, BY, CYgi, — hijas, as) 


the quantities À, B, O and A’, B', C’ being 
A= — 1%, B = ln — gs, ‘C= 293 
A =— 92h, B=h—g, O'= 29. 
The following are the sets of modified A-equations in each of the four 
possible variables of reference; the first seven equations of each set are the 
‘independent equations in that set, but their aggregate in any one set is rendered 
(as in §47) complete in form by the introduction -of the subsidiary quantities 
which occur in all the other sets. The equations are: 
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where the various quantities are defined by the relations 


0, = Ose = iin = O ra) 0 = ba = 0 = Oju | 

6, = he = 6 = Ola’ J” = byy 00 = biuh’? 
Ll ag ee | | 
Ol = En = Bp = Op = r 

-0 = bag = OE = bw = 4 De = OÙ = 8,0 = OA! = rie 

05 = Osu = 0,0 = Oig! = GE'S’ pi = 0A = Of = OF = 60 

Ve = Ogu == Oy = Ou = a Xo = Ot = Oye = Or’ = A! 

i = ha = bo = uen)" y= bgr = bag = 0 ts.) 


67. The indépendent simultaneous solutions of the two characteristic equa- 
tions can be derived from any one of the sets; let us, then, consider the first set, 
retaining for this purpose only the (first seven) independent equations. Regard- 
ing these equations as furnishing one system of common integrals, we have the 
eight solutions of D, + Di=0 before given, 6,, 6,, 6, 6, and Oi, 6j, 0b, @/; and 
those constructed later, viz. Os; 65, 613 @; vs; de, 1; being fifteen in all. Two 
more are necessary to make up the requisite number of seventeen solutions of 
D, + Di = 0; and they (as in §60) may be taken 


Og = hy + Gs, 
bs = hy + 9s- 
Now 6, and 6; both satisfy A = 0, and therefore it appears that of the neces- 
sary fifteen simultaneous solutions we already have 


O, Of; 05, 93; 95) 45; Ors dr; and >, 


so that six independent integrals—the proper number—must be obtained from 
the modified (v,-)equations. Six solutions, algebraically independent of one 
another and of those already obtained, are: 


eb, + 99; =, 
P — 2pb, = (hy — gs) + Sag = A 
ep + ybs =, 
ae evs =p, 


— 2mh, = (Ay — gs) + 4higy = 
+ axis = Yo: 
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Hence every simultaneous solution can be expressed in terms of the 15 (= 9+ 6) 
solutions already obtained. 

68. These fifteen solutions are not, however, symmetrical with regard to the 
two quantics, and they will therefore be replaced by a system which is symmet- 
_ vical and at the same time is algebraically equivalent to them. Among special 
relations—a fuller system will be given immediately—we have 


6,6 = oh + de, 
so that we may replace by 6/; we have 

Oy = At =A 

240s = dibs — xa» 
so that we may replace y, by 6/; and the second of these equations we shall use 
with , l A461 = Ho! + BA, 
to replace 4; by $j; and lastly, we have 


Orb, = a FF, pa, 
ADs = Ob, — DPs, 


go that we may replace 4£ by 44. 
The set is now constituted by 


0 2) D nue 


a system symmetrical with regard to the two quantics ; and it follows that every 
simultaneous solution can be expressed in terms of this set. 
Two of the set, viz. A and-A’, may be simplified in form as in §61, for 


=< (A — 63) = Johs — gala = J, 
T (A — 0) = gh — g = Y, 
which will be taken as leading coefficients when the system of concomitants is 


established ; but for the purpose of expressing dependent solutions it is conve- 
nient to retain A and A’, And as an intermediate quantity we have 


Ay = xq — pl, — 10, = (hy — gs) — gs) + 20393 + 2hsgs, 
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a simultaneous solution of the two characteristic equations, which also admits of 
some simplification in form by taking 


Sia = -E (An — 9:05) = gahh + Jile — gilh — Gale ; 


but for the same purpose as A and A’ it will be convenient to retain Ap. 

69. Passing now to the consideration of the aggregate of modified A-equa- 
tions in 6, as the variable of reference, we notice that eleven out of thirteen 
have their right-hand sides solutions of A= 0, and that therefore, when any 
pair is combined, they lead to a solution; for instance, from 


Ye = — 05, Vat = os 
we have as a solution of y;=0, i. e. of A=0, the quantity ep, +0,. The 
number of such combinations is 55 (= : 11.10) ; and the corresponding 55 


solutions can be expressed in terms of the fundamental set. Some of them are 
merely combinations of solutions already obtained, though not yet expressed in 
terms of the fundamental set; some of them are solutions new in form. The 
relations are given in the following table, which is to be read 


et, + (— 9) — 95) = Ps ep + (—¥)(— 05) =, 
qe + (—9) hr =—X, stab, = V, 


and so on: 


a 


(6;, —g) | ($; —7) 


(bss a) |r, —x)| (Ga, —2) 





es) ee ee 
a (g, er 
Ce. o; 

as —h) 


Xi 


% 








Xs Pr 
(x, ah) —i t Anh 


(E, P) 











Le A 
ii — Aus 
-ay 


(u, 27) 











— hA] As 


— A Ms — Au 


4j Audi | A 





—g | AN 


(x, 2) tit Ants 


(7, o) 





—k + Ants 


—Ay 

— D — Au 

{+ Auf} 
Ad; 


—h’ 
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The quantities which occur in this table and not already defined are given 
by the following definitions, in which ; 
A = — fis (fa — gs) + hg (h — 98), 
B = CAD Fe Jah ? i 
© = — g; (fa — 93) + 9 (Fa — 9s); 

it will be seen that all the functions are of the nature of Jacobians: 

Ei =2(4, B, Clg, —h,) | w =2(a, B, Cia, as) ` 
Qu = 2 (A, B, Gl, — Akg, — M) Wy = 2(4, B, Cle, afas, ai) cae 
g =2(4,8, Og, — hy WwW —2(4, æ, Cias, as) 

é i, = 2(À, B, Og, — Mas, as) i, 4,= 2(4, B, Gln, — layas, l, 

=2(Ą, B, Ol, — has, as) 4,= 2(A, B, Eygi, — hija, ag) 
70. The simplest integral relations.among the solutions already obtained are: 
AnD, = Ons — Pps Ags = dbs — T 
2ds = 6,05 — Ov, |. Ads = 05 — 
Ad = dids + po, |? AN 06% + a | 
= Orbs + Oo; 


Abs = barbs + bx: 405 

(195 = Ans + bby 0195 = drs + bys 
pris = 195 — dus À pis = 17195 — doi 
pits = 1195 + vo, |? p= né + du, 

pbs = pri — dus 9785 = — dpi 

Orxa = gs — GA db = 7% — BA! 

Or = =v% — pA : da =a; — Pd! F 
dar = aj —15 A i Op, = Uy A' |? 
ty = 4 — OFA Our =o; — OFA’ J 

Or = = pa } A Lahr = pi — JA } : 

On, = a? = pA LP = pr — JA! | i 
ghs — iA = oh, WO, — Wot, = di, 
08 — Dub ph |. kh — tr), =U} : 
Suts—- 06 =O (? hh he =i [? 


95 — yy bs, = ol; 


Hubs — hs = di 


Aly? — 240 + AG? = gy” ; 
AXi 1. 244191 F Ad} = 
Apr — 2Aupitr + Ag? = W" J 


AG — 2A Orb, + Adi = y | 
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AE — 2AA + AU = ah + (AA — Ad) G 
Apr — 2Auppr + Apr = hh + (AA — AL) Y 
AG — Anp + Ags =H +(AA—AS)E | 
A — Amo + Auf = + (AA Ad 
Ami — 2Agviog + Av? = 4! + (AA — Ad) df 
Alyy — 2Ang + Ape = tt + (AA! — Aly) 65° 
The remainder are given in the following table, which is such that some equiva- 
lent value has been found for every product-pair of the twenty quantics in. §66 
which are of the third degree in the coefficients. There is no equivalent value 
for the product 6,4,; and the table is to be read, for instance, in the line 24, 
there is no equivalent value for A, ; | 
| Ander = Pads — OnliA, 
and for $a, a reference is made to the entry for 491; and it will be noticed that 
the results are all of such a form that the difference of two of these product- 
pairs is expressible in terms of quantities each of which has at least*one factor 
‘of the second degree. l , 
71. Each of these relations between the solutions of the differential equa- 
tions implies a syzygy between the corresponding concomitants of the system of 
two quantics, the concomitant u,—whose leading coefficient is unity—being used, 
where necessary, to make the order and the class uniform in the syzygy. 
72. Each of the solutions obtained determines a concomitant; the order 
and the class of each such function so determined are given in the following table: 


LEADING COEFFICIENT. 








6, 6, 08, 05, Ss, d STE 
Os, 65, vs, aby. 


/ / £ 
Pz, Ps Vg, Ug, yg, Os U3 VEF, h, $i, hy, i. 











, 6,, 0L. 








Aas a Va, yy. re 
N Qu, N°. 








wv, Kis xi- 
Pr: Pr: Pr; Dy. 
h, Ms, w. 
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73, The symbolical values of the more important concomitants are as fol- 
low, the original quantics being 


U= balg = Cy =... U! bitty = cluy=... M 
and capital letters @,, ®,,.... denoting the comcomitants which have the 
corresponding small letters ĝm, @,, .... with the same suffixes for leading coeffi- 
cients: í O= bu; 
O= buy; 


0, = — 0 + U, Oa; 

e= — 0! + u, Op} 

©; = = oH + UzCpdytty } 
P, = — 0,0! + ubyblus; 
Di = — OOl + u,bib.us; 
O; = — OF + of! uy; 


©, = — (bcu)(Byx); 
-= — (bb'u)(BB'x); 


= — (Hew) (B'a); 
P = — upuy (bb'u); 
P = — DD: (882); 
+ ©; = — dauu (beu); 
+ P, = — UgCg gts, (DVU) — cusu,uy (bb'u); 
-i Pi = — u,cupu, (bb'u) + Ch tug, (bb'u) ; 
+ O4 = — dyruy (bdu); 
+ A, = L OD — dyyu, (bow) us; 
1 


= 
Il 


_ -5 Od — djusu, (VoU) Uy} 

X, = bed, (Bdz); 

D = bled, (B'S) — blonds, (B'8x); : 
P, = — u,b,cidi (BF x) + Bcidiu, (Bd x) ; 
Xi = beldi (8x); 


Forsyri: Systems of Ternariants that are Algebraically Complete. 181 


Pp OW + bic! (B44) tta; 

+ ©, = — 4. OOs + deu, (bou) (88x) uz; 
4 b= — Lo! + du, (Bo'u)(B'S'x) uy; 
+ Ta = — 40,8, + blu, (bex)(BB'u) ua; 
F N= — OH — Bu, Yea)(BB'r) ua; 


4.0, = — i OH + ou, (B0'u)(By2) uy} 
pS — -p ON — chup (BYU) (B'/2) ta; 
+ X = — i OO — Catig (DUU) (B'yx) uw; 


+X=— + OO! + chtty (bu)(By/x) ty -* 


III. The Quadro-Linear Quantic. 


74. This may be taken in the form 
(axi + bag + cary + 2 forgery + gas + Dharyery) ry 
+ (alot + blag + cla + 2flaryary + 2g" aga, + Qh! arya) Uy 
+ (alley +. Bag + d'a + 2 Plans + g'e + Mais) Ue 
which is aes és à azu,- The characteristic ae are 


ð 
DW ap teap + OR + ay te ap td ay — a! aT — va 
rt Dar + — Page a ar = 
A= D; = af 2. pata +2" qat” er + i ap" 
ð ə 
— b" ag — ras al) À HD Moro 9") 30 = 








*T have not worked out in any detail the forms for three lineo-linear quanties ; but it is interesting à 
to see that the cubic determinant formed of the coefficients 
ai, his gi; af, hf, gf; af’, Al’, of’ 
Qs, Ras 935 al, ħi, gi; af’, hd’, gi! 
Gs, hs, si @f, hf, gi; as’, hg’, gs! 
as the te “‘ strata” (see Scott’s “ Determinants,” Chap. VII), is a leading coefficient of a concomitant. 


132 Forsyta: Systems of Ternariants that are Algcbraically Complete. 


_ All the simultaneous solutions can be expressed in terme of Jifieen independent 
simultaneous solutions. 
75. It appéars that, of the seventeen equations ee to D,, six inte- 
grals are at once given by a,g,c, a’, g'o; as in previous cases, we neve a 
. choice of variables of reference in g or a’. 
The systems of integrals and the modified ee are formed as in the 
preceding cases, with the following results: 
Quantities, being solutions of D, = 0 but not of A= 0 and occurring in the 
equations, are 
8, = a’, a heel 
b= +e’, = 9, =o. 


0, = (f, ofa’, a") p= (F, cfg, — h) 
0, = (à, ofa’, n Pi = (à, JÂg: — o| 
= (x, dw, a") P= (u, lg, — A) 
Oo = (p, u, dYa’, a!) | 
dio = (p, u, fal, alg, — 4) | 
Pio = (P; H, dg, — A7 


where the symbols 4, u, p are defined by the equations 
= wegh =p fe) p= O) 


Quantities, being solutions of both D, =0 and A= 0 and occurring in the equa- 
tions, are, in addition to y, = a, given by 


| Yz = G, Í, ca’, a!) hi 


A, d, gla’, al!) 
Es = (0, S, eka’, a'g, — A) | 


n= (— 
B= a leo, =D 


% = (b, J, ekg, — hy hl, À, 9X9, — AF 
Ys = (— 8", p, t, ea’, a) i ne ag 
m= (— b", Ps: fy ela’, a") PO. — à) | n=# +g" | 


p= (— 8", pm cla, alg, A T? p= + MP bola, a) | 


n =(— 0 pu, dig A J UTS Fey, —B) 


And it is not difficult to see that, when 6, is the variable of reference, the 
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seventeen integrals of the equations subsidiary to D,, being 
Yi Yz» Yar Yar Ys: Yor Yri bz, 0z, 64, Os, Os, br, 6s, bs, bio, On 


are independent of one another. 
76. The modified A-equations are 





6,==10,,° 6, = TO; 











6,=18 =Å 
6, = kh, = x'6; 
Pa = x0, = kh; 
bs = ph = po 
6, = 9, = 7795 
Pr = xh = 75 
0, = 70) = r'o 
0, = sh = of 
00 = 00, = TOs 
p = où = 60 
Pip = TO, = 16, 
On = vh, = vb, 





hig = of, = ', 

















and the first nine equations are the independent equations for each of the 
variables of reference. 
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77. Taking first the set of nine independent equations in 6, as the variables 
of reference, eight independent integrals (the necessary number) a are given by 


ò =P — iy =f! — be, 
A = g — py, = =H + gh", | . 
hj =P — sys = (P + ud", pu + Dé, pd — pal, a”), 
= -e Z PAT 
Ps = Th 38tys + 2 | be — bpd : bud l Ja, a ) , 


+ 3b"pu| + 2b" u? nii y 3 | + Spud 


+ 2% (Hou | — pu 





& = ly, — hy, = (gb—fh, of — cha!, a''), 

& = ly, — Wh = (— gh" — ah, ga—hg'ta', a”), 
ns = ly; — tys =(— b", p, u, da ag, —A), 
Za = ly, — vY = (b +i", J! +d'Yg, — h). 


Here ô, and 6, are the discririnants of Y, and y,, regarded as binary quadratics 
in a! and a” as variables; As is the Hessian (with changed sign) of y, similarly 
regarded as a binary cubic, and @, is its cubicovariant ; Es, Eas 16, # are the 
Jacobians of y, with 45, Yas Ys, Ye seabed lle regarded as binary 
quantics: And if we take 


bs = De" + 6bpuc! — Abus + ago — pu , 
being the discriminant of y, regarded as a binary cubic, we have 
$5 = Says + 4h5, 


so that à, is a simultaneous solution and it may TERRE Ds. 

We thus have the result: 

Every simultaneous solution of the two ee) equations can be expressed 
in terms of the fifteen independent simultaneous solutions 


Yir Yor Ya. Yas Yor Yor Yrs bs, Oy hs, 55 Es, E, Ns 263 


and every concomitant of the quadro-linear quantic can be expressed'in terms of the 
jifteen concomitants which have RAR these fifteen ee for their leading 
coefficients. 

78. Taking next the set of nine independent aons in 6, as iba variable 
of reference, the corresponding eight integrals are 
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gS te =f" — be, 
=o" pu =P +g ; 
i= t — dey = (P Hub", put Ve, pd — wg, — HP, 
[pi = rR — 38/3 + 2¢", replaced as before by] 
ôs = = ble? + 6"puc! — 4b"? + 4p°c' — 3p’, 
= lat yg = (— Wa! + 2a", 2a! + hal¥g, — h), 
by =la + Wy = (bal + fall, fal + cag, =h), 
Es = Ue + tly, = (— b, Pa Lo c'{g, — h}{a, a"), 
Y= lus + vy = (V EF", f! + d'a, al); , 
these quantities bearing similar relations to the quantities z, viewed as binary 
quantics in g and — h as variables. Hence we see: . 
Every simultaneous solution of the two characteristic equations can also be 
expressed in terms of the fifteen independent simultaneous solutions 
Yrs Zas Yas Zar Bos Zes Yrs Von Vas ls Os, Eas Eas Es: Ye; 
and every concomitant of the quadro-linear quantic can also be expressed in terms‘ 
of the fifteen concomitants which have respectively these fifteen quantities for their - 
leading coefficients. . 
79 To obtain the order and the class 
of each of the concomitants, we may use 
either the method of developing opera- 
tors in §7 and 8; or we may obtain the 
symbolical forms, the umbral coefficient- a, 
combinations being given in the accom- 
panying table. For any one of them such 
as 2, We first change the quantities 
b", p, ue, ¢ (its coefficients regarded as a binary form) into umbral combinations, 
so that 
Zs = — gaa — g*h (as — 200303) + gh? (2ayayag — akas) — Mada, 
= — (ag — ah) (aag + ash). 
Now we have also l 
aag —'Azh = bib, (aab — agbs) = bib: (dobs), 
asg + ash = dhò, (agds + ads) = dhò, (de — dar), 


z = — bib; (abs) Cys (acs) did (d. — da) 

















80 that 


and therefore 
Ly = — bc,dugu,us (abu)(acu) dus + Beuusu dus (abu)(acu). 
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The second term is seen to be resoluble, for du, is a factor; it is in fact equal 
to what is called Y,Z,: and thus Z effectively determines a concomitant - 
db (abu)(acu). 

The symbolical expressions are hers given for all except Ay, Aj and d,, which 
are long and complicated in their symbolical form. The order in + and the class 
in w are 8 and 4, 4 and 6, 4 and 6 respectively for these three; and for the 
others are immediately eriden from an ETERNE of their values: 


Y= yiu t... = th, 
Y, = yki +... = — Y? + aglabit, 
Y, = yn +... .=—Y+aua, 
Y, = yai + ee = YP— 2Y, Y, + aabruue, 
Y= yt +.... = aga,b302 (aya), 
YF, = or .. . = — 2Y, Y, + aa, bed (ade) uy, 
F= y +... . = — V — Y Y, — Y? + a ab, 
= à +....=  b,cuuçu, (abu)(acu), 
Z= za +...  cabcuu, (abu), 
Z= ndu tH... = 72 —db.cdupuus (abu)(acu) Uy 5 
Z= mer +....= Abate (abu), 
A,=dut +... =—+ Ut, (abu)’, 
A= Satu l 4 ¥p—+ Osby (abu)(aBx) Ue; 
B= padui t... = Abat (abu), 
H= kawit.. = — -g Yr Ya + abestu, (acu)(aBx) tis, 
m= hat.. À 7,2 + b,c,Bugu, (abu) (acu) (aða), 
Hy=nelutt....= + MP HSM +3 Y Yy — Yi and bradati 


. 80. The operators which serve for the full development of. the concomitants 
in powers of the variables from the leading coefficients are : 


0 a À fa] 0 à . ð 
Dem Bh DE a + ge + ae AI a Va | 
ð RO 2 
a àz + (2% Toa, 


Dy= 2g = + ++ a traw + #2 tan 
k -far e ggr + Od! = à ggr + U'A ar + (el og 
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so far as powers of the æ-variables are concerned; and 


ð 
Dy= 2g oy HN er +a À Eag ga H aay all ga — all 2e 
à 
wd vd snd + PE 


à a à a - a 6 
D= DEEE AE EE EI ga +! gem — a Be 
a 3 ə 3 3 
mr a + (2h — V) -5 + (a—W) a + (9—S) 57) 


so far as powers of the u-variables are concerned. 

82. Other solutions of the modified A-equations can be obtained, different 
in form but of course not algebraically independent; of these the most important 
are the set of three 


ôu = akg — = Pi = afa + ch! — bg, 
Sys = Dé — sya — ts = (2.fp — ub + b'e) a! + (Af — bc — pc) al’, 
bg = 2gt — pys— sys = (2Ap + b'g + uh!) a! + (22u — gp + ch") a, 


which are respectively intermediaries between ô and da ôs and ôs, 6, and 6,; and 
the set of functions of Jacobian form similar to those in §69. . 

83. The last statement is justified by the theorem: 

The Jacobian of any two simultaneous solutions regarded as binary forms in a! 
and a" is also a solution ; and similarly for the Jacobians of solutions regarded as 
binary forms in g and — h. 

The proof for the two cases is very much the same ; taking it for the former, 
let U and V be two solutions of orders m and n respectively in a! and a’, and 
let J be their Jacobian. Then 


OU OV OU ƏV 





Fast 
HE A da!’ dal ~ da! da 
oU OV 
=n720 ji — MU 


Now on looking at the groups of subsidiary quantities and comparing them 
with the equations, it appears that (1) for every simultaneous solution J, the asso- 


ðU 


ciated quantity ae satisfies D, = 0; hence, as a’, U, V, Balt? Da ov ai satisfy 
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D, = = 0, it follows that J satisfies that equation ; and (2) the modified ii aaa is 


V CE Sat) = U, 
80 that vd = V. U— U. V=0, 


and therefore J satisfies A= 0. This. proves the proposition for the former . 
part; the latter part is similarly proved. Examples occur in £, £,, És, m5. 
= $4, A set of dependent concomitants will thus be obtained having each as. 
its leading coefficient a Jacobian in a! and a’ or in g and — A of any two leading 
coefficients already obtained. | 
The relations among the various solutions will be similar to those previously 
obtained ; only five examples will here be given, being those which connect the 
system of §77 with that of §78 immediately succeeding. ‘They are 
Yaka = ZE = DAY 
ni =m ha, 
ans = §5 — G i 
hds = ñ Ea + bys 


where g,, an intermediate between % and H, being equal to 
(P + ub", + ple + $ be pd — ha, a'g, ae hy; 
. is determined by the relation 


2439s = abs — Yes + 


IV.—The Oubo-Linear AR 


85. This I take in the form 


uy (as + Sharla + gris + Bbagxy + Beazer + Gers + ixi + By ag + 8x + lxs) 
+ uy (al x84 Bh! char, +39 wher + Barger, FBC eie + 6 rire +0005 87e + BM xyes + Fat) 

+u ("a + Share + BG" hat + Bba + 80e + BF" 0ta 
+ T'a + 3x3 + aie + Vas) 


instead of a form such that the coefficient of 4, is a uni-ternary cubic with coeffi- 
cients as in Cayley’s Third Memoir; the advantage being that all the analysis 
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of the quadro-linear die. as far as it goes, is valid here hows any change. 
The characteristic. T are 


D, = 3j a + oh pane a pat dy +7 2 i 
à 
tacos seni vk sey ef 
à ð 
+2 on + ap + — xn da =? ae Dar 
He) on +(e! nat — H) xy =0, 
and | 


2 
A= =D=k +B Be tig - + 8h! + ae ay + na 


DORE + I Se + of pe tb ae the 


ð 0 d ð ð ə ð 
dé Pag ap ler ta” Nan a 


+ (2f =o") À + O—Mapt @— ogy =0. 


86. In addition to the quantities formed with d as ai of reference 
which (§75) were for the quadro-linear quantic solutions of D, = 0 but not of 
A= 0, viz. 0, (where r—2,3,...., 10) and the quantities which were for 
that same quantic solutions of D,=0 and of A=0, viz. y, (where gail, 2,..., 7), 
all of which occupy similar positions in the construction of the equations for the | 
present case—there are the additional 6-quantities, solutions of D, = 0 but not 
of A= 0, given by 


== 7, 
613 = ka! + la", bs == 7, 
O4 = Ja" + ka'a! + lal”, Oy = ea + Va", | | 
ba =K + | l On = na" + Qedlall + Val, 
ie = (J + H) allt (X + 0) al! bis = oa" + 8na"a! + 8ea' dl" + Tal”, 
ale , 


where e = + (3h —?), n= + (2! — 2h"), o = a (à — 37"); and there are the 


19 
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additional y-quantities, solutions of D, = 0 and of A=0, given by 


Ya = id” + 8ja/” a! + 3ka'a! + la!" = i, j, k, Bal, al’), 
yy = (— it, 0, 0, e, la, a}, 
Yo = (+F, EH, We + Wal, al’, 
And the Hodisa A-equations additional to TEN in the first column (GA = y) 
of the table in §76 are 
V (0105 °) = 3603 ?, 
Y (307 *) = 26,05 
V (0105?) = Yas 
V (61:05 *) = 46,,05°°, 
V (61605 °) = 36,057, 
-V (61105 ?) = 28,605? 
V (buh) = Yo 
V (O65 *) = 20,005 
V (8057) = Ya 


87. Without proceeding to the formation of the modified A-equations when 
`. g (= 6,) is taken as the variable of reference, or to the formation of the depen- 
dent equations in all the subsidiary quantities which arise in the two cases of 6, 
and of 6, respectively as variable of reference, these equations are sufficient to 
give the algebraically independent concomitants in terms of which all others can 
be expressed; but the simplest’ set of independent solutions, though com- 
plete functionally, form a system much less complete in point of form and 
syzygetic irreducibility than in preceding cases. This, however, is not impor- 
tant from our point of view, the purpose being the formation of an algebraically 
complete system. Such a system is given by: | 


va) The quantics in a and a” as variables, viz. : 
two of order zero in a! and a”, being 4, Y1; 
two of order one in a’ and a", being Ys, Ys; 
three of order two in a/ and a”, being Ys, Yas Yo; 
two of order three in a! and a”, being Ys, Ys; 
one of order four in a! and a’, being y9; 


ForsytH: Systems of Ternariants that are Algebraically Complete. 141 


(ii) the algebraically independent concomitants of each of these, taken 
singly, viz.: 

the discriminant of each of the three Y3, Y4, Yo; 

the Hessian and the cubicovariant (or the discriminant, replacing the cubi- 
covariant) of each of the two Ys, Ys; 

the Hessian, the quadrinvariant and the cubicovariant (or the cubinvariant, 
replacing the cubicovariant) of y; 

(iii) the Jacobian of ys with each of the seven y, Ys, Yas Yror Yor Yer Yo in turn. 


88. The total number in the system is thus 27, being less by three than the 
number of constants in the original quantic; this is the ($18) required number. 

The order and the class of each of the concomitants determined by a leading 
coefficient will be determined subsequently (§§106-112) for the general biternary 
quantic. 


V.—The Cubo-Cubic Quantic. 


89. Without taking in separate detail the cases in order of simplicity after 
the last, viz. the lineo-quadratic, the lineo-cubic, quadro-quadratic and quadro- 
cubic, I pass on to the cubo-cubic, merely giving the equations on account of the 
mass of algebra. From the form in which the coefficients are taken for the 
present quantic, the equations apply to these omitted cases so far as in such 
omitted quantics the coefficients occur. 

The quantic is taken in the form 


Uy Uw 
+ Buju Uy + Buit Un 
+ Su Un + Cuty Un + Buug Ua 
+ Un + Sue Un + 3u Un + M Us; 


and the coefficients U in this quantic are 
axi 
+ 3haite + 3gaits 
+ 3bx + CSx + cones š 
+i + Bars + Shan + Li, 


the literal coefficients a, h, g,.... being supposed to have the same indicative 
suffix as the quantity U in which they occur. 
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D D se A tO nm E. 
op fp — Qp hip — yp vp 


018 0 = Iq oysuopiyo oq} Jo suoryenbe Âierpisqns eu, ‘06 


The characteristic on D,= A = 0 has the operator A given - 


0 
bu Fb 


d 
be 86. 


T Bbz © 
ð 
— 2b bn 


he xe 
8 Obi, 


. 3 
+ Yo x 
+ (io 


. 0 
+ Du Bie, 


à 
len) dey 


+ du a 

ð 
+ Ge fa) 3p 
Spe an 
+ (bw fa) ge 

rs) 
+ (bu— Sos) TA 
Si = 

ð 
+ (ba — 3a) Ya 
Eeron 3 
+ (bu Sa) 3 


ð 
F bu OF 


+ Blan 3p 

+ (Bo ln) a 
p 

T Sin By 


a (Ga 2) de + (3ka— 2l) 57 A 


+ (Yn— 
+ og ate 


+ (2750 — 


+ (iat) a : 


+ (i Na 


+ os | 


| + hea 
bine = la 3h a a) 357 7 
+ haga 
np — Bln y= + Un) jo — Tu By 
— a he gg + Ur Qu) 3 — 
| + la ge 
— 3an g — 3a s (Ago— 3ga) 3 — i 
Un — Shag ge + (aga) ir 
= ae. ae Qu) Boe — 
+ Ba ge 
+ Dog, + og 
+ Géo ea) gon da ge + oo da) gp 
+ Ya gon in ge 
+ (faten) 22 Binge + liwa) À 
jG el) St a oa Say 
+ 2a 5 | st in ge 
+ (Baden) go Bin ge + Cu Ba) ge 
+ (2 — 2015) À — Bigg + (iaia) ge 
+ ho Os) Go tage. + (ba de) a 
+ Ya gon + fe ge 


ke) = T (Bln — 


i 
hi) Fa 
+ Bhp a 


ha) ap + (Bk —Bln) oy 


+ (Sha —2hs) A7 
+ (Shia to) 3 


la 
+ 3hos oT, 
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91. Proceeding in the usual manner and forming the modified A-equations 
in solutions of the subsidiary equations of D, = 0, we first take a, for variable 
of reference. The notation for these solutions of the subsidiary equations will 
be maintained as in the last case, viz. a solution of D, =0 but not of A=0 
will be denoted by 6, and one which is simultaneously a solution of D, = 0 and 
D = 0 arising in the modification of the A-equations will be denoted by y. 

The quantities y which thus arise are : 


n= oo 
Ys = (Jos Pofa, ay), 
Ys = (Coo Joos bulan, Go)”, 
Ysa = (ho Loos Joos tookdors Gao)”, 
Ya = (910 hy— ga, =. ho Ka ; ay)’, : 
Ys = (Co, Do — Cn, bio — fors — OnXan, Go), 
Yrs = (lo, Bo — bn, 8410 — Bho, to — ns — tr Kor Ao)’, 
Ys = (Am, — 2an, Ae hans Go) 
Yr = (Joo, — 2911 + hoo, Jo — Lun hokai Go), 
Ya = (cw, — Zen + Zoo, Cos — Afar + bu, Zfo — bn, Ba an), 
Yis = (lo, — An + 3a, bog — bkn + Bo, 3ko — bju + tes 3J — Zin, tekao aw), 
Yi = (ago — 8dq, 34g, — Aosda, ao), , 
Yis = (Jo, — 39 + he, 3gs — Bha, — go + She, — Mogan, an), 
Yn = (Cao, a 3Cy + 2/80) 3C en fa + Bo ; — Cog + 6f — Bba, 
| — fog + 301, — beau, Go), 
Va = (or — 8h + 3kg, Bla — Ikn + Bons — Los + Vis — Ya + iso 
— 34 + 12 — Sin, — Dos + Big, — Um Go) 

Yo = Rio + Ja: 
Yo = (fo + Cars bio + Safan, Go) 
Ya = (io +. los Jio T Mos to + Ju fau Go)”; 
Yu = (eo + Gus —" lui — Gold: Go)» 
Yu = (ro + cu, ba — Cons — bu — Jokan, Go), . É 
Ya = (ko + ln, Yo + ka — es — Ju + Los + os — Joa — TT Go), 
Vas = (hs + Gary — Per — Que, hs + ae ay), 
Ya = (Ja + n bs — Ja — 203, — — is + Cw, Ors + flan: Go)”, 
Ya = (Kay + bas 2980 — 2ha, ts — Te ‘sly + la, — Qty + Dos, tig JoXa, Go), 
Ye = by + Aha + Co. 
Ya = (bs + Ya + Css — ba — 2fa — Cos {or » Gao); 
Yz = (so + Du + des to + Yu + Rosa; Go) 
Yoo = (Jo + Zn + hs, Yo + Jn — Lie — bes, — tn — Die — Agha, Go)”, 
Yu = w + 3a + She + hs- l 

The quantities 0 which arise in thé formation of the modified A-equations 
can be expressed in the following manner: Let any of the quantities y, which 
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are evidently binary quanties in an, dp, be of degree r in those two variables; 


and let the operator 1 à 
OT du 
be denoted by à so that the highest power in the derivative has a numerical 
coefficient unity. Conformably ae pi definition we have 
1 oy 
dy = b.dy = = i Wena 
and so on. Then the quantities 6 are : | 
6, — a, (the variable of reference), 
Os — SY ; | 
65 ; 9, = by, , ÖY » 
6, 14, = by ’ yg ’ 
Oio, Oo > O = Òys à Ys » Os à 
bia, Oy = Sy» Pye » 
Os, O14, Og = OY, » OY, 1 OY; ’ 
hy, he, Ours Ors == Oye ; Oye , Dye » O'Y , 


0 = Yo 
Oa On = Syn, Syn, 
B= Ya 


Ors, O55; 924 = SY, Yu FY 
Pgo» ER Oss, On = Sts, SYi5) CETTE Oy 
955, Osas Osas Osos On == dass S416, Vies Yis, we 
Ose; Osr, Oss = ÖY, FY, O'Yry 
Oss Os 9405 959 = Yi, Yie, Ore, O'Yis: 
On, Ois» Ois» Ou Os = Ya Ya, Ya, Yz, Yio, 
bss Oss, Oss Osos Osos Ore = Yars Ym OY, Yas Ya Ya: 
D551 Osa == Se) Yo ` 
Oss, Osto Os = Yas, Yz, Oy 95 5 
Bea, 9611 960 Oso = Yz OY, OY es, Oye, 
Vus, O64 Oes = SY: 5°25, Yz: 
Bers Oso = Yso, Se: 
Os = dy, 
0% eos bys; 
On: n= Ya, Yy, | 
wherein the first member on the left-hand side is equal to the first on the right- 
hand side, the second to the second, and so on. 
92. These 70 quantities 0 and 29 quantities y make up the necessary number 
of 99 integrals of the equations subsidiary to D,=0. The 99 integrals, as 
taken above, are independent of one another. 
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93. In order to express in a concise form the modified A-equations, such a 


relation as 


will be represented by 


0, Ab ET 40,,A0, = 4617 
- [Oy5, 4] = 46,7; 


with this notation the modified A-equations are: 


[9s , 1] = 

M ; = are 
b, 11 — Ye 
tee? ; = = 26, 
0, 1] = % 
[4 , 3] = 30, 
[Os ; 2] = 20i 
[0o 1] = % 
(On, 2] = 2b 


64, 1] = Ye pa. 
[63, 8] = 36,4 
[hs 2] = 265 . 
Lis, 1] = 

[O6 4] = a a 
Lôn, 3] = 3016 
[hs 2] = 2040 
Lôi, 1]= = Ys 


[6:05 1]= Hig. seie 
LE 2] = 2645 | ou, 


KS 1]= Yu 


[623 a Yig ... 


(ii) 


[O4, 8] = =| 
ie 2] = 26036 >. . . (ziv) 
eij= 3 
4] = = 4033 
[ôs 3] = 3030 
fa 2] = 3, PEN 
[850 1] = = Ys 
lOs 5] = 565, 
[059 4] = 403 
[85s 3] — à .(&vi) 
[Os 2] = 265, 
Cds, 1] = ahs 
Los: 3] = 365, 
[O57,.2] = 2098 t.. (xvii) 
Cds 1] = Yn 
LO, 4] = 4040 
Oo 8] = 300 Ses 
ik 2] = %, .. (xviii) 
[Oss 1]= Ys 
LOs, 5] = 50u 
(Ou, 4] = 4045 
[0s 3] = 3046 . (xx) 
[94s 2] = 20,47 
Lôn, 1] = Yv 


| Cd, 6] — = 6049 
Lo, 5] = He 
. .(XX1) 


LOs 4] = 

[6515 as al 

[Oss 2] = 265 

[os 1] = Yn 

655, 21] = 2055 

is i = el (xxi) 
[Oss 3] = 365, 

[Os 2] = me (xxiii) 
[bs 1] = Yas 

Losos 4] = 4060 

O0 8] = 304 

oe é = A 
[Oa 1] = Yu 

Loo 3] = 308: 

lOa 2] = 2) Soe 
[0s 1] = Ys 

[666 E = 204 nt 
(9s, 1] = Yoo a seal 
[bee 1]= Yy.. (xxvii) 
[0o 1] = Ys.. (xxviii) 
bo, 2] = 20n BERN 
DES SR 


Of these 69 equations 68 integrals are required, which, with the 29 simulta- 
neous y-solutions already obtained, make up the ($18) 35 requisite number of 
(+ .4.5.4.5 — 3 =) 97 independent solutions. 

94. Now regarding the indicated 25 groups of the complete system. of equa- 
tions, we find first that each group furnishes a certain number of solutions inde- 
pendent of one another and derivable only from that group; and the number of 
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solutions so furnished is less by unity than the number of equations contained in 
the group. In fact each group of itself determines the algebraically independent 
concomitants of the quantity y occurring in the group regarded as a binary 
quantic;.the aggregate of these independent concomitants, excluding the quan- 
tity y, will be called the Si de of that binary quantic y. Thus the 


binariant-system of — 
ie Ar, Ag, ... fe, me) = af 


is composed of L ab} at=, 


FI 

+ (ab) (ac) at—"b8—*en 1, 
+ (Ya nipat 

i 


-y (ab) (ac) az 563-405, 
+ (ab) a aT toS, 
_ and so on; in terms of these all the invariants and covariants of u can be alge- 
braically expressed. 
We thus have a number of solutions for each of the binary quantics y, and 


derivable from them in the case when y is of degree in ay higher than unity ; the 
number of additional solutions thus obtained is 


1 from each of the set Y3, Y4 , Yes Yn Yeas You: Yn = T, 


2“ à 7 = Ys > Yrs Yi Vars Yess Vos = 12, 
8 tt tt ti LA Ye ; Yig Yig, Yy = 12, 
4 tt te be a Yig Yon = 8, 
5 from Yn = 6, = 44 in all. 


As we have now used the equations in a group among themselves, we may now 
take only a single equation out of each group; it is most convenient for the 
purposes of integration to retain the last equation of the group. 

95. We thus have 25 equations left, which will furnish 24 independent 
integrals. ; 

The combination of any pair of equations leads to the Jacobian of the two 
quantities y occurring in those equations, regarded as binary quantics in do, ao; 
pete Che, 1] =y Ts, 1] = yo 
we derive a solution 1 

Oy (0395 — sye) 


easily seen to be the Jacobian of y and y. Combining, then, equation (ii) in 
` 20 
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turn with each of the equations last in the other groups, we have the necessary 
number of 24 independent solutions; and these are the 24 Jacobians of y, and 
each of the remaining quantities y which are not independent of ag and ay. 
Combining, then, all our solutions, we have. 
(i) the 29 quantities y, 
(ii) the 44 derived through the binariant systems, 
(iii) the 24 Jacobians, 


. making the total of 97, the required number. 

| 96. The process of derivation from the 99 independent adlutigne of D,=0 
shows that the 97 simultaneous solutions are independent of one another; it 
follows from the theory that every simultaneous solution can be expressed i in 
terms of them. 

The order and class will be left undetermined until §§106-112, when they 
will be given for the general quantic. 

97. If we take 0, = go as the variable of reference instead of 6, = ay and 
proceed i in the same way, we find a set of binary quantics which have — Aw and 
+ Ym for their variables instead of an and ay. The forms Y1, Ya, Yos Yisr Yy are 
unaltered; the remainder have their coefficients the same, and their modification 
consists in the mentioned change of variables. 

The aggregate of independent simultaneous solutions is similarly consti- 
tuted; we have in addition to the quantics their binariant systems, and the set 
of Jacobians taken of course with regard to the variables of the Se of 
quantics. | 

We shall denote the quantics in these variables by z, so that ify,—=(#{a,', a) 
for any index u and degree À, then z, will denote (#{ — eos Ja) with the same 
coefficients as Y,- 


VI.—-The Ternary Quantic of Order n and Class m. 


` 98. The complete system of algebraically independent concomitants consists. 
of three classes, the arrangement being made conveniently with regard to their 
leading coefficients. 

The first class of leading coefficients consists of a number of binary dut 
in ag and ap as variables; (the results will be enunciated only for this system, 
but it may be borne in mind that there is an equivalent, be ID. Goo and — Ao 
as variables). 

The second class of leading coefficients is constituted by the several bina- 
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riant systems of each of the binary quantics in the first class taken singly; that is 
to say, the system of algebraically independent concomitants of any such quantic, 
the quantic itself excluded. It is evident that any quantic of the first degree 
only in ay, and ap, or one of zero degree in them (that is to say, independent of 
them) will supply no leading coefficients to this class. 

The third class of leading coefficients is constituted by the Jacobians of any 
one quantic which involves a, and a, with each of the others in turn which also 
involve these variables. | | 

It thus appears that, if the first class be completely given, then the second ` 
and third classes can be derived from them. 

99. Let y be any one of the leading coefficients of the first class, deter- 
mining a concomitant of the form : 


yates +... 


A linear substitution is a = Xi, 2 = X, a = X;, which must leave the con- 
comitant unchanged (save possibly as to sign), and must therefore leave y simi- 
larly unchanged. The effect of this substitution is to interchange coefficients of ” 
the quantic symmetrically associated with a, and a3, ug and us; this interchange 
must therefore not affect y, a binary quantic in ay and ay. But a, and ay are 
interchanged by the substitution ; hence the sole effect on y (except a possible 
change of sign) is to reverse the order of the terms. 
Let af,A be the first term in y; the form of y is 


hA + ab lag AA + + ar Fat A +... 


` as follows from the differential equation D, = A = 0 to be satisfied by y. The 
last term in the series will be af,A’, where A’ is the value of A when the above 
interchange is effected. | 
_ It thus appears that a knowledge of the single term aĝ, A is sufficient to 
determine y. But now we proceed to show, what is indeed the ordinary infer- > 
ence in the theory of binary quantics, that a OMNES of A alone is sufficient 
to determine y. 
For y is isobaric and therefore aA and af,A’ are of the same weight. 
Denoting the quantic by afuz and using the assignation of weights in §4, we have 
__ weight of A — weight of A’ | 
™ weight of an — weight of aor ` 





But the umbral values of an and an are afaï lo; and ata{*~la, respectively, so 
that | 
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weight of ayy) — mA of an = weight of a; — weight of ag 
= 1, 


and therefore p= weight of À — weight of A’. 


Thus when A‘is known we can deduce p and so find y; and for this purpose it is 
really sufficient to take any term in A, obtain the corresponding term in A’ by 
the interchange of coefficients of the quantic symmetrical with regard to us and 
Us, t, and zz, and find the difference of the weights which determines p. For 
instance, in the case of the cubo-cubic we have in yy as coefficient of the first 
term hg) + la; taking 4), which is the coefficient of mažu} (disregarding numerical 
coefficients), we change it into the coefficient of fu, i. e. into jg, 80 that 
p= weight of kg — weight of jy 

= weight of ayaza — weight of aja,a3 

= weight of a — weight of a, + 8 (weight of a, — HaEUE of as) 

=14+3.1=4, 
_ agreeing with the form there given. 

Hence it appears that the theory of binary Momie applies, so that if we 
know the coefficient of the highest power of an in y, and even nothing but this coeffi- 
cient, we can obtain the value of y by pure differentiation with the operator A. 

The determination of the quantics y therefore nesolves itself into a deter- 
mination of the coefficients A of their first terms. 

100. In the general biternary quantic.we write (s, ¢),,, in place of d. s t p o,r 
(with the conditions n = r + s+ t, m = p + € + T); so that (s, ¢),,, is.the literal 
coefficient of xirériufugu; and its umbral. value is given by 

(8, i)o, -= ait azaga e agag. 


The operator A (= D,) of $59 is in this notation 


DO [Eet L t= 2.9, Dens, EE 


the summation extending over all the values of s and ¿ such that s+ £ is not 
greater than n, and all values of o and + such that o + q is not greater than m. 

_ 101. All the leading coefficients À of the binary quantics y, which are them- 
selves leading coefficients of concomitants, are encluded in the formula 


ua 1) 


(0, i) aa + A(1,¢ E a-1+ (2,¢— 2), abe as + e.: 


4 a D a, a+ D taAa I, t — À + 1),_11 + (A, t— à), 


. Forsytu: Systems of Ternariants that are Algebraically Complete. 151 


for the values ba A, AHA, yD, 
T=A,2+1,....,m 
for each single value of à ; and the values of À are 
A=0,1, 2,....,morn 
according as m is less or is greater than n. Such a quantity we shall represent 
by Ay. x: | 
Having now the coefficient of the first term in the quantic y, it is necessary 
to determine the degree p of that quantic in a. Taking any term of A,, a, say 
the first which is (0, ¢),_,,,, we make the substitution which interchanges the 
terms in a and a, u, and us, before indicated; this interchange gives us 
(t, OJ. 80 that 
p= weight of (0, t),.,,— weight of (t, 0), ,-. 
= weight of a? “aja? "az" ag — weight of a?~‘afat "ajay À 
= ¿(weight of a; — weight of a) + (r — 24)(weight of a, — weight of as) 
=t + 7 — 2A. ’ 
Hence the quantic, which may be denoted by Yi a, 18 


1 tr 2 


1 1 SE 
pra (ft, À, ao at A, s...) Fa nie “la, Nile ax) ; 


with the foregoing limitations on the values of t, T, à; the quantities an and ax 
denoting (0, 0)o,, and (0, Ohio: 
For instance, in the case of the cubo-cubic the several quantics 







































































are given in the accompanying table. -The reason that there is no entry here for 
é, T, A0, 1, 0 is that the corresponding coefficient of the first term is (0, O) 
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which is one of the variables of the quantic. And this omission is general for 
the special group of values. 

102. Let N be the total number of quantics in the above system for the 
nem”; then, adding unity on account of the single omission just referred to, we 


have 
“N+ 1=(m + 1)(n + 1) for the.value A= 0 


+ mn G #6 A=1 
+ (m — 1)(n — 1) ‘ Am 2 
E Ree ca eal te vata igh On Aenea aah 


= (m+ 1)(n+ 1) -+ mn +(m—1)(n—1)+...., 


the series containing either n+ 1 or m-+ 1 terms, whichever is the smaller 
integer. 

We thus have all the leading coefficients of the first class, and the number of 
them. à À 
103. The leading coefficients of the second class are constituted by the members 
of the binariant systems of those of the first class considered as isolated binary 
quantics, The number of members in the binariant system of a binary quantic 
of degree pis p— 1, provided p be not less than 2; but if p be zero or unity, 
there is no binariant system. Hence only those quantics of the previous class 
for which ¢-}+ + > 22 + 2 will furnish members of the second class of coefficients; 
and, if y,,,,, be one such, the number it furnishes is ¢-+7-— 24—1. Thus the 
. total number of coefficients of this class is N' = 5 (t+ T — 24 — 1) with the lim- 


itations ` ; t+ 72> 20+ 2,- 
t>asn, 
T> ASM. 


104. The leading coefficients of the third class are constituted by the Jacobian 
of any one of the first class involving an and aw (say Y1,0,0) with each of the 
others of the first class involving those quantities; and it is with regard to ay 
and ay that the Jacobians must be taken. Now, of the W. quantics in the first 
class there are either n + 1 or m + 1 (whichever be the smaller integer) which 
do not involve ay and a,—they are in fact given by t= 7 = A—and therefore 
the number of quantics, other than 31,0, o, which do involve those quantities is 


wr=w—1—{" À? 
i m +1 


taking in the last term the smaller of the two integers. Hach such quantic 
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combined with 71,0, furnishes a Jacobian, and therefore the number of leading 
coefficients of the third class is N”. 
Hence the total number of leading coefficients of all classes is 


N+ Ni +N"; 


and each of these leading. coefficients determines one of the system of algebrai- 
cally independent concomitants of the biternary ane in terms of which any 
concomitant can be expressed. 

105, As regards the equivalent system obtained: by taking gow as the variable 
of reference, exactly similar results are obtained. There is a set of N-quantics 
in — Ag and gw as variables and of the same degrees, so that we have 


1 1 a | br 2 
aa (À2, A, A 2 ei AT a} A,n — hi do) . 


We have NW further coefficients of concomitants obtained by taking the various 
binariant systems of these z-quantics ; and the third class of N” Jacobians of any 
one of them, say Z,o o, with all the others, the variables being in the present 
case — hy, Joo- . 
106. Having now obtained the leading coefficients, it is necessary to deter- 
mine the order and the class of each of the concomitants so determined; for this 
purpose the symbolical method will be adopted. | 
We first change A, „a into its symbolical form, which is easily found to be 


n— a 
%1 


ay ag ag" (Agag + gots)! 
The effect of the operator A on A,,,, is to change (s, dJar that is, 
at—*~‘agasay’~°~"agaj into. 
t (e +1, t — De +70 (8, t)e—1, r+1) 
that is, into 
ta? bob at lai lat- "agag — gars a— tasata e "ag last a 

80 that in the symbolical form the effect of the operator A is 

9 _ ‘à. 
Og das REA ’ 
and similarly for repetitions of the operator. Now when this symbolical A-form 


operates on (aa, + asus) the result is zero, so that this qasanty hehaves like a 
constant for A; hence we have 
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A? tA rm A 
Yona = a'a far" (as + aas) FIGs A, gp .} CT aw) | 
= Af tar" (daaa + a308) (as + Asto) (go, — ago)”, 


after substitution and reduction. And in this expression all the symbols except 
an and ay are umbral. 

107. We can at once derive from this Paa of Yı z, x the order ana the class 
to be associated with it, completing the elements of the concomitant. For every 
factor of the form a,a,— a,a,;—that is, a, — a,a,—there are a single power of x 
and a single power of u occurring. For every factôr of the form ayay + @s@yy— 
that is, 0871 (a 8, + abs) = 0267-1 (ag — ab) there are a power n + 1 of æ 
‘and a power m of u occurring. For every factor of the form aa — as@1— 
that is, cfy?—! (agys)—there are a power n+ 1 of x and a power m—1 ofu 
occurring. Hence the order in the z-variables is 


nm—ttati—aAyln+i+at De) ne) a+ 
and the class in the wvariables is 
m—¢ + À + (t— À) m+ (am — 1)(r — À) = m (t4 T — 2A) + m— I+ 22. 


But by means of concomitants occurring earlier in the sequence, it is possible 
(as in §79) to take a linear combination of y,,,, and powers and products of 
those earlier concomitants such that the symbolical form of the concomitant 
determined by the linear combination is divisible by a power of u, equal to 
A+ (¢—A), i e. by w; and thus Y; „a determines a concomitant which may be 
called pongruent with . 


É— À TA 
onan tu = abtur] TI {œuÿ 1 (ayx)}. ; 


Retaining, however, the simpler form of leading coefficient, me concomitant 
thence determined is 


Ye», OR Era DD rage (éd BA 1) — rh +... 
and thus the order and the class of each concomitant of the first class of leading 
coefficients are determined. l | 

108. Passing now to the second class of leading coefficients, constituted by 
the binariant systems of those in the first class, we knowethat they can be 
arranged in two sets which are respectively of the second and the third degrees 
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in the coefficients of the binary quantic coefficients, but which have not yet been 
given in any form either really or umbrally connected with the coefficients of 
biternary quantic. For this purpose let 


Yor a = Yer = Alf, 


where p = t— à, q=rt— ìà, A= a tar (asas + agag)", Bz = Go + azao, 
- 0; = aydo — Aty. Then the transvectants may be represented in the forms 


(sr a = (PE EME 
for those of the second degree in the coeficien ts of y, and in the forms 
han a = Oy Coy") ge tee yp Hyt 


for those of the third degree in the coefficients of y. | 
109. Consider first the former class, those of the second degree in the coeffi- 
cients of y. We have 


tes Aa, yp = Boras; 
YHH yy Pye tH =A ay by! yp t=, 


the numerator on the right-hand side extending to all values of p and o such 
that p + o = 2s. Also 


80 that 


as DU nn 


the summation on the right-hand side being for values 0,1,...., p of y and . 
values 0,1,....,0 ofu. Hence 


(e); nim (yy yg teyip +e 
m ABZaz~°f~“bp~”— "(ab)" (ap) (0b) (0p) -rpg erte, 


the summation extended to all values 0, 1,...., p of v; to all values 
0, 1,...., 0C ofu, and to all values of p and o such that p + o = Qs. 

When the various terms in this summation are completed into forms which 
contain the variables, so as to give the concomitant having (s),,., for its leading 
coefficient, it appears that they are of varying order in x and of varying class in 
u. But, as will be seen immediately, the difference between the order and the 


class is the same for all the terms; and therefore, on the multiplication of each 
21 
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term by a power of u, proper to the term, all the terms are made to be of the 
same order throughout and the same class throughout. And evidently this 
order and this class are the order and the class of the particular term, or aggre- 
gate of terms, in the summation, and they give when completed the highest order 
and the highest class of all the terms. 

Considering, then, the term occurring under the sign of summation as the 
typical.term, we have as in §107 


the order in 2-variables 


= 2(n — t) + 24 i from AB 
+ (p — p)(n +1) from ag? 
+(g—ole+1) fon 
+ (p—v—u(n +1) from bpa" 
+p—v from (ap)’—” for (ap) = agg + Ags = Ay — aĝ 
Hu from (60)* e 2 
+o—u from (fp) T" 


a cie 1) iom gp Poste 
= 2(n—t+2)+2(n+1)p+9—p—d)+p+o—v; 


while from the same typical term the order in w-variables 


= 2(m— t) + 2 from AB 
+(p—p)m from ag? 
+ (q — o)(m — 1) from 67° 
+(p—v—u)m from bP—"T# 
+ (g—p— o +v + u)(m— 1) from gp tte O, 
+ from (ab) 
+ (p—») from (ap)? 
+g from (0b) 


= 2 (m— 7 + à) + 2m (p +q — p — 6) — Y + 2 (0 +p) — » 


The difference of these two is at once seen to depend only upon n, m; t, T, À; 
and pre (= 2s) and is therefore the same for all terms. 
The greatest value of each is given by the terms for which v = 0, so that 


the order of the concomitant is 
a(n—t+Aa)+2(n-+ Yip + g— 2) +28, 


and its class is 
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2 (m — 7 + A) + 2m(p +g — 28) — 2q + 48; 


and the power of u,, which must be associated with the foregoing typical term 
in its completed form, is uz.. These are the order and the class of the concomitant 
having as its leading coefficient (s),,,,, the transvectant of the second degree and 
s rank of ya | 
110. But, as in §§73 and 79, the preceding concomitant can, by the addition 
of suitable combinations of concomitants occurring earlier in the series, be 
reduced so as to leave only that single term which involves the highest power 
of u, in. the whole sum of terms which is the expression of the concomitant; 
and the concomitant can therefore be considered as congruent to the function 
given by that single term when the power of u, has been removed from it, 
Now the highest power of u, occurring in the completed form of the typical 
term is 
A from A, for A gives when completed a&~‘uS—"(a,u, — a,U,)* 
+A from B, similarly ‘ 
+ p—p from af-* 
+p—v— u from bg-’-* 
+p — v from (ap)-” 
+ u from (60) 
= 2p + 24 — 27, 


and the term or set of terms for which this is greatest are the terms given by 
y = 0, 80 that the power of u, to be removed is ui? +, , 

And the function to which the preceding concomitant is thus reduced is the 
sum of quantities 


Cabas tu "burn "ab (aBx)"—"] 
‘ Y —o oa o p — o fe pl 
2 CN eura JÉT dup (ada) JUIL euro) TL eur (Bxx)] 
for all values of p and o-such that p + o= 2s, the symbol IT implying the product 
of ¢ quantities similar to those which immediately follow that symbol. 
111. Similarly proceeding with the concomitant, whose leading coefficient 


8’), a 18 of the third degree in the coefficients of y: „a, we find that the order 
of the concomitant is 


38(n—t+ay+(n+ 1)(8p + 3g — 45 — 2) + 2s +1, 
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and that the class is 
3(m— T +2) + m (3p + 3q — 4s — 2) — 3q + 4s + 2. 


All the elements of the concomitants, determined by the second dé of 
leading coefficients, have now been obtained. 

112. Lastly, for the third class of coefficients constituted by the Jacobians, 
we take the Jacobians.of 7109 with all the other quantics. The Jacobian of 
Yoo With yz -,, can be aa with the preceding notation, in the form 


FG PT loot (a) + ack), 


from which it appears that the order in x is 

(p+ b+1)(n+ 1)—2—t +à, 
and that the class in w is 

(p +g+1)m+2—r—g +A. 


This completes the determination of the elements of-all the concomitants in 
the algebraically independent system of the biternary n°m*. 

113. As a special case of the foregoing, serving to render the results obtained 
- more precise, I add the elements of the system of the quadro-quadratic, repre- 


sented by . 
(auxi + Agate, + gotit + bots + Yote + Coos) ul 


ns sn yd‘le‘’ oonan [Mne d‘d’‘’N M‘ 


+ (ani Digg yy + Votre + bod + Yatt + Cars) U5 


The quantities y, are the same as those denoted by the same symbols in §91; the 
values of ¢, +, À are those to be associated with y, from the preceding general 
investigation ; A, is the Hessian of y,, so that s— 1 and 9, is its cubicovariant, 
for which also s= 1; 4, is the quadrinvariant of y, for which s == 2; and 7, , is 
the Jacobian of y, and y,. The values of m and of p are the orders in x-variables 
and the classes in u-variables of the concomitants determined by the leading 
coefficients ; and the necessary 33 concomitants (§§18 and 35) of the system for 
the quadro-quadratic have their elements as given in the following table: _ 
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Tn terms of these concomitants every concomitant of the Ness 
can be expressed; the simplest cases of all appear to be 
(Y+ Y, + Ya) ui — linear invariant a, 
(+ Yp) >us = linear concomitant a,a,u,. 


160 Fonsvru: Systems of Ternariants that are Algebraically Complete. 


The following short abstract of the contents of the paper may prove useful 
for reference : ; 


INTRODUCTION AND BIBLIOGRAPHY ; SEE ALSO NOTE TO 260. 


` Part L 1-8—The differential equations of ternariants. 
4—-Assignation of weights. 
5-12—Expansion of concomitants in powers of HORDE and determination of leading coel- 
cients, of order m and of class p. 
18—Equations satisfied by leading coefficients of different kinds of ternariants. 
14—-Determination of order and class from symbolized form of aleading coefficient, and deter- 
mination of m— by inspection of its weight. 
15-18—All the concomitants of a quantic can be algebraically expressed in ‘terms of a finite 
number of independent concomitants. 
16—Notation for the quantics, and values of the literal operators which occur in | the differ 
ential equations. 
17—Leading coefficients are simultaneous concomitants of a system of ties quantics, 


Part II. 19-21—Algebraically complete system of concomitants of a quadratic. 
29..83-— 4 ‘ 46 L11 et 46 cubic. 
88—Symbolical representation of concomitants. 
84—Modification of the complete system of the cubic. 
85~—-Method of obtaining from the differential equations the number (218) of concomitants 
necessary to form the complete system of the ntis, 
aoa ue à complete system of a quartic. 


, 48-45— te #4 a ternary ntlo, 
48-53— sé K “ 4 two quadratics. 
. 58-58— t “ “three quadrulics. | 


Part IIL §9—The literal operators for bipartite quantics. 
60-64——System of a bipartite Hneo-linear quantio. 


65-78— “of two lineo-linear quantics. 

T4-Bd—  “ of quadro-linear quantic. 

85-88— ‘of leading coefficients for cubo-linear quantic. 

89-97— ‘++ #4 d & cubo-cubic quantic. 
98-100 (6 66 ua “ biternery nmt, 


106-112 Determination of the order and the class of the concomitants of the nomie given by 
tho leading coefficients. 


118—Special case of the quadro-quadratio. 


ERRATA. 


P. 4, L 4, for concomitants read quanties. 
P. 19, 1. 18, for also + is read also is +. 
P. 81,1 11, for 2 read U,. 


P. 82, 1. 10, for — S read db, 


On Some Applications of Circular Coordinates. 


By F. FRANKLIN. 


The interesting geometrical questions treated by Humbert in a recent 
number of this Journal (Vol. X, p. 258) may be investigated with advantage by 
the use of “circular coordinates.” The theorems relating to the orientation of 
systems of lines given in the article just cited, and the more general theorems of 

‘the same nature due to Laguerre and Humbert (see Humbert, Sur le théorème 
d'Abel et quelques-unes de ses applications géométriques, Liouville, 1887, III, 
327), present themselves at once; some of them may be stated in a way which 
suggests more readily certain interesting cases of the theorems; and there natu- 
. rally arise also some slight additions to the theorems. 

À second application of circular coordinates is made in this paper. Namely, 
it is obvious that when +, y are undoretcon to be circular coordinates, the differ- 


ential equation 
dæ dy 


G-a ea.. en G F vee (y — 7, n)” 
defines a curve in which the angle made by the tangent with a fixed line is a 
linear combination of the angles made with that line by the rays drawn from its 
point of contact to a set of fixed points. Thus the discovery of any curve 
defined in this way is reduced to a question of quadrature; and on the other 
hand the integration of the differential equation is accomplished if the curves 
possessing this property are known. It is obvious, further, that the equation 

da E dy : 
(x — a) (z — as)". (8 — aa) (y— bly — ba) o o a (Y — Da)" 
defines an oblique trajectory of the foregoing curves. I give a number of illus- 


trations of this geometrical interpretation of such equations, treating in conclu- 
sion the curve defined by the equation - 





€ ia 








sin ade = sin y dy, 
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which, when sin a is represented as an infinite product, falls under the above © 
head. In connection with this case, I discuss the values of certain series which 
happen to be suggested by it, and which seemed, though not specially pertaining 
to the subject, to be of sufficient interest to warrant their consideration here. — 


J.— Inrropucrory. 


If X, Y denote rectangular coordinates, the name of “circular coordinates” 
has been given to the quantities X -+ iY, X—.iY, which we shall denote by 
w, y. Thus 


E em A+iY= rt, y= X iY = ret, (1). 
where r, à are the ordinary polar coordinates of the point (X, Y); and hence 
gt e”, (2). | 
If 3 denote the angle made with Y= 0 by the line joining the points 1 and 2, 
` we have - danni l (3) 
Ys — Yı 
and, in particular, if 3 be the angle made with Y= 0 by the tangent to a curve | 
at the point (x,y), a da | (4) 
dy 


` We shall use the name inclination (or inclination with respect to the axis _ 
Y = 0) for the angle 3; and when more than one line is concerned, the quantity 
ES* will be spoken of as the inclination of the system of lines. The function & or 
e"2% may be called the clinant (or inclination-function) of the line or system of 
lines. Thus the clinant of a system of lines is the product of the clinants of the 
separate lines. 

‘It should be observed that if two sets of n lines each have equal clinants 
with respect to any axis, they have equal clinants with respect to any axis. To 
say that two systems of n lines each have equal clinants is the same as to say 

. that they have the same orientation, or that the sum of the angles which the 
lines of one system make with an arbitrary axis is equal to the like sum for the 
other system. But relations between clinants other than that of equality—and 








*It is understood throughout that 2¢ is determined only to modulus *. When two inclinations 
differ by a multiple of 7, they are regarded as equal. 
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even this relation when the systems do not consist of equal numbers of lines— 
depend upon the axis of reference. 
If the coordinates of a line be defined as the quantities u and v which occur 


in the equation ue + vy +1=0, . (5) 


it is plain that the inclination of the line is given by the equation 


v 
w=. (6) 


The clinant of the system of lines joining the origin to the points (x, 4), 
(as; Ya), e.t’ (any Yn) 18 


ge — Dita (7) 
YiY3 + ae Yn 
* and the clinant of the system of lines wa + vy +1=0,....,u,0+%,y +1 =0 is 
sue — sphere, i 8 
Goes re reer gy (8) 


A third variable will often be introduced for the sake of homogeneity; it 


will then be understood that =, 7 must be used for the quantities above 


denoted by x and y; and = and = for the quantities denoted by u and v. The 
points (1, 0, 0), (0, 1, 0) are, of course, the circular points J, J. 


IJ.—Tur THEOREMS or LAGUERRE AND HUMBERT. 
The clinant of the asymptotes of the curve 
AE ag + aay + see ta, cy" + any" + 24, = 0 


is, by (7), (—)* a . In order, then, that the asymptotes of another curve 


BS ba + bayt... + baie” + by" + 2B = 0 
have the same orientation, it is necessary and sufficient that 
Dn bo = an: Qg. | 
But this is‘also the necessary and sufficient condition that in the pencil 


aA + BB=0, 
22 
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there be a curve in whose equation the group of terms free of g contains xy as a 
factor ; i. e. a curve which passes through both the circular points. Hence the 
theorem: | 
In order that two curves of the n* order have the same asymptotic ortentation, tt 
is necessary and sufficient that in the pencil determined by them there be included a 
circular curve. 

If we consider the more senor system 


SA aå + BB+yO0+....+4L=0, 
where D 
SO Cat... + eg +20 ...., LE +... thy" + aly, 


anda, B,....A are arbitrary parameters, the necessary and sufficient condition’ 
that the asymptotic orientation ofthe curves of this family be constant is obviously 


' . But this is also the necessary and sufficient condition that any curve of the family 


which passes through J pass also through J. Hence the theorem :* 

1 Given a family of curves of the n™ order whose equation involves any number of 
variable parameters ; in order that the orientation of the asymptotes be the same for 
all these curves, it ts necessary and ‘sufficient that every curve of the Jamiy which 
passes through one of the circular points pass also through the other. 

To find the clinant of the system of lines joining the origin to. the intersec- 
tions of two curves, we eliminate z between the two equations; the required 
clinant is the ratio.of the coefficient of the highest power of y to the coefficient of 
the highest power of x in the. resulting equation. Now these coefficients are 
unaffected by the terms containing wy in the equations of the given curves; 
hence the theorem: 

In determining the orientation of the system of lines joining the origin to the dnter- 
sections of a curve F, with any other curve, F, may be replaced by F,4+-xyF,_3, Fas 
being an arbitrary function of x, y, z of the degree n— 2. This may be other- 
wise stated as follows: : 7 | | 

The orientation of the system of lines joining a given point O to the intersections 
of a curve Fn with any other curve, ts unaltered if F, Le replaced by any curve of | 





*Given by Humbert, this Journal, X, 260. Humbert, however, takes a, B,....2 rational functions 
~ of one parameter ; it is evident that this restriction would not interfere with the above proof. CS 
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the n® order through the intersections of F, with the circular rays of O; and, in par- 
ticular, if F, be replaced by any system of n lines joining each of the n intersections 
of F, with OT to one of the intersections of F, with OJ. If the curve is real, there 
is one and only one such system of n lines that is real. 

The following special cases may be noticed : 

1°. If O is a focus, and if (with Humbert) we designate as a directrix the 
line joining the points-of contact of OT and OJ with the curve, the directrix 
counts twice among the system of n lines. In the case of a conic, therefore, the 
directrix counting twice entirely replaces the conic; whence the theorem that 
the inclination of the system of lines joining the focus of a conic to the intersec- 
tions of the conic with any curve is twice the inclination of the system of lines 
joining the focus to the intersections of the directrix with the curve. If the 
cutting curve is a straight line, this becomes a familiar theorem ; if the cutting 
curve is another conic having O for a focus, we see that the inclination of the 
system of lines joining O to the four intersections of the conics is four times the 
inclination of the line joining O to the intersection of the directrices. 

2°. If O is on the curve, the tangent at O is one of the n replacing lines; if 
O is a k-ple point on the curve, the Æ tangents at O constitute Æ% of the n 
replacing lines. 

3°. If the curve passes 7 times through the circular points, the tine at infinity 
counts J times among the 7 lines. 

It is obvious from 2 and 3° that if we take as axis a line with respect to 
which the inclination of the tangents at O is 0,* the inclination of the lines 
joining O to the intersections of the curve F, with any other curve C is equal to 
the inclination of the asymptotes of C counted Z times, plus the inclination of 
the lines joining O to the intersection of O with a certain system of n—k—J 
lines. In particular, if k+/=n, the inclination of the system O (Fa, C) is 
simply / times that of the asymptotes of C. The following particular instances 
of this last case may be mentioned: 

a). The sum of the angles made with a tangent to a circle by the lines 
joining its point of contact to the intersections of the circle with any curve is 
equal to the sum of the angles made with the’ eee by the asymptotes of the 
curve. 


x 








* Viz. the tangent itself if oi is an ordinary point, a bisector of the angle between the tangents if O 
is a double poix etc. 
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pale ireular cubi ; : 
b). Given a da cts with a double point O, let OX bisect the 


angle between the tangents at O. Then the sum of the angles made with OX 


cubic 


das with any curve C is 


by the lines joining O to the intersections of the l 
equal to eee sum 
curve O. Thus, for example, the orientation of the lines joining the double 
point of a lemniscate to the four intersections of the lemniscate with any trans- 
versal depends only on the direction of the transversal; the sum of the angles 
made by the four lines with an axis of the lemniscate being twice the angle 
made with the axis by the transversal. | 

If we make no reference to any particular axis, the theorem of which the 
foregoing cases are illustrations has the form: If O be a ple point on a curve 
F, which passes n — X times through the circular points, the orientation of the 
system of lines joining O to the intersections of F, with any curve C, depends 
only on the orientation of the asymptotes of C.. 


of the angles made with OX by the asymptotes of the 


To find the clinant of the system of common tangents of two curves given 
in tangential coordinates, we should eliminate w between the equations of the 
curves; the clinant is the ratio of the coefficient of the highest power of u to 
that of the highest power of v in the resulting equation. But these coefficients 
are unaffected by the terms containing wo in the equations of the curves; hence, 
in determining the orientation of the system of tangents common to a curve F, and 
any other curve, F, may be replaced by Fa + wwFa—s, F,_, being an arbitrary 
function of u, v, w of the degree n— 2. | 

On the other hand, to find a set of foci of a curve Æ, not touching the 
line at infinity, we have to intersect each of the n lines given by the pair of 


equations ` u=0, F,—0, 


with one of the n lines given by the pair of equations 
í v= 0, H =0; 


whence it is plain that if two curves have the same foci, their equations differ 
only in the terms involving ww; we-have, therefore, this theorem of Laguerre’s : 

_ The orientation of the system of common tangents of two curves depends only on 
the position of the foci, and is therefore the same as that of the system of lines 
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joining a set of foci of the one to a set of foci of the other.. Obviously, this 
theorem may be regarded as dualistic:to that of page 164 (end). 

When one (or both) of the curves touches the line at infinity, this theorem 
requires some modification. Ifa curve touch the line at infinity at g points 
u == 040, ....U= a,v, which do not include I or J, its equation is of thé form 


(u — aw)... . (u — agv) w” + terms of lower degree in w = 0; 


and it is plain that the equation of any other curve having the same finite foci 
and the same contacts with the line at infinity will differ from this equation only 
in terms involving uw. Now, if we take any second curve ®,,, touching the line 
at infinity at g’ points,” the clinant of the system of nn! — gg’ common tangents 
of F, and ®,, other than the line at infinity will be obtained as before through the 
elimination of w between the two equations, and will be unaffected by the terms 
containing uv in these equations. Hence the orientation of the system of common 
tangents of two curves, exclusive of the line at infinity, is unaffected by replacing each 
curve by any other curve having the same finite foci and the same contacts with the 
line at infinity; and, in particular, is the same as that of the system of lines 
(other than the line at infinity) joining the finite foci and the contacts with the 
line at infinity of the one curve with the finite foci and the contacts with the line 
at infinity of the other curve. For example, the three common tangents of two 
parabolas have the same orientation as the axes of the parabolas and the line . 
joining their foci; and the four common tangents of a parabola and a circle have 
the same orientation as the axis of the parabola counted twice and the line join- 
ing the centre of the circle with the focus of the parabola, counted twice. 

If, among the g contacts with the line at infinity the circular points are 
included, Laguerre’s theorem requires further modification ; we shall consider, 
however, only the extreme case of curves whose foci are al at infinity; the 
general equation of such curves is evidently 


uvwl, (u,v, w) +au*+....- bo = 


Now the result of eliminating w between a given equation of this form and the 
equation of any curve of the class r not touching the line at infinity is evidently 
du +... + 6 = 0, | 


* These points I suppose to be different from the g points of contact belonging to #; if any of the 
latter coincide with any of the former set, complications are introduced which it does not seem worth ` 
while to discuss. 
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so that the clinant of the system of common tangents, which is a/b", depends only on 
the value of r, and is otherwise independent of the nature of the other curve. 
That is, 

Given a curve F all of whose foci are at infinity, the orientation of the system 
of tangents common to it and any curve C not touching the line at infinity depends 
only on the class of C* so that the orientation of the system of tangents to F 
through a point is independent of the position of the point, and the orientation 
of the system of tangents common to F and any curve of the r™-class not touch- 
ing the line at infinity is the same as that of the Je of tangets to F through ` 
r arbitrary points. 


It is worth T to examine more explicitly the case of the tangents ee 
from a point to a curve. 
If the equation of a curve in tangential coordinates is 


au" + bu ++ eu ++ ....50, 
the system of tangents through the origin is given by | 
w=0, au +....+4 bu — 


and the clinant of this system of lines is a/b. 

| Observing that a change of origin is effected by replacing w by w + au + Bv, 
we see at once that in order that the clinant of the system of tangents drawn to 
the curve from any point be constant, it is necessary and sufficient that the terms 
in w all contain the product uv; in other words, that the foci of the curve be all 
at infinity. This is a Pgo of Humbert’s theorem andependent of the proof 
given above. 

The systems of ore through J and J are given by the equations 


o= 0, au®+....tew=0; w—0, b*+....bew=0; 








*See Humbert, this Journal, X, 268. Humbert gives only the case where the second curve is a 
point ; the more general theorem is, however, an obvious corollary from Humbert’s. It should be 
added that Humbert makes an oversight in saying that curves which bave all their foci at infinity touch | 
the line at infinity n — 1 times and pags through I and J; it is only necessary that they touch the line at 
infinity at T and J, and that the line at infinity count as n tangents from I (and likewise from J). Thus 
the line at infinity need not be more than a double tangent ; and the curve may therefore haven—2 | 
tangents parallel to a given line; while if the line at infinity were an (n — 1)-fold tangent, the curve 
could have but one tangent parallel to a given line. 


a 
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so that if %1, 2,.... 2, be the a’s and y,, %,....7, the y’s of the foci, we have 
n S | n b 
My ives M = (—) =, YY- ee - Ya = (—) T? 


ENa eee Un 


Q 
Wien — D 





; 


i. e. the clinant of the system of lines joining the origin to a group of foci is a/b, 
which is the same as that of the system of tangents from the origin; hence the 
system of tangents drawn from any point to a curve and the system of lines 
joining that point to a group of foci, have the same orientation: a particular 
case of Laguerre’s theorem (page 166, end). 

Denoting the lengths of the focal radii of the origin—i. e. the lines joining 


the origin to a set of foci—by 7, Tg, -++ a, We have, since 7} = xy, 
. ab 
(3... = My e o o Cnil Yan = TE 


If, then, two curves have the coefficients a, 6 in the same ratio, the orienta- 
tion of the system of lines joining the origin to a group of foci is the same for 
the two curves; and if they have the coefficients a, b, c in the same ratio, the 
product of the focal radii of the origin is also the same for both curves.’ But the 
equality of the ratio of a to b for two curves is evidently the condition that in 
the tangential pencil determined by them there be one which has the origin for 
a focus; and the equality of the ratios of a, b, c for two curves is the condition 
that in the tangential pencil determined by them there be one which touches the 
line at infinity and has the origin for a focus. Hence we have the theorem: 

If, from a given focus of a curve belonging to a tangential pencil, lines be drawn 
to the foci of any curve of the pencil, the orientation of this system of lines is con- 
stant; and if the curve to which the given focus belongs touches the line at infinity, 

. the product of the lengths of the lines drawn from tt is also constant. For example, 
in a system of conics touching four lines, the bisector of the angle formed by the 
lines joining a focus of a given conic of the system to the two foci of any other 
conic of the system is a fixed line; and if the given conic is the parabola that 
belongs to the system, the product of- the distances from its focus to the two foci 
of any other conic of the system is also constant. 








, *I. e., any complete set of foci, for instance the real foci. 
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And it is dat conversely, that 

Tf a point O be such that the. systems of lines joining it to the foci of two curves 
have the same ortentation, O is a focus of a curve belonging to the tangential pencil 
determined by the two curves; and if the product of the lengths of the lines be also 
the same for the two systems, the curve of which O is a focus touches the line at 
infinity. 

The property contained in the first clause of this and the preceding theorem 
was given by Humbert (this Journal, X, 262); he points out that it defines by a 
simple geometrical character the locus of the foci of a tangential pencil. l 

The equation of this locus is very easily obtained. In fact, the foci of the 
curve F(u, v, w)=0 are evidently given by the equations F(z, 0, — x), 
F(z, 0, —y)=0. Hence any focus of a curve belonging to the pencil 


F(u, v, w) + àẸ® (u, v, w) = 0 
satisfies the equations 


F(z, 0, — æ) + A® (z, 0, —x) = 0, F(0, z, —y) + Ab (0, z5 —y)=0; 


+ 


hence the locus of the foci is 
F(z, 0, —2)@(0, z, — y) — F(0, z, —y)D(z, 0, —x) = 0. 

It is evident that this equation of the (2m) degree contains the factor z, 
and that after striking out this factor, every term is of at least the (n — 1) 
degree in æ and z and of at least the (n — 1)™ degree in y and z. 

The tangents to this locus at the circular points are given by the aggregate 
of terms of lowest degree in (x, «) and (y, z) respectively, that is, by the equa- 
Hons LiP, 0, —a) &(0, 0, —1)— D(z, 0, +2) F(0, 0, —1)}= 0, 

4 {F(0, 2, —9)D(0, 0, —1)— 2 (0, z, —y) F (0, 0, —1)} = 0. 
The intersections of these two pencils of lines are the singular foci of the locus ; 
and these intersections obviously satisfy the equation 


F(z, 0, — 2) P (0, z, —y) —F(0, z, —y) ®(, 0, —a) = 0, 
that is, they lie on the curve itself. Hence | 


The locus of the foes of the curves belonging to the tangential pencil determined 
by two curves of the n™ class ts (apart from the line at infinity) a curve of the 
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(2n — 1)" order which has the circular points for (n — 1)-ple points and which 
passes through its own singular foct.* 

If the curves F and ® both touch the line at infinity, or if one of them touch 
it more than once, the locus degenerates. For example, if the curves F and ® 
each have the line at infinity as a simple tangent, 


F(z,0,—a), F(0,2,—y), D(z, 0, —x), D(0,z, — y) 
each contain z once as a factor; and the locus 
F(z, 0, —x) (0, z, —y)— F (0, 2, —y) P(z, 0, —x) = 0 


includes the line at infinity counted twice, and a curve of the (2n — 2)" order 
` which has the circular points for (n — 1)-ple points. Thus the locus of the foci of 
the parabolas which touch three given lines is a circle, and the locus of the foci 
of the curves of the third class which touch the line at infinity and seven other 
given lines is a bicircular quartic. — 


Given a number of points (a, yi) .. - (ts, Yn), let the point defined by the 
equations 
1 1 1 1 1 1 1 1 1 
be called the harmonic centre of the system of points 1, 2,.... with respect 


to the origin. It is plain that if the points are real (so that à, and y, are conju- 
gate imaginaries), the harmonic centre C may be constructed by laying off on 
O1, 02,.... On, distances equal to the reciprocals of 01, 02,.... On, and 
taking for OC the reciprocal of the n™ part of the resultant of the system of 
forces represented by O1, 02,.... On. 


The direction of the harmonic centre depends only on the ratio of y = 


to = ; its distance only on the product of >. ae by os, 
Ya Tı Yı 
The harmonic centre (w, y) of a set of foci of the curve: 
au® + auTw +... + bot + btw +... 0, 





re 


* Humbert (1. c., p. 277) gives this theorem for the particular case of a tangential pencil of conics ; 
he deduces it from a construction of the locus by points, which shows the locus to be a circular cubic 
on which I and J are corresponding points, 


23 
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is given by | a 
DENT Lim RNA Ro 
| r=% += a’ y =) er: 
and for any curve of the tangential pencil determined by the above curve and 
the curve - 
au + auTw +... + Bot + BaT +... 0 
the harmonic centre of the foci is given by 


n atiq n +40, 

x ata’. y  b+AB' 

whence, eliminating 2, the locus of the harmonic. centres of foci for the curves : 
of the pencil is 

(aa — mbi) ay — n (mB — ab) & — n (aß — ab) y + - rb (a8 — ab) =0, 

a circle. Hence the theorem (given by Humbert without demonstration, 1. c., 
p. 281): 

The harmonic centre, with respect to a point of the plane, of the ca foci of each 
of the curves of a tangential pencil, describes a circle. 

Concerning this locus of harmonic centres, the following points are obvious : 

1°. The locus passes through the origin if a:b= a: +; i. e. if the origin is a 
focus of a curve of the pencil. 

>. The locus becomes a straight line if a: hese = œa: bı; i.e. if for one of the 
curves the harmonic centre is at an infinite distance from the origin. 

3°. The harmonic centre is a fixed point for all the curves of the pencil if 
 a:,:b:b = a:aq:8 Bi i. e. if the origin is a double or multiple focus of some 
curve of the. pencil Finally, observing that the equation of the locus of the 
foci of the curves of the pencil (see p. 170) is, apart from the line àt infinity, 

(a8 — ab) 2—1 — {(a,8 — ab) æ + (abı — ab) y} er? +... = 0, 
we see that when a:b = a: this curve not only passes through the origin but 
it has at the origin the same tangent as the circle of harmonic centres; whence 
this theorem of Humbert’s (l. c., p. 276): 

Let F be the locus of the foci of the curves of clase n belonging to a given tan- 
gential pencil: the harmonic centre of the n real foci of any one of these curves with 
respect to a point arbitrarily chosen upon F remains on a circle touching the curve F ` 
at this point. 
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IIL—Ox toe DIFFERENTIAL EQUATION 


da z dy 
(a — a)® (a — dg)... (wo — an) (y — be (y — b... (Y — ba)? 


General Remarks and Miscellaneous Examples. 
The differential equation 





de dy 

r Sy 1 
20) 70) | a 
where 
® (x) = (x — a)" (w — a)”. - . (8 — an)™* 4 (y) = (y — By) (y — b)”. - . (Y — ba)’, 
admits of a simple and interesting geometrical interpretation if æ, y are regarded 
as circular coordinates. Namely, writing the equation 

de 20) 

dy ~ b(y) 
we see that it defines a curve having the property 

v dr = QA + Gada H ee e Gan En (2) 
>, being the angle made with the axis of X by the tangent at any point P, and 
9, the angle made with the axis of X by the line joining P to the point (a, 8). 
Obviously, the curves belonging to the equation 

dæ dy _ 0 


a@ TTY e 
have the property (3, denoting the inclination of the normal) 
dy = Qi + Eds + Fda) (4) 


and are the orthogonal trajectories of the former set of curves ; and, more gene- . 
rally, the oblique trajectories of the curves 


dæ 
TORE ot 
the angle of intersection being a, are given by ` 
dæ d 
ee m, 5 
TO ae 


The curves defined by the last equation have the property 
Se = a F Qu + ds +... + une (6) 
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When the g’s are all integers, positive or negative, @ and 4 are rational and 
the equation is integrable’; hence we can always obtain the equation of a curve 
` defined by the property that the angle made by its tangent with a fixed line is a 
sum of integer multiples of the angles made with that line by the rays from the 
point of contact to n fixed points, which we may call direction-centres. If the 
q's, besides being integers, are such that 


++... .+qm=1, 


the equation giving the inclination of the tangent will not be affected by changing 
the directions of the axes of reference ; and the property of the tangent of the 
. curve given by equation (1) may be stated thus: the system of lines consisting of 
the tangent and the rays from its point of contact to the direction-centres corre- 
sponding to negative exponents, has the same orientation as the system of rays 
from the point of contact to the direction-centres corresponding to positive expo- 
nents’; each direction-centre being counted a number of times equal to. the 
absolute value of the corresponding exponent. 
Let us consider some examples. 


1°. — ee 0. This equation defines a curve in, which the tangent 


coincides with ihe radius vector. ‘Its solution is y= cx or Y= OX, a straight 

line through the origin. 

paypu 

% y 

with radius vector. Solution: «y = e or Æ’ + Y° = O, a circle with its centre 
at the origin. 


= 0; orthogonal trajectory of preceding; normal coincides 


3°, ae = 0; bisector of angle formed by tangent and radius 


vector coincides with bisector of angle formed by rays to the two points X=+a, Y=0. 
Solution: a?— a? = c(y— a’), or X?— Y?— a = OXY, an equilateral hyper- 
bola aap through the two points and having its centre at the origin. 

. 4. et A z= 0; orthogonal trajectory of preceding; bisector of 
-angle Horned. by normal and radius vector coincides with bisector of angle formed by . 
rays to the two points X=-+a, Y=0. Solution: . (a* —a*)(y—a*) =e, or 
(2 + PP — 2w AP VO, a Cassinian with the two points for foci. 





C2 
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ge. a" de y" ‘dy 

a — a y — a" 

vector is equal to orientation of rays to a system of n points (beginning with the point 

` X=a, Y= 0) uniformly distributed on a circle whose centre is the origin. Solu- 

tion: œ” — a"—c(y"— a”); or, in polar coordinates, 7” cos nò — a” = Cr" sin nd. 

= a" idx | ydy 

q" — qn y” — a’ 

of normal and (n — 1) times radius vector is equal to orientation of rays to the system 

of n points defined in 5°, Solution: (x — a") (y" — a") = ¢; or, in polar coordi- 

nates, 7°" — 2a"* cos n9 — O. The curves 7* = 2a" cos nà, r” cos nò — a”, are 

particular solutions of 6° and 6° respectively ; when n — 2, these are a lemniscate 
and an equilateral hyperbola with its vertices at the foci of the lemniscate. 





= 0; orientation of tangent and (n — 1) times radius 





= 0; orthogonal trajectory of preceding; orientation 


Of course, whenever gi +ga +....+ qa = 1, whether the q’s be integers 
or not, the property of the tangent is independent of the direction of reference ; 
e. g., the equation 

dee 4 dy —0 
Va + 2b + co a+ 2by + cy? 


‘gives a curve whose normal bisects the angle between the rays drawn to two 
fixed points; and, more generally, the equation, 


a" Ida yf idy =, 
M Psp (x) N Pon (y) Po 


Pan (x) being a polynomial of the (2n)™ degree in x, gives a curve such that the 
sum of the angles made with any line by the normal and by the radius vector 
counted (n — 1) times is half the sum of the angles made with that line by the 
rays to 2n fixed points. 

If the sum of the g's is not equal to 1, the equation connecting the inclina- 
tion of the tangent with the inclinations of the rays to the direction-centres will 
be modified if the direction of reference is altered; the modification consists, 
however, merely in adding a constant to the value of Xp. 

In the examples that follow, when the word inclination is used, it-is under- 
stood to have reference to the axis of X. | 


7°. i = oh = 0; inclination of tangent = (n + 1) times inclination of 








radius vector. Solution: æ” — y~" = c¢, or ™= C" sin nà. 
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8°. me += = 0;* inclination of normal =n +1 times inclination of 
radius vector. Solution: r” — O” cos nS. OF course, in 7° sid 8°, n need not 
be an integer. i | 

We may remark that a particular solution of 8° coincides with a particular 
solution of 6°, viz. the solution 7” — 2a" cos nò; in this curve, then, we have, if 
n is a positive integer, 

dy (n+ 1)8, and Sy+(n—1)à—=h+à+.... +a, 

whence also | . mhz ++... .+,; 
so that, for instance, in the lemniscate the sum of the angles made by the focal 
radii with the axis is 4 times the angle made by the radius vector with the axis. 

We may here notice a point concerning the Oassinian generally. The 
equation being written 
(X°? -+ VE — 203 (X — F’) = bt — af, 


the two foci, 1 and 2, by means of which the curve is usually defined, are on the 
axis of X at the distance a on either side of the origin; and it is evident on 
- inspection of the equation written in the form 
ey? — a® (a + x") 2 + (ai — b)i — 0 

that these two foci are at the same time the two singular focit and two of the 
ordinary foci, the remaining two ordinary foci, 3 and 4, being on the axis of Y at 
the distance Vi — at atja on either side of the origin if b >a, and on the axis of 
X at the distance a‘ — bja on either side of the origin if b <a; of course, if 
b=-a,i.e.if the Cassinian is a lemniscate, 3 and 4 coincide with the origin. 
Now by a known property belonging to bicircular quartics in general, 


29 y= oy + oy a J F M 


oy + do = + d. 
Hence Sy — So = 9p + Su 
and | 290 = à + de — 3; — D. 


a 


and by example 6° . 





* This is, of course, the orthogonal trajectory of the preceding ; but it is also plain that the curves 
corresponding to this equation are simply those corresponding to T° turned through an angle n 


TI. e., foci obtained by intersecting tangents at I and J. It is because J and J are Hu ‘os 
these foci play the double part in the Cassinian. 
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In the particular case of the lemniscate, 33 9,= do, and this equation 
becomes 43) = à, + 34, as otherwise found above. 


uf =e), and if #-1(X— iY) may be taken the conjugate of 
F(X + iY), then writing | | 
F- (X +iY)=u + i, 


the solution of Lis dæ a dy 
| e" — = 0 
F@)* Fo 
may be written u cosa + vsin az= C. 


If, further, we write | 

Fu + iv) = F (u, v) + iF, (u, v), 

the curve is given in rectangular coordinates by the Stone 

on X=H(u,0), Y=, (a), 

the parameters being connected by the relation £ 
| u cosa + v sin a = C. 


The next two examples may serve as illustrations of the foregoing. 
dæ dæ 
9°, gris fa See ifs Hh bi 
€ Nr +e VE po 0; normal makes an angle a with bisector 


of rays to points X= +h, Y=0. Here we may take 





F (u + dv) = k cos (u + iw) = k (cos u cosh v — à sin u sinh v); 
hence the curves are given by 
aa cos u coshv, Y= — ksin u sinhw, 
 ucoa+vsna= 0. 
Ifa=0, u= 0; fa „v= 0; in these cases the equation of the curves 
is evidently | 


x ‘ae a ee 
(cos OP — (sin OP) (Eeosh OF T (sinh OP’ 








either of which represents a system of confocal ellipses and hyperbolas; éither 
equation is converted into the other by the substitution of iC for C. 


% . 
ae 
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It is easy to elimiriate u and v in the general case; viz. we have 


2 nan nc 
2 LIT = 2 (cos uw cosh* v + sin" w-sinh® v) = cos 2u -+ cosh 2v, 
go ra (cos? u cosh’ - — gin? u sinb? v) = 1 + cos 2u cosh 2w | 
, GE | eae te. ts 


so that cos 2u, cosh 2 are the roots of the equation -, 
Hen? — 2(XÈ + FE) + 2(X? — Fi) — “i=. 
The equation of the curve is therefore 
cos a cos 1A, 4 sin a cosh™? Aa = O, 
a, and A, being the roots of the preceding equation; or, more explicitly, 
| 1 À? + Pv (I + YF TX 75 + 





cos Œœ COS 


-+ sin a cosh— 





BLP tw Od PR ON VEE 9. 


When a= 0 or 5, one value of à is constant, and the equation of the curves 
| may be obtained by putting A = c in the quadratic equation for 4; when we get 
‘Bé— (X? + Pic+2(X— F)— e= 0, 

2X? (e — 1) + 2Y?’ (e + 1) = P (F — 1), 





or e > Po ci 
1Fc+D IF D , 
a system of conics with their foci at X= k, a 0. 


10°, e~ “ae giao normal makes an angle a with line whose 
inclination — inclination of the pair of rays to the points X= + k, Y=0. Here 
we may take - | 
7 .\ _ „Binh u cosv + à cosh u sin v 

PONS RES e) Sk cosh w cos v + 2 sinh w sin v 
sinh u cosh u + à sin v mse v 
cosh? u cos? v + sinh? w sin? v 
sinh 2u + isin w 
cosh 2u + cos w ` 
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Hence the curves are given by 


= kb sinh 2u Y—k sin 2v 





cosh 2u + cos 2y’ cosh 2u Te cos w’ 
u cos a -+ v sin a = O. 


The parameters u and v are easily eliminated as follows : i 
z +F? sinb? 2u + sin? 2» _ cosh? 2u — cos 2 __ cosh 2u — cos w 











I? = (cosh 2u + cos wF ~~ (cosh 2u + cos w)? ~ cosh 2u + cos 20° 
Hence | 
cosh 24 Æ+ cos 2v + P — 

cosh 2u + cos 2% Qh ’ gosh 2u + cos w ~ — 276 : 

so that, since the original equations give | 
sinh 2u x  sim% Y 
cosh 2u + cos Qo k’ cosh2u + cost &’ 

we have 24 X — 2Y 


tanh 2u = yap f tan w= pe ee: LE 


substituting these values in the equation u cosa + v sina = C, we have the 
equation of the curves: 
= eX : 26 Y 

cos a tanh Kip ppp sine tan! MEME 


Ifa = F , this becomes 


AP 4+ Y?*— P= eY, 
a svete of circles through the points Y=0, X= +k. Ifa= > , it becomes 
E+ V?4 = oX, | 
the orthogonal system of circles, viz. those through X = 0, Y= + tk, the anti- 
points of the preceding pair of points. 


Thus the oblique trajectory of a system of circles through two fixed points, 
like the oblique trajectory of a system of confocal ellipses, is a transcendental 
curve ; the unions of the trajectories being, as found above, respectively 


Canad 2kX x 2kY C, 
cos a tanh! -pry ys pe — sin a tan Daa p= 


1 X?4 V(X YP We VA 
ie 


X+ PANVY oe (RP) Le 
nal = 





COS œ COST 








+ sina cosh? 


24 
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But the former oh to an algebraic curve in the particular case ane the two 
common-points of the circles coincide, while the latter does not do so when the 
two foci coincide. To get the eins: form of the first equation when & = 0,. 
we may write it 
on le LOT ht es WY o 
aaa ae x wi gy D heg Perse ae 
which, when / = 0, becomes | l 
2X cosa B 2Y sina _ ‘a 
P er yee et 
Si (Xt Y) =2(¥ oosa — F sina), 


a system of. e touching the line X cosa — Y sin a = 0 at the origin. - 
The second equation may be written, if we put, for brevity, 


3 ; X? 4. Y= p, à X? — Vig, 
p—NVp—deq+ eh ; 
PR EN: HE | 


. COS & COB | nr 
| sin a (dosh 2+ YP 2 +h — coshr1 3)= 0; 


when # is infinitesimal, this may be written 


COs a cos} = + sin a (cos 2 — cosh! ce — 0, 


mar tanamni Bf A K De 


which gives, in the limit, | 
cos a cos À + sin a cosh @ Fa =0. 


ae a a à 
Now cosh (as 3p i . = log ; = log : = 2log Ti and 
cos -Æ = co on cos? (cos 29) == 25; hence the above equation 


f ae (in polar coordinates) 
T= de? cot g 
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a system of similar logarithmic spirals. Of course, the ‘trajectories for the case 
when the two direction-centres coincide are in both instances obvious otherwise. 


11°. If a curve be defined by the property that the inclination of the tan- 
gent is equal to half the inclination of the system of rays drawn from its point 
-of contact to four arbitrary fixed points, its differential equation is 

ee -dæ dy 
~ (x — a)(x — a) (a — as)(x — a) vw — bly — by — bly — b,)’ 

the four points being (a, b1) .... (a, bi). 

Denoting the function inverse to the integral of the first member by @, and 
the function inverse to the integral of the second member hy +, the solution of 


this equation is 
PT (x) — 4 (y) = C 


If the four points are real, 6,.... b, are the conjugates of a,.... a, respec- 
tively; and consequently if we write @-7(X+47Y) = w+ dus, we may put 
1 (X — iY) = u — iu, so that the foregoing equation becomes 








U == Ce 


Writing, then, ; 
| P (ta + dt) = Gr (us Ue) + ie (as Us); 
the curve is given in rectangular coordinates by the equations 
ie = ĝ (n, c), 

Y — a2 (uw, c) . : 
The solution of the problem thus depends solely on the separation of @ (u, + iu) 
into its real and pure imaginary components: @ being the function inverse to 
the general elliptic integral of the first kind, J dal R(x), where R(x) is a 


quartic whose coefficients are in general complex. 

It would have been no more difficult to consider the oblique trajectories of 
these curves; but in point of fact these furnish nothing new, since by rotation of 
the axes of reference they are reducible to the case just considered.* 





*This is not the same as to say that with a given set of four points and a given axis of reference, the 
oblique trajectories are of the same nature as the original curves: which is not true. But with a proper 
choice of the axis of reference, any poe case of the oblique trajectory is reduced to another case of 
the original class of curves. : 
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Nor would it be more difficult to consider the case.when the four arbitrary 
points are not real. The proposed curves would in this case be given by 


X= ĝi (uy, Me) = (vit), 
| Y = 9, (ty Wa) = — (os, vs), 
: | th — 0 +.4 (uy v) = 0, 
yp, and +, being of course defined by the equation D 
ee a} (v. + ivg) =4 (v, vg) + tb, (v, va) ' 


If the points (a,, b1) .... (ay, ba) are concyclic and are such that an “axis”. 
of the four points is parallel to the axis of X, it is known* that the required ` 
curve is a bicircular quartic of which the four points are a set of ordinary foci. 
Hence in this case the problem of solving the differential equation may be . 
reduced to that of finding the equation of-a system of confocal bicircular quartics 
whose foci'are any four concyclic points. It is evident that. the condition that 
the four given points be concyclic is equivalent to the requirement that the | 
quartic in æ be linearly transformable into the quartic in y; so that’the case to — 
which this geometrical method of solving the differential equation is applicable 
is that in which the two quartics are homographic and satisfy a certain addi- - 
tional condition. Its obvious, moreover, that all the conditions of the case are 
expressed by the equations 

(a; — s)(4g — aa) _ (ai — s)(4g — a4) _ (ar — A) (Gp — aa) __ 
(By — Ba)(Bp— 8s) — (61 — ds) — By) (1 — 6) — By) — 
viz. the equation of these fractions-to 1 expresses that the inclination of the pair 
of lines 12, 34 is 0, and likewise for the pairs 13, 24 and 14, 23; and it follows 
‘incidentally that the four points are concyclic. This follows either by a well-: 
.* known theorem of geometry, or from the fact that the equality of any two of the 
. fractions shows the quartics to be homographic and the points consequently to 
be concyclic. 








. On the Equation sin x de = sin y dy. 


It is somewhat interesting to consider a case in which f(x). is a convergent 
TEE product, as e. g. in the equation 


sin æ dæ = sin y dy. 





* Sée “ Note on the Double Periodicity of the Elliptic Functions,” this Journal, XI, 285. 
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This equation defines a curve in which the angle made by the tangent with the 
axis of X is.the negative of the sum of the angles made with the axis of X by 
the rays drawn to the points (on that axis) 


X=0, Ea, + Wt, + 3n,....; 
or, as we may write it, | . | 
— r= do + di + ds + dg + ds + ds + D gt... À 
The curves thus defined have for their equation 
| cosæ— cos y = ¢, Le. sin À sinh Y= C. 
If we compare the value of the inclination of the tangent as derived from this 


‘last equation with that which arises from the definition of the curve, we obtain 
an interesting identity, viz. we get in these ways respectively 











dY _, cos X sinh Y __ _, tanh Y 
el ag ee eo ee 
a F Y Y 
—3,—tan7? -1 si 
apa tan y + tan ¥ =, + tan Z 
Y Y 
-1 ~1 f 
-+ tan Io zn + tan goo EE 


ne ee ae 1 2XY Žž -1 2XY f 
= tan y + tan yoy gt y-ray 


whence the identity 








Pn | tanh Y —l —1 | 2X 7 
tan an te rs 
_ 2XY 
+ tan bé V2 (27) + (mod x)f (A) 
or 
2 ri 2 2X Y —1 2XY } 
tanh P=tan tan | tan — ttan pe tan RTE À 





* From the nature of the case (viz. because the equation dx/dy— sin y/sin æ determines a definite 
y—r ytr yee y+ ar 
p—r gpa oe or ap er"? 
the factors being taken in this order) the series to the right converges to a definite limit, modulo x ; and 
itis plainly best to take each pair of terms, Ÿ, -+ 3_,, as near 0 as possible; then lim (%,-+¢_.)=0, 
obviously. 

tItis needless to say that this identity is easily obtained without the intervention of geometry; but 
it is naturally suggested by the construction of the tangent to the curve we are considering. 





direction of the tangent, and because sin y/sin x is truly the limit of r 3 
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In particular, when X= Y, we have | 
-1 2%. 


1 tanh X _ _ =Í 2X? matt es 2X. me ` 
tan “tan an = tant m tan (an) — tan (an ..(modz) (B) 
LT 
and when X=- 7 | . | 
op. ee ad 1 L _ 7 
tan gpt tan zg t tan FR t ten qt toe à tan, 


À being an undetermined integer. If we take each. of the inverse tangents at its 
least positive value (i. e. between 0 and + a), it is easy to see that à = 0; for 





: PR ae NU D 7 ze 
the series on the left is less than -> (r + op + +...) ta e. less than T3? 


which is itself less than + +7. 
In like manner, if we put X = = z, we obtain 


aa ot 


eee art: au 


2 
tan“? + tan zg + tan 


and (with the same understanding concerning = A= 1; for the s seriés on the 
left is greater than the one above considered, but less than. 














. 32 p 5 
tan È a a tan pe to {tent À + tent À 8 + tant te 
which is itself less than _ * 

n za 

trs tn, CE nd 

Likewise 
a tan`! a tant À, tant À, À 

at at +e = =at me 
and à — 2 because the series on the left is less-than 

1 = 2a aa wal a 

tan” 5 pet ten ow 














5? 
—1 wed —1 f 
get _ + tan x ioe + en 3.16 +...) 





7 mt 7 nm : ` 
Sols bg eg th a og T 
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This suggests that when X = (2% + 1) = , the value of à is k, giving the formula 


2k + 1} 2% + 1} 1 (2% 4 1) 
ten OEE 4 san: OH + tan 1 Or porai E 


k being any positive integer, and tan * being always taken between 0 and S ‘ 
But it is evident that the above method will not furnish this result; when 
2k +157, the superior limit arrived at by it will exceed 4 + kn. But the 
formula would be proved if we could show that 


n? = = 
tan * >a + tan pati ry TF eu Lo 
A ae n? 
+ tan ppt mp tee 


where n — 2k +1 and r+ =n. This last formula may be more compactly 


written +o 
2 tan n? =x 
= ARE 


In point of fact it is easy to prove the more general formula 


+o E 
af 7 tan! —_* ig 
DU mp = 


a and @ being any real quantities. There is evidently no loss of generality in 
supposing, in the demonstration, that a is positive, and that 8 oe and less 
than a. We have seen above riag 














= = T= 
tant ini = tan? Ÿ 34> (tn + ta tan~ -y Tr) dat 
writing, in this, X~ fn for X and =a for Y, it NN 
tanh Y 
tan? tat E 
X — a X — prn 


tan 


+ » {tant LE By x + tan— FF ema (mod x). 
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Likewise 
tanh A 


Y 
=, | —1 
tan press Fr = tan XL Bra = 


-~ 





Ap Y Oyo Ors 
| ae appart a pga Fpa An). 
Hence, by addition, | REA | 
tanh © tanh — 


7 | E 
—] a = —1 Y —1 Y m i 
PÈRE raf D RS THB 








Se te XE bay 


ai à = Y : 
+0 ne Ga x} HALE 


and it is plain that this may be written 


tanh X | tanh _ 
tan” TEEN + tan” 
tan 2 T | ten <8 


EN ET IXY | | 
| = Dy tan BoP papok mod) ©) 
Putting; in this identity, X= Ysa, the first member is 0 (mod x) because | 


nee ao Le hones 


Sen ier p= o. 


Finally, to determine the value of the series exactly (each term being taken 


_ FRANKuN: On Some Applications of Circular Cardin | 187 
. between 0 and z) we have only to E that the sum from v == 1 to v= + œ 


can not exceed Yo tant iy BF which has isk Te to be equal tot 7; that 


l the sum from » = —2 tov=— œ is less than Sar 1 a and the sum of the 


: two omitted. terms v= 0, v= 1). must be less then twice n. Hence the. 


proposed series is less than Laph nN, and therefore less than 2x. Hence : 


-Hœ 


DR CT, pam 0) 


OO 


a and 8 being any real quantities; a. E. D. We have thus completed the proof 
of the equation | 


a RAAP y at AAP on ED 1} Hess = + En. (E) i 
If, in formula B, we put x = 2k. Z, we get 
AR ga tann GR fa OO ice Z (mod 2), 


and equation D enables us immediately: to determine the actual value of the 
series; viz, putting a — 2%, and B successively = 0; 1, 2,...., 2%— 1, and 
k adding the results, we, get the preceding . series uA and in ‘addition a term 


j -y Crising from B=0,»— 0); hence 


not o Ae + toot i: tan’ —1 -i + 


Equations E and F maÿ be combined into the single equation 
25 | 


; being any positive integer, we obtain 
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2 3 
tan a + tan™ 5a n? -17 


+ tan gate “Goa `- (@). 


n being any positive integer. 


+ 


Putting Bla =u, equation D may be written-more simply | 


+ r ; 
$ ~ 1 as ! 
Depp _ See 
u being any real quantity. It seems very remarkable that the value of this sum 
should be independent of u. And if, in formula C, we put X—Y—na T n` 


+o -i 
Mtani _, = 0 (mod x) 
> EI an 


The actual value of the series is nz. For the sum from v = 1.46 v = + œ does 


not exceed (% — 1 x* (b equation G), the sum from y = — 2 to v = — œ 
9 4 y equal 


is less than (+ — =) n, and the two oniittad terms are together less than x; 


- and on the other hand the sum from v= 0 to y — +œ is at least as great as 


G-+ x, and the sum On 1 eas o is at least as great a as 
(+ at) . Hence the value of iea series jis between | n — =) m and 


(n + 2 =) mi but it is an exact multiple of x; therefore 


Dour ES ETES Ce: 


n being any positive integer. Thisisa generalization of equation D or D’; but dis 


equation S which was employed in the proof of H, is itself an obvious corol- 


*Inthe ee u is Le ca non-negative ; obviously the argument | is precisely similar if u ib _ 
supposed non- T 
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lary from H, 80 that this last Seaton may be said to comprise all the preceding | 


arithmetical equations (D — G). 
.Finally, we remark that formula C shows that the series 


+o, i : 
» ~l a 
Dr tan CEET 


is not independent of u except when « is half the square of an intoger;* and it 
thus seems all the more remarkable that it should be independent of u in that 


case. The value of ‘this series RUE by putting X= Y= ons Tin for- -` 


‘mula C) is given by: 


E con a 
D ee 


+ 


tanh 337 _ tanh Ba + 

= — ~- a N 
tan (v2a— au) -F tan a (Va + %) 

A being an integer so chosen that the result shall lie between H(A/2a).7 and 
CE (NW 2a)-+-1] x, since the series is evidently intermediate in value between. . 
those which would arise on writing instead of a the two half-squares between 
which it lies. 


The orthogonal: trajectories of the preceding system of « curves are given i 
. the equation l 
sin æ dx 4 sin y dy = 0; 


these curves have the property 
| — = Po ++ 8443 +5 eee de 


ae their equation is 


cosa cosy =c or cos X-cosh Y= C. 





* It is, of course, periodic in respect to u in any case, the period being 1. 
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The curves having the property 7 
SP t Dat HESS ey 


. ‘are given by the differential equation, 


| nu | 
the solution of this is - 


: sin Fe+y=osin 5 9) or sin X= _O'sinh Y. 


This last equation is otherwise evident from the consideration that the curve now 
required is so defined that its angle of intersection with any curve of ‘the system : 
first considered in this section shall be bisectéd by a parallel to the axis of X. 
Hence, the equation of that system having been found to be sin X sinh Y=Q, it 
is plain: that the required curves are given by sin X = 0 sinh Y. 


= On Rotations in Space of Four Dimensions. 


By F. N. Cour. 


1. 
LINEAR CONFIGURATION IN FOUR-DIMENSIONAL SPACE. 


. 1. Ina four-dimensional space of constant zero curvature, suppose any point 
to be selected, and through this point four linear solids mutually at right angles 
to each other, to be drawn. Taken in pairs, these four solids intersect in six 
planes, and.taken by threes they intersect in four straight lines. Taken all 
- together, they have only the selected point in common. This system of the point, 
the four lines, the six planes, and the four solids may be employed as a coor- 
dinate configuration. The point will be the origin, the four lines may be called 
the axes of x, y, z and w, the six planes the planes of xy, wz, aw, yz, yw and zw, 
the four linear solids, the solids of xyz, ayw, zw and yzw respectively. The 
coordinate solids, in the order as written, are defined by the equations 

w= 0, z=0, y=0,2=0; : 
the planes by 

w=0,w=0, 2=0,7=—0,2=0,2=0, 

8= 0, y=0,y=0,w=0, z=0,y=0, 
and the axes by 

. yo, c=0,7%7=—0,7=0, 

“g=0; 2=0, y=0,y—=0, 
w=0,w=0,w=0, = 0. 


In pairs, the four axes determine the six coordinate planes; in threes, they 
‘determine the four coordinate solids. The six planes taken in pairs would seem 
at first sight to intersect in fifteen straight lines. But the two planes zy and zw 
have evidently no element in common except the origin, since this is the only 
point for which we can have simultaneously w= 0,2=0,2=0,y=0. The 
same is evidently true for any pair of planes whose symbols have no letter in 
common. There are three such pairs, and accordingly the fifteen apparent lines 
of intersection reduce to twelve. Again, the pairs of planes xy and az, «y and 
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yz, «+ and yz, all intersect jon the line a= 0, y=0, g= 0. All the pairs of 
planes canbe similarly arrahged, in four sets of three each, which have-the same 
line of intersection. The twelve lines therefore reduce, to the four coordinate ; 
axes, each counted three times. - 
- Of the thirty combinations of the coor planes by threes, four sets 
which have each a common line have just been considered. Beside these, the four - 
sets in each of which the same letter occurs three times in the symbols for the 
three planes, determine each a solid corresponding to the repeated letter. Thus 
the planes xy, az and æw determine the solid w== 0. The remaining twenty-two | 
` sets of three planes determine no elementary configuration. — 

The numerical arrangement of the parts of the coordinate. configuration 
may therefore be briefly expressed as follows : . 


' Each coordinate solid contains three coordinate planes and ‘three coordinate: ` 


axes. Hach coordinate plane is contained . in two coordinate solids and contains 
two coordinate axes. Hach coordinate axis is contained in three coordinate 
solids and in three coordinate planes. - . 

The coordinate (rectangular) configurations of the ordinary plane and space 
geometries divide the anguldr space about the -origin into four plane right angles 
and eight right triedral angles respectively. f 

Similarly in space of four dimensions the angular space about the origin i is- 
divided by the coordinate ¢onfiguration just discussed into sixteen right tetra- 
edral angles. 

=~ 2 A point in four- dimensional space is determined by four` coordinates 
referred to the four coordinate solids. An equation of the first degree between 
these four coordinates defines a linear three-dimensional configuration. Such a 
configuration I shall call a äneoid. Among the lineoids the coordinate zone are 
of course included. | 

Geometrically a lineoid is detertnined by four points. For although four 
points are determined by sixteen constants, each point has, while remaining 
within the lineoid, still three degrees of freedom. Of the sixteen constants there 
remain therefore only. 16—12, or 4, and this number corresponds to the four | 
essential constants in the equation of the lineoid. . | 

Two equations between the four coordinates analytically define a plane. 
But if two lineoids intersect in a given plane, any pair of linear combination of 
the two lineoids will intersect in the same plane. Two such pairs of linear com- 
binations involve two essential constants. These subtracted from the. eight 
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constants which determine the two-lineoids leave six constants which deter- 
mine their plane of intersection. Geometrically a plane is determined by three | 
points. For each of the three points has, while remaining in the plane, two 
. degrees of freedom, so that we have 3 x 2==6 essential constants. 

- Similarly three linear equations or two points determine a straight line. 
The two points involve eight constants, but as each has one degree of freedom 
on the line, these eight reduce to six essential constants. 

The linear configurations in four-dimensional space are-therefore determined 
as follows: A lineoid by 4 constants. 

. - ~ A plane by 6 constants . 
| Aline by 6 constants. 
A: point by. 4 constants. - l 

- The dualistic rélation -between the lineoids and points on the one hand and 
the planes and lines on the other appears clearly in this table. 
| 3. Among these linear configurations we aré especially interestéd in hoes: 

which contain the origin, and for which accordingly the constant terms in all the. 
defining equations disappear. In this case’ a lineoid.is determined by three 
further conditions, a plane by four, and a line by three. The geometry of these 
configurations is therefore analogous in form to that of the planes, lines and 
points of ordinary. three-dimensional space. 

As, however, the greater portion of the following developments hold for all 
linear configurations, whether they include the origin or not, I shall state them 
for the most part in their full generality. — | 

If the A ni of a lineoid be 

aw + by +t dw +e= 0, G a 
VEEP LEE = cos 8, 

c . re 
TES FFT" = cosy, Va = = = 00838; where the four cosines 


are connected by the identity cos a + cos 8 + cosy + cos" d= 1. 
These four ai I call the direction cosines of the corresponding lineoid. 





taen we may write 





= cosa, 





Wa. EEZ 














‘The corey Vai may be called the perpendicular distance from 


+ F + 7 + à 

the origin on the given. lineoid. 
If the direction cosines 6f two linevids be. 

cosa, cos B , cosy , cos 5, 

cos a’, cos 8’, cosy’, cos 6! 


gen D? 
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respectively, we may form from these the six determinants of the second order: 
cos a cos B! — dos B cosa! cos cos y — cos y cos B/, 
. CO8 & cos y/ — cosy cosa’ cos B cos’ — cos Ë cos p’, 
cos a cos à — dos ô cosa’ cosy cos à — cos à cos y”. 


The six quantities obtained by dividing each of these by the square root of 
the sum of the square of all of them I denote by Py, Ps, Pus Pas, Pos, Pos, and 
these I call the six direction! cosines of the given planes. Thus 


| cos æ cos 3’ — cos B cos a! | 
W1— (cosa cosa’ + cos 3 cos B’ + cosy cosy + cos à cos YY’. 

The denominator of the P’s can only vanish when a =, B=’, y=y', 
ô= y, in which case the two given lineoids coincide in all but their constant terms. 

Beside the 6 P’s the plane has also for determining elements the perpen- 
diculars from the origin on the two given lineoids. 

Between the P's there i is the identity 

Ph + Ph + Ph+ Pht Pht Ph=1. | " (1) 

But since a plane through the origin* is determined by four constants, there must 
be still another identity connecting the P’s. This is 


PiPa + PaPa + PuPu = 0 | (2) 
as is readily seen dose the development of the identically nee determinant 


Py = 











cosa, cos, cosy, cosd 
cosa’, cos B/, cosy, cos d! 
ee cos GB, cosy, cosd 
cos a’, cos B/, cosy’, cos à! 

4. If we multiply the 6: P’s by an arbitrary quantity K, we may regard the 
resulting quantities as the ‘6 Aomogeneous coordinates of a plane through the 
origin. These six coordinates are then identical with the six Plücker coordi- 
nates of a line in three:dimensional space. The geometry of planes through the 
origin in four-dimensional space is therefore exactly parallel to the Plücker line 
geometry, and every proposition of the one theory can be transferred to the 
other, so far as the geometrical distinction between the three- and the four-dimen- 
sional spaces interposes no obstacle. The examination of this correspondence in 


detail I intend to treat in a future paper. For the present I will merely estab- 





*In treating the direction cosines alone we may, of course, suppose the given plane to pass through 
the origin. 
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lish two fundamental propositions for the geometry of the planes of a four- 
dimensional space. 
5. Two lineoids, ax + by + ce +dw+e=0, 
ae + by + ca + d'w+e=o 
I call perpendicular to each other, if aa’ + bb! + cd + dd! = 0, or in terms of the 
. direction cosines of the two lineoids, 
cos a cosa! + cos 8 cos 8' + cosy cosy’ + cosd cos à = 0. 


If we have two pair of lineoids such that both lineoids of the one pair are per- 
pendicular to both of the other pair, the planes of intersection of each pair are 
naturally called perpendicular to each other. Two such planes will have no line 
in common. I call two such pairs of planes absolutely perpendicular to each 
other. Thus any pair of coordinate planes whose symbols contain no common 
letter, as wy and zw, are absolutely perpendicular to each other. 

6. We can now establish at once the important proposition: Through a given 
point in a given plane only one plane can be passed which is absolutely 
perpendicular to the given plane. That this is the case is indicated by the. 
fact that four conditions are requisite for absolute perpendicularity, and these 
are sufficient. to determine the four essential constants of the second plane. 
We verify the proposition by the actual determination of the six direction 
cosines of the second plane in terms of those of the first. 

We distinguish the different lineoids by subscripts 1, 2, 3, 4, and suppose 
that the planes (12) and (34) to be the first and second lanes respectively. The 
four equations of conditions are then | 

cos a, COS ag + cos B, cos Bg + cosy cos yg + cos à, cos ds = 0, 
COB a COS a, + cos B, cos B, + cos y, cos y4 + cos 6, cos ò, = 0, 
- cos dg COS ag + COS Ba cos Ba + cos y, cos yg + cos dy cos òs = 0, . 
cos a, cos a, + COB B, cos Bu + cos y,.cos y, + cos à, cos à, = 0. 
oom ee we readily deduce - 
P cos B; + Pag cos Y3 + Pa cos 63 = 0, 
P cos B, + Pig cos ya + Pu cos à = O, 
Pg cos a3 — Pog cos y3 — Pa cos à = 0, 
P9 008 a, — Pas CO8 ya — Pa 008 di = 0, 
Pg C08 ag + Pg cos Bg — Pa cos d = 0,. 
P.s cos a + Pas cos Ba — Pa Cos 65 = O, 
P,, cos ag + P cos Bs + Pa, cosys= 0, 
Py cos a, + Py cos By + Ps, cos ya 0. 
26 
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And from these again, if we distinguish thé P's of ie second are by 
accents, we have ; 


Py 
PaPh— PuPu = 0 Pi = Pu ph, 
PaPh+ PyPy= 0 Ps BB Pla 
Polly + PuPy= 0  Ph= PU Ph 
si s 4 18 
PaPh— PaPh=0 P= — BE! Pho 
£ ae ls 
PyP + Pu = ae Pha — 5 Pl =p! Ph 
If now we write — |. Pp KPy REC | 
we have … Ph=KP g, 
ne. Pi = KP x, 
Pi = KP, 
Pu = KP», 


. But since SPA 1 and| SP = 1, we have K = 1, K=+1. | 
We may take either of the values of K. If we take K= +.1 we have 


Pis = Pu; 

Pi Ps; 

Pu = Prag; : f . 
Pes Pig: à “Se A Ae) 
Pau = Pa, : . | ra 
Py= Py 


As a final aan we have 
PhPh + PP a} PlPle= Pu Put Pa Pat PaPu=0. 


The equations (3), regarded as defining the transition from the givén line 
to its absolute perpendicular plane, are equivalent in ‘the Plücker geometry to 
the analytic definition of a dualistic transformation. The relation between the 
planes P and P’ is evidently a reciprocal one. 

7. These equations maylalso be simply interproted within the four-dimensional 
space as- follows: We have regarded a plane as the intersection of two lineoids. . 
‘We may also regard it as determined by two: straight lines. For convenience . 
we will al Li ‘the plane a its eae eluent all to ea through the - 


ee 





/ 
A 
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origin. If thé coordinates of any point on any one of the determining lines be 
x, Y, 2, w, we may call the quantities i 
œ Y z w o 
NH + Vtt Nat tit Vet+y+etu 
the direction cosines of the line. From the direction cosines of the two deter- 
- mining lines we may then form determinants P of the on order as before in 
` the case of the lineoids. 

If a line and a lineoid have the same direction cosines they may be called 
perpendicular to each other. It appears at once that if a plane be determined 
by two lineoids and a second plane by two lines whose direction cosines are 
respectively equal to those of the lineoid, these two planes are absolutely perpen- 
dicular to each ‘other. If, therefore, the direction cosines of a plane as deter- 
mined by two lineoids be P, and those of the same plane as determined by two 
lines be Ph, the equations (8) hold between these twoisets of coordinates. In 
other words, the equations (3) define the transformation from a lineoid geometry 
to a line geometry. | 

These results can of course be easily Ron analytically by expressing 
the direction cosines of a line in terms of the direction cosines of the three lineoids 

. which intersect in the line. ; 

8. The condition that two planes shall have a common line is also sendy 
obtained. Thus, if the two planes be determined. as before as the intersection of 
the lineoids 1 and 2, 3 and 4, each of these lineoids must contain the common 
line of the two planes. The condition for this is obviously — | 














: COS a, CO8 (D, COBY;, COB à 
COS dy, COS D, COB Ys, COS dy 
COB Qg, COS Gs, COS yg, COS dy 
COS ay, Cos By, COS 7%, cos dy 


|= 0. 


Expanding this determinant in quadratic minors, we have at once ; 
PaPh + PuPiet PuPis+ PsPiut PaP +PuPh=0. (4) 
This is identical with the Plücker condition that two straight lines in ordinary : 
space shall have a common point. i 
9. Ifa plane P’ have a line in common with a given plane P, and also with 
the plane absolutely perpendicular to P, we have the two equations of condition 
PyPy + PP + PuPis + Pa Pi + PoP is + PuPis =, 
PyPiy t+ PisPis + PuPu + PisPis + PuPu + PuPu = 0. 


4 
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From the symmetry of these equations it is at once evident the plane P has a 

line in common not only with P’ but also with the plane absolutely perpendicular 
. to P!. The relation between the two planes is therefore a reciprocal one. Two 
such planes I call simply perpendicular to each other. There are, therefore, œ? . 
planes simply perpendicular to a given plane. The situation of these planes can 
` be readily understood by the aid of the following consideration : Through the point 
of intersection of the planes P and P’ œ? straight lines can be drawn in each plane. 
Any two of these lines lying one in the plane P, the other in the plane P’, deter- 
mine one of the simply perpendicular planes. Through each of the lines in P 
there, therefore, pass œ! of the simple perpendicular planes, and these cut the 
plane P" in the bundle of rays through the intersection P and P’. It appears, 
therefore, that there are œ! planes simply perpendicular to a given plane and 
cutting it in a given line. For example, the planes xz and yz, or any one of their 
œ! linear combinations, are simply perpendicular to the plane ay. 

In the development of this part of the subject I have not attempted any- 
thing like an exhaustive treatment. I have simply aimed to establish systemati- 
cally so much of the theory of the linear configurations containing the origin in 
space of four dimensions as is of immediate use in the theory of rotations. 


2. 
THE GENERAL THEORY or ROTATION IN FOUR-DIMENSIONAL SPACE. 


E The general collineation in space of four dimensions is defined by the four 

equations of a + by + x + hw + e 
ase + Dy + oz + hw + e’ 

ja age + by + eg + hw + & 

age + bey + Ge + daw + es’ (1) 

_ age + bgy + esz + dgw + eg 
— a + bay + ce + duo + e’ 
age + by + ce + du + e 
a + by + Gé + dw + es’ 

These involve twenty-four essential constants; that is, there are »™ possible 
collineations. That these form a group is clear. We are interested in the sub- 
group which converts a solid of the second order, more particularly a solid 
sphere, into itself. The equation of such a surface contains fourteen essential 
constants. Since these are to remains unchanged, we have fourteen equations 











w = 
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of condition among the twenty-four constants of the general collineation. The 
desired subgroup contains, therefore, » distinct operations. 
This subgroup contains again a further subgroup composed of the rotations.-’ 
- of the sphere. As these rotations I define those collineations of the four-dimen- — 
sional space which not only convert the sphere into itself but also leave its center, 
assumed to be at the origin, and with it its polar solid plane, the lineoid at 
infinity, unchanged.* From this definition it appears at once that the denomi- 
nator in the equations (1) reduce to a single constant term which may be regarded 
as combined with the coefficients of the numerators, ` ane that the constant terms 
in the numerators reduce to zero. a E p 
. The equations for the subgroup of these rotations therefore are of the form 
v = aye + by + oz + hw, 
yf = age + by + oe + do, | f 
f= ase + by + og + daw, (2) 
w = age + by + eg + dyw. 


If the equation of the invariant sphere be & +y +#+uw= L, the coefti- 
cients a, b, c, d are further connected by the ten equations of non 


a + a+ + = 1, aas + bibs + ay + dd = 0, 


D ++ +1, aya + bibs + at + hd = O, 
åta tatá=l, at, + biba + ey + hada = 0, (3) 
A+ & + d+ = 1, aada + babs + 0363 + dads = 0, B 


gt, + baba + ec, + dd, = 0, 
agda + dgdy + Caca + dad, = 0. 


The equation (2) contains sixteen constants, and as these are connected by 
the tén relations (3), it appears that the group of rotation of a four-dimensional 
space about any fixed point contains «° distinct operations. ; 

- 2. The theory of orthogonal transformation has been extensively studied by 
Cayley,f who has given a Joes method of expressing the n? coefficients of such 


a transformation in terms of the + ~~ n (n — 1) ange pendent constants of the trans- 
formation. In the case of: a four- ere space, if we call the six x indepen- 


dent constants a, b,c, f, g, h, we have £ 


— 





*See also 49. + Crelle XXXII. 
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Ba; =1— X -HP — a + ÿ — D + RP — 
- Ba =2(—a— f3 + cg — bh), 

Bas 2 (— b — of — 3g + ah), 

Ba, = 2 (— c + bf — ag — AÌ), 


Bo, = 2 (b +g of + ah), 
Boy = 2 (h + fg + 03 — ab), 
Ba=1— PHPH ++ —F, 
Be, = 2(— f+ gh —be — a3), 
Bb, = 2 (a + fI — bh + cg), . 
Bh, = 1— VH f— a+ Hee, 
Boy = 2 (— h + fg —ab —c3), - 


Si 





| Bb 2g + fh be — a), + ESS a 
Bd, = 2(0 + AS — ag + Bf), ‘ i 
| Bay = 2(—g + hf — a= 63), 


‘Bay = a(f+ ghit ad — bc), | 

| ee epe PHE g. 
` where S=af+bg + ch 
and Based ere ere ee 


The question now arisés, and this leads to idoma of fundamental . 
importance, whether a rotation in four-dimensional space as defined by the 
. equation (2) and (3) or (4) has any points other than the origin fixed, as is the . ` 
case in the corresponding problem in three-dimensional space. If there be such 
points, they will be determined by putting in equations (3) +, y g, w, ue 
FPS to w, Yi Z, W and solving the resulting equation, , 

(a — 1) + by + oz + dw=0, 
ax + (ba — 1) y+ azt dw = 0, 
age + by + (e — 1) 2 +hw = 0, 

aye + biy + og + (d—1)w= 0. 


If H tege equations have a common solution other than 0, 0,0, 0, we must have 


(5) 


|-lib a . à 
dy hl à dy Sg 
ag ‘bg Gq 1 h 


da by C4 dy — 1 i 
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Substituting now for the a, 6, c, d their values as given by equation (4), we find 
that this determinant is not identically 0, but reduces to 
| 33 & 
Tae 
__ In order, therefore, that a rotation HAT have any point other than the 
origin fixed, we must have 
aes 0. 
We must, therefore, divide the rotations of a four-dimensional space about a fixed 
point into two classes, one containing œ" distinct operations, each of which leaves 
other points beside the origin fixed, and the other containing the remaining œf 
distinct operations which do not possess this property. 

If 3 be 0, the four equations (5) apparently reduce to three independent ones, 
which accordingly determine a fixed line. But this isnot all. The equations (5) 
in this case really reduce to two, which accordingly determiné a fixed plane. That 
this is so is readily seen if we write in the four equations in the place of the 
a, b, c, d their value as given in ee (4), in which we are now to put $= 0. 

We have then 


(a — = À)» + (a — bh + cg) y ee ah)a + (c—ag+bf) w=0, 
(— a-+eg#bh) à +(— 0 — ph) y + (A+ fg—ab) 2 +(—g+hf—ac)w—0, 
(—0—of+ah) at (—h+ fy — ab) y PP) (gd) 0 = 0, O 
(—c+bf—ag)a+ (g +fh—ac)y +(—f+gh—be)zt(—?--fP?— Pw = 0. 

If, now, we multiply the second, third, and fourth equations by a, b, and c 
‘respectively and add the results to the first equation, remembering that 
af + bg + ch= 0, the resulting coefficients all vanish identically. Moreover, if 
we multiply the second, third, and fourth equations by f, g, and A respectively 
and add them together, the resulting coefficients again all vanish. 

We have, then, this result: Of the «° rotations in general defined by equations - 
(2) and (3), only a minor class of œ" rotations leave any point in space except the 
origin fixed. Hach of these © rotations leaves an entire plane fixed. 

We shall find, however, that these latter œ" rotations do not constitute a 
group. The resultant of two such rotations does not in general leave any point 
except the origin fixed. 

4. Those rotations which leave a te fixed, I shall hereafter call “simple ” 
rotations. The fixed plane for such a rotation, it must be noted, is not only fixed 





* See Scott’s Determinants, p. 238. 
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in the sense that it is converted into itself, but it is fixed absolutely, i. e. every 
point in it is fixed by itself. 

The plane absolutely perpendicular to the fixed ss is also evidently con- 
verted into itself, but its séparate points do not remain fixed. Since the spheri- 
cal solid is also converted into itself, it follows that the circle of intersection ` 
of the absolutely perpendicular plane with the sphere is likewise converted into 
itself. Again, every collineation of the four-dimensional space is also a colline- 
ation. of any plane which it may leave fixed. It appears, therefore, that the 
absolutely perpendicular plane is simply rotated through a certain angle into. ` 
itself. This angle we will call the angle of the rotation the four-dimensional 

space considered. 

The œ? planes which are ie perpendicular ` to the fixed plane of the 
“simple” rotation have a line in common with this plane and a line in common 
with the absolutely. perpendicular plane.. Of these two lines, the one in the 
fixed plane remains in every case fixed, while that in the absolutely perpen- 
dicular plane is rotated in that plane about the origin through the angle of the 
rotation. If among these planes we select those which have a given line of 
intersection with the absolutely fixed plane, the transformation which these 
undergo is exactly the same as that of planes through the axis of a rotation in 
three-dimensional space. 

5. Returning, now, to the analytic treatment of the subject we can at once, 
in case S= 0, find an interpretation for the six independent constants 
a,b,c, f, gh. These are proportional to the six direction cosines of the fixed 
plane. 

For the fixed plane is determined by any two of the lineoids defined by 
equation (6), say the first and second. Calculating the direction cosines of 
the plane of intersection of these lineoids, and remembering again that 
af + bg + ch=0, we have at once the six quantities a’, ab, ac , ah, — ag, af. 

_ These we may regard as the. six homogeneous coordinates of the fixed plane. 
Between these we have already the Plücker identity af + bg + ch=0. To 
obtain the six quantities p, we have only to divide these six coordinates by the 
square root of the sum of their squares. Thus, | 


Py 


g — 
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For the absolutely E plane we have 


Since the fixed plane is determined by four independent constants, while 
the a, b,c, f, g, h, with the identity af + bg + ch = 0, constitute a system of 
' five independent quantities, it is clear that the extent of the rotation is measured 
by a single constant; that is, that the rotation is in itself one-dimensional, a 
result which agrees with the preceding geometrical consideration. 

It remains to determine the extent of the rotation; that is, the angle : men- 
tioned above. If we write 


- a= cos a tan +, b= cos 8 tan À. o= cosy tan, 
= cos à tan À, ' — g= cos e tan À, h= cos ò tan +, 


where the six cosines are the six. direction cosines of the fixed plane, that is, 
‘the six P’s, so that 


REA ie Gos di ) 
the angle @ thus defined is the angle of the rotation. 
It will be sufficient to prove this in ‘a single case. We will, therefore, 
assume b—c—f—gh—0, so that the fixed plane shall be the plane of zw. 
From equation (4) we have, then, for the equation of the rotation, 


1—a ye 
k That Tia A 

— 2a 1— À 
enr tipa? CS8 


Goupaind these with the equation for rotation about the origin in the pene TY, 
x = æ cos  — y sing, 
y = æ sind + y cos, 


we have i—d@ . — 24 
CORPS or QT ET 
. . 1 — cos D 2 Ê 
Ooms aoe g 


27 


aS 
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6. I have already mentioned that. the combination of two rotations with fixed 
- planes does not in general give a rotation with a fixed plane. . The discussion of 
_ this question is included in the general theory of the composition of rotation, to 
which I now proceed. In the following I obtain expressions for the quantities 
a,b,c, f, g, h, 3 of a resultant rotation in terms of the same quantities for the 
two component rotations, 
_ If we write the two component rotations in the form 
a= = Cdi + Cale + Cite Cas 
a! = = onti + Chers + Chats F Cth 
ante suppose the rotations to occur in order as written, we have: for the resultant 


rotation : ay! = che + cijas +. cit + dir, é 
where . olf = chey + chaty + chey + eheys (2) 
ae now to equation (4), we have | ; 

B" (ety ch + of iW +e cji) = = 1 — yr aes al — By" 2 Lg +f" + g" + A 


+ Pee a ne a" + bi? + d” + f — g” — ht 
+ 1 — “gin + a" + oP + ef — f' F : g? — | RiP 
+. Te y” + al” + pr ais g” — fir — g" + H’ 


= 4 (1 — X"). 
m ee a of equation (a) we then have at once 
=) | 
(Sd + ft tg" +G mre ee ay A) 


+ (8 t H À + pq — rire + B+ EP gi — i) 
HOF +a PEP HP PR + D D + D f+ ge I) 
FLAS Fal Pa tf PENSE PL bp + BP) 
+ 4(a + PS — UN + dg\— a — F3 + og — bh) ov . 
+4(Y+ 93 — cf! + a W)(—b — of — gS + ah) 
+4(¢ +S — alg’ + bf)(— o + bf — ag — RS) 
+4(—ad — fl + cg —Uh)(a + f3 — dh + cg) 
AM + fly + ed — alb/)(— h + fy — ab — eò) 
+ 4(—g +f — ad — DS)(g + fh + b — ac) 
+4(—b¥ — of — gY La W)(b +g — cf + ah) © 
+4 + fig — ab —e #\(h + fg + cd — ab), 
+ A4 + gh! + d3.—Ue)(—f + gh — be — a3) 
+4(—¢ + bf! —alg — KWY) + AS— ag + bf) 
+ 4(g + FR + DS — de )(— g + hf — ac — bÌ) 
© A(S + gh! — be — a 3) f + gh + a3 — bo). 
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From this we readily obtain by multiplying out and recombining the results, 
l | | 
BE (1— 9") = (L + 99 — aa! — BY — od — ff! — gg — AN} 
: —(dftafit+tbgtbg+ch+ch+3+d/). 
Mf 
Hence gm q Ža (alf taf! —Ug + bg teh + oH +34) 
pl | 
— BB. 
+1. 
Now, if the component rotations each leave a plane fixed, we have S=S’=0. 
And if, in addition, these two fixed planes have a line in common, we have also 
af + af! + bgt bg +ch+ch'=0. But in this case the resultant rotation 
will also leave the line of intersection of the two planes fixed and consequently 
will leave a whole plane fixed. We have therefore for this case 
| SU = 0, 
a (1 + 33! — aa! — bb! — ed — ff! — gg — AW) = 1, 
™ (1+ ed — aa! — bb! — cd — ff! — gg — hil 


(1-1 99! — aa! — bY — ee — ff — gg! — hh! 


But since the a, b, c, f, g, h are independent variables, only connected in the 
present case by the three equations of condition 
S —=0,#—=0,af+ af + bg + bg + dh + ch = 
it is clear that we have always ` 
BB 
= ESS — aa Wa <I = 9g =I} 
and consequently 
af = aa (f+ af + bg + bg + d'h + ch + S +) 
_ (af + af" + bg + bg + ch + ch + 3 + à} 
= SY — ad — bb — ed — ff — gg AWF 


f_ aft af! +0gtbg +ch+cn +349 y (6) 
™~ 1+ SY — ad — bb — ed — ff! — gg — hh ` 











+ 





‘#In the extraction of the square root the plus sign must be taken, as any simple example will show. 
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Again, from equation (4) we have 


Br — of) =4 (P E'I), BY (Chl — ell) = 4 (9 + a 3), 
BY (oh — ol) = 4 + gt), BCE) = AG + 019"), 
Br (oll elf) = = 4 (ol + MS), BY (of! — off) = 4 (k! + o3’): 


From these, by the aid of the equations (a), we obtain 


"+ 710) = 20-0 a" — : a+ pp +BY a+ fs —th+ cp) E 
+ 2(a + f— eg(i—P—P +e + e+ fP—g—P) 
+ 40+ GS — ef + dh')\(— À + fg — ab — ch) 
+ A(C + RS — ag +Of\g+fh + b3—ac) _ 
PS + dg — NI-P D — + P+ PH) 
— 2(1— F — a" +b" +e? HP g RP —a—fS + cg — bh) 
AR + fg + dS! —a¥\(—b — of —gS + ah) | 
—4(— G + Hf —ad— DS) — e+ Dr ag — hd), 
425 UF a3") = 4(— d: + Uf! — alg — HSE + gs — ef + ah). 
| Pe eA ks se Sg + cò — ab) | 
2(—F+gh—bo— he d— b4 À— f? + pH) 
l 2 (1— + a” + b— o” — F" — GR — f + gh— bo — af) 
+4(— e + hd — ag + Bf) - 
$4(—W+ fy —a — SX g + hf —ace— 00) o 
+ 2(1—S+a"— "+0? —f"+ GS + gh — ac — b3) 
+ 2(f + gh + a 118 ++ — H M). 
- Combining these we obtain, after a series of easy reductions, . 
la" +f A+ SIC + 35! — aa! — bb! — cd — ff — hh — gg’? 
= (1 + 98! aa! — bbt — cd 2. gg — Ik +343 | | 
+ af + af! + Ug + bg! + dh + ch!) a+ a +f+ fl — DCE a)». 
+ bh! — b'h + c'g— eg! + be! — b'o + gh' — g'h). Tri 
But from equation (8) 
y= IESS miad e ut Ah! +8+S'tolftofvgtigtch-tel! 
Tr “T4397 — aa’ — bb! — ce! — ff! — gg "Ah 
a+a FTEs Ne (a + fs 


glia, fos : : Kan Raval + be! E, -or 
$ , : TPIS ad Wa Daa 


a Ba 
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Similarly 
ataf + (SE (a— Ny 
ek ay + bh! — Bh + og — og cg! + b'e — bc! + gi 
a! — f" = 
o ad- bb! — ce! — ff! — gg! — hh - 
Hence ‘ 


eres T'S + bh' — ALE À 
~ 1+ 88’— aa! — DD — cc! — ff! — gg — hh!’ 
_ft+fi—a'd — ad! + be! — b'e + gh — g'h 


He 1+ SV — aa! — bb" — ce! — ff! — gg! — hh ` 





a 





We can now write down at once all the formulae for the combination of 
two rotations. If we denote the common denominator 1 + 33/— aa! — bb! —ce! 
— ff! — gg —Ahh' by D, the formulae are 


Da! =a +a! —f3'—f'3 + bh! —b'h + e'g —eg!, 
Dbl! =6 + b! — gY — 9/3 + of —elf + a'h— ah, 
Del! =e +o — RS! — RS + ag! — a'g + b'f — bf", 
Df =f + f! — ad — a'd + be! — b'e + gh! — g'h, 
Dg"! =g +g! — bY — BS + ca! — ac! + f'h — fR, 
Dh" = h + W oY — eS + ab! — a'b + fy! — f'g, 
DS'=S + V + af + af! + b'g + dg! + e'h + eN. 

The formulae may be tested by aid of the equation 

p y 2s a'f" + b"! g!" + dhl. | 


It will be found that this condition i is satisfied: 
The condition that the resultant of two simple rotations shall. 7 a E 
rotation is now clear. We must have simultaneously Y = 0, $= 0, 8 =0, 


which require a'f + af! +b'g +bg'+eh+ceh = 0. 


That is, the resultant of two simple rotations is itself a simple rotation when and 
only when the fixed planes of the component rotations have a line in common. That 
this condition was sufficient was already clear from geometrical considerations. 
‘ Tt now appears that it is also necessary. 

7. I determine next the resultant of two simple rotations whose fixed planes 
are absolutely perpendicular to each other, the angles of the rotation being > and ÿ 


l 
respectively, and Æ and Æ denoting the tan -$ and tan <- respectively.* If 
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the six direction cosines of the one plane be Py, Pig, Pias Pog, Pass Poy, those of 
the other are Py, Py, Pass Py, Py, Py. We have then 
a=KPy, b =KPy, © =KPy, f= KEPy, g = — KPu, h = KPy, 
a = K Py, V = K' Py, I= E Pu, J= E Py, g = EK Pa, W = EPa 
The equations of combination become in this case 
PRA a + a! KPa + KP, : 
a = {aa — bb 0d — ff — gg — hh ~ 1 — 2K R (Py Pu + Pass + BPs 
= KPy + K Pus | 
b" = KPa + K' Ps, 
c! = KPu + KP, | 
fl =KPy t K'Pe, | | o) 
g! = KPu + K' Py, i i 
h = KPy + K' Pu, l 
> = KK (Ph + Pi t Pi +. Pis + Pu + Ph) 
= KE. 

8. If, now, a general rotation, S” + 0, be given, we may decompose this into 
two simple rotations with fixed planes absolutely at right angles to each other 
by the aid of the above formulae (y). 

Squaring and adding the equations (y) we have 
ah +B 4 M4 4 g A= E (Ph+ P+ Ph+ Ph Ph+ Pi) 

| + 2RE (PaPa + PaPa + PuPx) 
+ KY (Pe + Pis + Pi + Pis + Pi + Pau) 
= K+K”. 

From this equation, in combination with the ‘equation w= !— KK’, we can 
determine Æ and Æ. These equations have four pairs of solutions. Any one 
of these being given, the others are deduced from it, (1), by interchanging the 
values of K and A’, (2) by changing the signs of the values, and (3). by both 
interchanging the values and changing the signs. 

, Again, from the equation (y), we obtain at once 





Ka! K'f! Kf"— Ka! 

Pi = TRE TK 34 — IS XF ' 
Kb! / — Kg it . Kg" Ress K'b” 

: Py= Re Po EOE’ 
Ke"! Vos EKR" Kh” — K'e" 


Pus pci eae 


+ 
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From these equations it appears that if the signs of K and K’ be changed, 
those of the Py, are changed at the same time. In other words, such a change 
of signs does not affect the position of the fixed plane, but merely changes the 
point from which it is viewed from one side of the plane to the other. 

Again, an interchange of K and K’ converts the Py of the plane into those 
of the absolutely perpendicular plane. 

Our system of solutions leads therefore to only one pair of fixed planes. 
We have accordingly the following proposition: l 

Every rotation of a four-dimensional space for which X + 0 can be reduced: 
to a succession of two simple rotations whose fixed planes are absolutely perpen- 
dicular to each other. This decomposition can be effected in only one way. The 
quantity 0 is the product of the tangents of hay the angles of the simple rotations. 
The quantity 


B=1+¢ ARTE a F 
= (1 + Æ 4 E" + EK” — (1 + E + K^), 
i, e. tt ta the product of the squares of the secants of the two angles of the two simple 
rotations. . 
If we choose as axes of coordinates four lines ie two (x.and y) in the 
fixed plane of the one simple component rotation, and'two (z and w) in the fixed 
plane of the.other, the equations of the rotation reduce evidently to the form 
a! = ncos@—ysihg, 2! =g cos o! — w sin ĝ', (5) 
y'=xsin p—ycosp, w= 2 sin o’ -+ weos¢’. 


The simple rotations occur when one of the angles ẹ, @’ is 0. In con- 
formity with the use of the name simple rotation, the general rotation may 
be called a double rotation. à 

- 9. In closing, it remains to be noted that the orthogonal transformations 
defined by equations (2) and (3) include not only the ® rotations of the four- 
dimensional space about the origin, but also an equal number of other trans- 
formations which are most simply described as combinations of the preceding 
rotations with a reflection on any lineoid through the origin. For convenience we 
will call this second class of transformations the conjugate transformations. 

For example, the transformation à! = — a, y = y, Z =g, w = w evidently 
belongs to the orthogonal system, but is no rotation. ` Tt is a reflection on the 
lineoid a= 0. This reflection leaves all points in the planes of xy, zz, and “aw 
fixed, while the planes of zw, yw, and yz are reflected on the axis of y. 
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- A.simple algebraic criterion serves to distinguish between the rotations and 
the conjugate transformations. The square of the determinant 


a bad 
dy ba Cs de 
Ag by Cs ds 
| aa ba % dy ., 
of any orthogonal transformation is, as is- well doen: rie to %3 1, and 
consequently the determinant itself is equal to either +1 or — 1. 
Those transformations whose determinant i is -+ 1 are rotations of the foun 
dimensional space about the origin. 
If those transformations whose deterininants are — 1 be followed’ by a 
reflection on any lineoid through the origin, say by the reflection a = — a, 
y =y, Z = z, w = w, the determinant of the resultant transformation is 


— a b a d 
— 3 ba © dy 
— as bs cs dy 
— a by cg da 


and is therefore +1. The resultant transformation is accordingly a rotation.’ 

It appears, therefore, that all orthogonal transformations of determinant — 1 
are conjugate transformations. 

Since the determinant of the combination of two linear enaena is the” 
, product of the determinants of the- two-component transformations, it follows 
that the combination of two rotations, or of two conjugate transformations, is a 
rotation, while the combination of a rotation: with a conjugate transformation is 
a conjugate transformation. 

The rotations accordingly form a group, while the conjugate transformations 
do not. 

` The conjugate transformations do not in general leave any point except the : 
origin fixed. They may, however, leave a pene, and, in the particular case of 
reflections, a lineoid fixed. 

The further treatment of this subject I reserve for another paper on serous 
of rotations in four-dimensional space, to which the present article is intended 
largely as a preface. 

ANN ARBOR, Sept., 1889. 


Sur les Equations aux Dérivées Partielles de la Physique 
Mathématique. 


Par H. Porncarh. 


Quand on envisage les divers problémes de Calcul Intégral qui se posent 
naturellement lorsqu'on’ veut approfondir les parties les plus différentes de la 
Physique, il est impossible de n’étre pas frappé des analogies que tous ces prob- 
lèmes présentent entre eux. Qu'il s’agisse de l'électricité statique ou dynamique, 
de la propagation de la chaleur, de l’optique, de l’élasticité, de l’hydrodynamique, 
on est toujours conduit à des équations différentielles de même famille et les 
conditions aux limites, quoique différentes, ne sont pas pourtant sans offrir quel- 
ques resemblances. Nous ne citerons ici que quelques exemples. 

J'imagine d’abord que l’on se propose de trouver la température finale d’un 
corps solide conducteur, homogène et isotrope, lorsque les divers points de la 
_ surface de ce corps sont maintenus artificiellement à des températures données. 
Ce problème traduit dans le langage analytique s'énonce comme il suit: 
Trouver une fonction V qui dans une portion de l’espace satisfasse à l’équa- 
tion de Laplace, Soe ae ae 

| ave try Oreo, 
et qui prenne des valeurs données aux divers points de la surface qui limite cet 
espace. 

C’est le problème de Dirichlet. 

Supposons maintenant que l’on cherche quelle est la distribution de l’élec- 
tricité statique à la surface d’un conducteur donné; nous retrouverons le même 
problème analytique. 

Il s’agit de trouver une fonction V qui satisfasse à l'équation de Laplace dans 
tout l’espace extérieur au conducteur et qui se réduise à 0 à l'infini et à 1 à la sur- 
face au conducteur. 

28 
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C’est un cas particulier du problème de Dirichlet, mais on connaît un moyen 
(par les fonctions de Green) de ramener le cas général à ce cas particulier. 
Les deux problèmes, absolument différents au point de vue physique, sont 
identiques au point de vue analytique. ` 
- D’autres analogies, quoiquè moins completes, sont cependant évidentes. 
` Nous citerons d’abord le problème suivant; un liquide est contenu dans un 
vase qu'il remplit complètement ; divers corps solides mobiles sont plongés dans 
ce liquide ; on connaît.les mouvements de ces corps et on suppose qu'il y a une 
fonction des vitesses; on demande quel est le mouvement du liquide. 
C’est là le problème des sphères pulsantes de M. RIFCEDES (inion hydro- 
dynamique des phénomènes électriques). 
Au point de vue analytique, il s’agit de trouver une fonction V qui satis- 
fasse à l'équation de Laplace à l’intérieur, d’un certain espace et telle que sur la 


surface qui limite cet espace la dérivée = ait des valeurs données. 


Je rappelle quel est le sens de cette notation - dont il sera fait un fréquent 


usage dans la suite. Soit un élément de surface quelconque ; et a, 8, y les trois 
cosinus directeurs de la normale à cet élément ; nous posons : 

av dv av 

mu + dy +R | 

Ainsi dans le problème idoine, nous retrouvons la même équation 
différentielle que dans les problèmes thermique et électrique; les conditions aux 
limites seules différent. Il en sera encore de même dans le problème de l'induc- 
tion magnétique. 

Supposons un ou plusieurs aimants permanents mis en présence d’un corps 
magnétique parfaitement doux M. Il s'agit de trouver une fonction V (le 
potentiel magnétique) qui satisfait à l'équation de Laplace dans toute la por- 
tion de l'espace qui n’est pas occupée: par des aimants permanents et qui est 
assujettie en outre aùx conditions suivantes. Aux divers points où il y a 
du magnétisme permanent, AV n’est pas nul, mais peut être regardé comme 
donné. La fonction V est continue dans tout l’espace; ses dérivées sont con- 
tinues ‘à l’intérieur du corps M et à l'extérieur de ce corps, mais elles sont 
discontinues à la surface du’ corps M. Dans le voisinage de cette surface, 


= aura donc deux, valeurs différentes selon qu’on ge placera à l’intérieur 
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ou à l'extérieur du corps M; mais le rapport de ces deux valeurs sera une con- 
stante donnée. | 

Tci encore, nous retrouvons la même équation différentielle, avec des con- 
ditions aux limites analogues quoique différentes. 

Voici maintenant des cas où l'équation différentielle est légèrement modifiée. 

Supposons que l’on cherche la loi du refroidissement d’un corps solide isolé 
dans l’espace. Il s'agira de‘trouver une fonction V satisfaisant à l'équation 


av 


x BAY, 


et qui de plus est donnée pour £= 0. Enfin à la surface du corps le rapport de 


Vi av 
dn 


Dans les problémes d'optique, on a trois fonctions inconnues u,v, w et 
quatre équations : 


Gu ay da du. dv dw 


Gr = AU, Ta = iho, qe = Aw, de ay ae 0 


est donnée, 








Les conditions aux limites varient suivant les problémes; mais dans les questions 
de diffraction principalement elles ne sont pas sans analogie avec celles que nous 
avons rencontrées jusqu’icl. 

Ce sont encore les mémes équations, avec des sendin aux limites ana- 
logues, quoique différentes, que l’on rencontre dans le probléme de la viscosité 
des liquides, traité d’après des idées de Navier. Les récents travaux de M. 
Couette ont rappelé l'attention sur cette question, qui était tombée dans un 
injuste oubli, malgré le beau chapitre que Kirchhoff y avait consacré dans sa 
Physique Mathématique. | 

La théorie de l’élasticité nous offre des équations plus compliquées, mais 
qui ne différent pas beaucoup des précédentes. 

On a encore trois ants a sa u,v, w, auxquelles jadjoindrai la 
du ` 


fonction auxiliaire 0 = Irt T ue a et trois équations dont la premiére RCE 





d 
Au + À = 0. 
Je n’écris pas les conditions aux limites tout à fait analogues, mutatis de 
à celles des problèmes précédents et je passe immédiatement à une question très 
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importante en hydrodynamique et qui consiste à trouver les composantes de la 
vitesse en tous les points d'un liquide quand on connaît les composantes du tour- 
billon en. tous les points de ce mémé liquide. Ce problème au point de vue 
analytique s'énonce comme il suit : 

Connaissant trois fonctions a, B,7y, trouver trois fonctions inconnues 
u,v, w, qui satisfont à certaines conditions aux limites et de plus aux équations 


= dw adv _ du dw _ dv du d do dw _ 
1 ay de PT de da’ Oda dj! de tay tT O 





L’analogie avec les problèmes précédents ne paraît pas d’abord évidente, mais 
elle le devient si on observe que les trois premières équations (1) peuvent (en 
vertu de la quatrième) être remplacées par trois autres dont la première s'écrit 


__ dB 
- Au= — 


et dont des autres peuvent s'écrire par symétrie. 

Je pourrais mbntrer aussi, si je ne craignais de fatiguer l'attention par de 
` trop nombreux exemples, que presque toutes les questions, encore mal étudiées, 
relatives à l'induction électrodynamique dans des conducteurs non linéaires se 
ramènent à des problèmes analogues aux précédents et surtout à la dernière 
question d’hydrodynamique que je viens de mentionner. 

Cette revue rapide des diverses parties de la Physique Mathématique nous 
a convaincus que tous ces problèmes, malgré l'extrême variété des conditions aux . 
limites et même des équations différentielles, ont, pour ainsi dire, un certain air 
de famille qu'il est impossible dé méconnaitre. On doit done s'attendre à leur 
trouver un très grand-nombre de propriétés communes. 

Malheureusement la première des propriétés communes à tous ces problèmes, 
c’est leur extrême difficulté. Non seulement on ne peut le plus souvent les 
résoudre complètement, mais ce n’est qu’au prix des plus grands efforts qu’on 
peut en démontrer rigoureusement la possibilité. 

Cette démonstration est-elle nécessaire? La plupart des physiciens en 
feraient bon marché. L'expérience ne permettant pas de douter, par exemple, 
de la possibilité de l’équilibre électrique, on ne peut douter, non plus semble-t-il, 
de la possibilité des équations qui expriment cet équilibre. Nous ne saurions 
nous contenter de cette défaite ; l'analyse doit pouvoir se suffire à elle-même et 
d’ailleurs un pareil raisonnement, nil s'applique peut-être aux problèmes que 
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Von rencontre directement en Physique, ne saurait-s’appliquer de même à une 
foule de problémes plus simples, qui se posent d’eux mémes dés qu’on cherche 
‘à résoudre les premiers. En outre toute démonstration rigoureuse de:la possi- 
bilité d’un problème en est toujours une solution ; dans le cas qui nous occupe, 
cette solution sera généralement grossière et tout à fait impropre au calcul 
numérique; cependant elle nous enseignera toujours quelque chose. 
Maintenant si cette démonstration est nécessaire, devons-nous pourtant nous- 
- astreindre à la même rigueur que dans une question d'analyse pure? Ce serait 
dans beaucoup de cas un pédantisme bien inutile. Les équations différentielles 
auxquelles obéissent les phénomènes physiques n'ont été souvent établies que par 
des raisonnements peu rigoureux; on ne les regarde que comme des approxima- 
tion; les résultats expérimentaux, auxquels il s’agit de comparer les consé- 
quences de la théorie, sont eux-mêmes approximatifs. Dans ces conditions, la 
rigueur absolue est de peu de prix, et il semble souvent qu’il n’y a pas lieu de la 
rechercher si on doit la payer de trops d'efforts. l 
Mais alors comment reconnaitra-t-on qu'on raisonnement dont la rigueur 
n’est pas absolue, n’est pas un simple paralogisme? Quand aura-t-on le droit de 
dire que telle démonstration, insuffisante pour l'Analyse, est assez rigoureuse 
pour la Physique? La limite est bien difficile à tracer. J’essayerai pourtant de 
le faire; je m'efforcerai de marquer nettement cette frontière et d'expliquer 
pourquoi en deçà on est encore dans le domaine de la science, et au delà dans 
celui du paralogisme, di 
Néanmoins toutes les fois que je le pourrai, je viserai à la rigueur absolue 
et cela pour deux raisons; en premier lieu, il est toujours dur pour un géomètre 
d'aborder un problème sans le résoudre complètement; en second lieu, les équa- 
tions que j’étudierai sont susceptibles, non seulement d'applications physiques, 
mais encore d'applications analytiques. C'est sur la possibilité du problème de 
Dirichlet que Riemann a fondé sa magnifique théorie des fonctions abélienne. 
Depuis d’autres géomètres ont fait d'importantes applications de ce même prin- 
cipe aux parties les plus fondamentales de l'Analyse pure. Est-il encore permis 
de se contenter d’une demi-rigueur? Et qui nous dit que les autres problèmes 
de la Physique Mathématique ne seront pas un jour, comme l’a déjà été le plus 
simple d’entre eux appelés à jouer en Analyse un rôle considérable ? 
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$1.— Problème de Dirichlet. 


Le Problème dè Dirichlet énoncé plus haut est toujours possible; ce prin-.: ` 
cipe est connu sous le nom de principe de Dirichlet et la première démonstra- . 
tion est due à Riemann. Si une fonction V est assujettie à prendre des valeurs 
données aux divers points d’une certaine surface, limitant un certain volume où 
le fonction et ses dérivées sont continues, l'intégrale triple : 


SIND + Dewa 


ne peut s’annuler; elle admet donc un certain minimum et il est aisé de vérifier 
‘que ce minimum correspond -au ‘cas où la fonction V satisfait à l'équation de 
Laplace. Cette démonstration, qui est à peu de chose près elle de Riemann 
“n’est pas rigoureuse car elle est soumise à toutes les objections relatives à la con- 
tinuité des fonctions définies par le calcul des variations. 

' Aussi un très grand nombre de géomètres se sont-ils préoccupés d'établir- 
plus solidement ce principe ; je citerai en première ligné les recherches de M. 
Schwarz (dans le programme de l'Ecole Polytechnique de Zurich 1869 ét dans — 
les Monatsberichte de Academie de Berlin 1870) bien qu’elles se rapportent 
plus particulièrement au cas de deux variables et ne puissent pas toujours 
s'étendre sans modification au cas qui-nous occupe. 

M. Neumann a donné de son côté une méthode générale qui permet de 
resoudre complètement le problème, si la surface où la fonction V prend des 
valeurs données est convexe. Il résout donc le ee de la distribution 
électrique dans le cas d’un conducteur convexe. 

La méthode de M. Robin ne s ‘applique également qu’aux conducteurs con- 
vexes. Toutefois il.y a un certain nombre de méthodes plus ou moins com- 
pliquées connues sous le nom de méthodes alternanies et: qui permettent d'étendre 
les résultats au cas d’un conducteur de forme quelconque ou de plusieurs conduc- 
teurs isolés. 

Le problème de Dirichlet se ramène à la recherche des fonctions de Green. 

_ Soit à trouver une fonction V qui à l’intérieur d’une surface S satisfasse à 
l'équation de Laplace et sur cette surface prenne des valeurs données. ~ 

Supposons qu'on ait trouvé une fonction U.qui soit finie, qui satisfasse à 
l'équation AU= 0, continue à l’intérieur de S sauf au point (a, b, c) intérieur à 
S où la fonction U sera infinie, de telle façon que la différence + 

v= Bias ee 
CO EEE 
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soit finie, Pour achever de définir la fonction U nous l’assujettirons à s'an- 
nuler en tous les points de S. On voit alors que la valeur de V au point a, b, c` 
est égale. à Vintégrale 





. étendue à tous les éléments do de S. 
Donc quand on saura trouver les fonctions de Green, on saura résoudre le 
. problème de Dirichlet. i | 

D'autre part la recherche des fonctions de Green se ramène, à l’aide de la 
transformation par rayons vecteurs réciproques, aù problème de la distribution 
électrostatique à la surface d’un conducteur. | . 

Ce problème de la distribution électrostatique n’est qu’un‘cas particulier du 
problème de Dirichlet, et cependant nous voyons que le cas général s’y ramène. 
La méthode alternante de Murphy permet d’ailleurs de ramener le problème de 
la distribution à la surface de plusieurs conducteurs isolés, au cas d’un conduc- 
teur unique, Nous ne nous occuperons donc plus désormais que du cas par- 
ticulier où l’on cherche la distribution électrostatique à la.surface d’un seul 
conducteur, puisque le cas général 1 y ramène. 

Que devons-nous penser des méthodes proposées jusqu'ici? Ce sont à la 
fois.des méthodes de démonstration destinées à établir la possibilité du problème 
et des méthodes de calcul destinées à le résoudre effectivement. Comme 
méthodes de démonstration, elles sont assez compliquées, mais elles se com- 
pletent mutuellement de façon à s'appliquer à tous les cas et à satisfaire les juges 
plus sévères au sujet de la rigueur. | 

Comme méthodes de calcul, elles ne valent rien; car personne n’aura 
jamais l'idée de les appliquer; même les plus simples d’entre elles, celles de 
Neumann ou de Robin,.conduisent à des calculs inextricables dès la seconde 
approximation. Tout ce qu’on peut espérer en tirer, sans un labeur par trop 
écrasant, ce sont des inégalités assez grossières auxquelles sera sommise la oar 
du conducteur. 

Tel est l’état actuel de la question; voyons maintenant quel est le que 
je me suis proposé; ce qui eût été le plus intéressant, c’etit été de remplacer les 
méthodes de calcul actuel par d’autres moins défectueuses. Je n’ai pu le faire, — 
je me suis borné à chercher une méthode de démonstration plus simple que celles . 
qui ont été proposées jusqu'ici et directement applicable à tous les cas. 
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` Je vais commencer par rappeler succinctement les principales propositions 
dont j'aurai à faire usage dans la suite. 
1°. La fonction de Green, JU, relative à une sphère Set à un point P s'obtient 
de la façon suivante. Soit E le rayon de la sphère. 


a 
nt 


- Prenons sur la droite OP une longueur OQ = ao la fonction U sera le . 


potentiel de deux masses l’une égale à 1 et placée au point P, l'autre égale à 
—,/900 b int O. 
| OP et placée au point @. 


2°. La valeur de dU correspondant à un élément quelconque de la sphère ` 





dn 
S'est en raison inverse du cube de la distance de cet élément au point P. Elle 
est égale à | ROP? 1 
5 R MP*’ 


M désignant le centre de gravité de l'élément considéré. 
. 8°, Si l'on considère une sphère S et un point P intérieur à cette sphère, i 


. potentiel d’une masse électrique égale à 1 et placée au point P sera égale à == YP D 


au point M. 

Imaginons ensuite que cette même masse électrique égale à 1 se répartisse 
sur la surface de la sphère $ de telle façon que la densité sur un élément quel- 
conque de cette sphère soit en raison inverse du cube de la distance de cet 
élément au point P. Je dis que le De de cette masse ainsi distribuée que 


nous appellerons W sera égale à en tout point M extérieur à la sphère et 


UP 


plus petit que si i le point M est intérieur à la sphère. 


HP 

« En effet considérons une fonction qui soit égale à la fonction de Green, U, 
définie plus haut à l'intérieur de la sphère et 0 à l'extérieur de la sphère. Cette 
fonction satisfait partout à l'équation de Laplace ; elle est continue sauf au point 
P et sur la o de le sphère. Au point P la fonction devient infinie et sa 


différence avec == reste finie ; sur la surface de la sphère, la fonction elle-même 


HP 
E —OP*. 
R.M ' 


reste continue, mais sa dérivée r subit un saut brusque égal à 
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Nous devons en conclure que cette fonction est égale aù potentiel de diverses 
. masses électriques distribuées comme il suit : 

1°. Une masse égale à 1 au point P. 

2. Une masse de densité — ES RB. a aux divers points de la surface de S. 
Cette seconde masse n’est autre chose que la masse définie plus haut et dont le 
potentiel était W, mais changée de signe. 


On.a donc: 
1 
. | UP — W= 0 
à l'extérieur de S'et 
ip —W=U>0 
à l'intérieur de 4. 0. Q. F. D. 


4°. Supposons qué nous nous proposions de trouver une fonction V qui satis- 
fasse à l'équation de Laplace à l’intérieur de la sphère S et qui aux différents 
points M de la surface de cette sphère prennent des valeurs données V”. 

La valeur de cette fonction Ven un point P intérieur à la sphère sera 
. l'intégrale 7 R— OP? vy | 


AR Mp% 


étendue à tous les éléments da de la sphère. 

5°. Soient w et W la plus petite et la plus grande valeur que puisse 
prendre V°; ce seront aussi, comme on le sait, la plus petite et la plus grande 
valeur que puisse prendre V. 

Si w est positif, il sera de même de P’ et de F. 

D'ailleurs comme MP est toujours compris entre R — OP et R + OP; on 


aura | R+ OP pV'do 
aa V< ROPY) TR 

et — OP Vda 
À V> RFORP at 


6°. J'arrive au théorème de Harnack dont je ferai un Fequent usage et qui 
peut s'énoncer comme il suit: | 
Si une série 


Vit Vat... + Va+.... 
29 
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est convergente en un point intérieur à sphère J, que tous ses termes soient 
positifs à l’intérieur de cette sphère et satisfassent tous à l'équation de Laplace, 
cette série sera uniformément convergente à l’intérieur de toute sphère intérieure 
elle-même à 8. 

~ Boit en effet V? la valeur de V, en un poirt quelconque de la surface de S; 
d’après Fhypothese V? sera essentiellement positif de sorte qu’on pourra écrire : 


R+ OP Vide R—OP (Voda. 





“<(R— OP aur’ "> (+ OPP 
Si maintenant nous appelons V? la valeur de V; au point O, centre de la sphère, 
on aura, 7 | | _ [Vido ` | 
i | =] ak? 
oon : | , R(R + OP) R(R — OP) 
| GR OPY > > + OP 

ou si le point P est intérieur à une sphère s, concentrique à S. et de rayon r< R, 

©- R(R+ r) R(R— r) VI. 


if 
. (R — nye >> (B+ ry? 
Si donc le point P est intérieur à a, chacun des termes positif de la série 
Rte Tat 
. Bera plus petit que le terme de la de convergente 
ML Vt... tU+.... 
multiplié par le facteur constant | 
Bt eee R(R +r) 
ES 
- Si donc la série converge au point O, elle convergera en tous ie points intérieurs 
à #,.et la convergence sera uniforme à l’intérieur de 8. 
Il suffit d’ailleurs que la série converge en un point P quelconque pour 
‘ qu’elle converge au point O; on a en effet : : 
y, (E+ OY 
| Ves R(R — OP)’ 
Ainsi si la série converge en un point quelconque intérieur à S, elle convergera. | 


encore en tous les autres points intérieurs à S, et la CRIE sera uniforme 
dans toute sphère intérieure à S. ` 
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Ce n’est pas tout; non seulement la série: 
Vit nt... + V, +... 


converge uniformément à l’intérieur de s; mais il en est de même des séries 





dV, aV, av, 
Ttr teet teo 
BV, PY, PV, 
EM, BV, - PY, 


La démonstration est la même ; et en effet la fonction V, étant exprimée sous la 
forme d’une intégrale définie, une dérivée quelconque de V, s’obtiendra sous la 


méme forme par le procédé de la différentiation sous le signe J ; et on en déduira . 


comme plus haut deux inégalités auxquelles cette dérivée devra satisfaire. 
On en conclut qu’à l'intérieur de la sphère ©, la somme de la série 


nnt- t V eee. 
est une fonction finie et continue ainsi que toutes ses dérivées et que cette fonc-. 


tion satisfait à l'équation de Laplace. 


Le théorème démontré pour une sphère, s'étend aisément à une région R de 
l’espace. 


Si dans la région # les fonctions | 
ee al 


sont positives et satisfont à l'équation de Laplace. 
Si en un point de cette région la série 


PM As Cp Uni 


converge, elle convergera dans toute la région et la somme sera une fonction 
finie et continue qui satisfera à l'équation de Laplace. 

Ces préliminaires posés, je puis aborder le problème que j'ai en vue. Il 
s'agit de démontrer la possibilité de l'équilibre électrostatique à la surface d’un 
conducteur isolé. | 

Je supposerai qu’en chaque point de la surface de ce conducteur il y a un 
plan tangent déterminé et deux rayons de courbure principaux déterminés. Ces 


222 - PorncaRÉ: Sur les Equations aux Dérivées 


conditions restrictives ne sont pas toutes indispensables. Je préfère: pourtant 
me les imposer d’abord et rechercher ‘ensuite, par une courte discussion, quelles 
sont celles dont je puis me débarrasser. 

On peut évidemment toujours trouver une sphère 3 telle que le conducteur 
- soit contenu tout entier à l’intérieur de cette sphère. 
On peut ensuite. trouver un 1 système de sphères en nombre infini 


&, RE Diesen 


jouissant des deux propriétés suivantes: 1°, Chacune de ces sphères sera tout 
entière extérieure au conducteur. 2°. Tout point de l’espace extérieur au con- 
ducteur appartiens aù moins à une des sphères du système. 

Cette proposition paraîtra presque évidente à qui voudra se donner la peine 
d’y réfléchir. | 

Nous croyons néanmoins devoir la démontrer en quelques mots. 

Il s’agit de démontrer que l’on peut trouver à l'extérieur. du conducteur une 


| infinité de points 
Ors D PRE CE Soh 


tels que pour tout point M extérieur au conducteur, il y ait un point ©, silts 
‘rapproché du point M que de la surface du conducteur. Et en effet s'il en. est 
ainsi et que du point C; comme centre on décrive une sphère S, ayant pour rayon 
la plus courte distance de C;à la surface du conducteur, la sphère 8, sera tout 
entière extérieure au conducteur et le point Jf sera intérieur à la sphère &,. 
Cherchons donc à établir l'existence des points C4. | 
Considérons d’abord une région finie À située à une distance finie de la sur- 
face du conducteur et soit ô la plus courte distance de la région Æ à cette Sues: 
Cela posé PASSES le triple système de plans: : 


` parallèles aux trois plans de coordonnées. Les trois quantités m,, mM, m, sont 
des nombres entiers positifs ou négatifs. Ces plans partageront l'espace en une 
infinité, de cubes égaux dont la diagonale est égale à ô. i 
Ceux de ces cubes qui appartiendront en totalité ou en partie à. la région À 
seront en nombre fini. Soient 
Ei, pis En i 
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ces cubes. L'intérieur de chacun d’eux j’envisagerai un pow appartenant à la 
région R; jobtiendrai ainsi n points 


C, CORTE Ong 


le point C, appartenant à la fois au cube À, et à la région R.: : 
_ Si nous considérons maintenant un point M quelconque de la région Zè, ce 
point appartiendra à l’un de nos cubes, par exemple au cube K,. La distance 
du point M au point O, sera plus petite que ô diagonale du cube; la distance 
du point ©, à la surface du conducteur est elle-même plus grande que à, puisque 
O, appartient à R. 

Donc tout point de R est plus rapproché de Pun des n points ©, C,.... Cn 
que celui-ci ne l’est du conducteur. | | 
Je partage maintenant l’espace extérieur au conducteur en une infinité de 
régions 

ee Roas Ris... Rs, Bia, Ro, Bis... s Bas. 


Chacune de ces régions est ainsi représentée par la lettre Æ affectée d’un 
indice qui peut varier depuis — œ jusqu’à + œ. La région Æ; se compose des 
points dont la plus courte distance à la surface du conducteur est comprise entre ‘ 
Qet Q+! Dans chacune de ces régions je définirai les points Ch, @,..., On 
comme je l'ai dit plus haut. J’obtiendrai ainsi une infinité de points C. Il est 
clair alors que tout point extérieur au conducteur sera toujours plus près de l’un 
de ces points que celui-ci ne l’est lui-même de la surface du conducteur. i 


0. Q. F. D. 
L'existence des sphères S; est donc établie. 


Il est clair qu’on pourrait construire ces sphères S, d’une infinité d’autres 
manières et que celle que je viens d'exposer en détail dans le seul but de fixer 
les idées n’a été choisie d’une façon tout à fait arbitraire. La seule chose essen- 
tielle c'est que les sphères &, quoique en nombre infini, puissent ‘être rangées 
en une série linéaire : 


Bis Sarees es Say eens 


où chacune de ait un indice entier positif parfaitement déterminé, c'est-à-dire 
pour parler le langage de M. Cantor, que l’ensemble des sphères S; soit de la 
1°° puissance. 

L'ordre dans lequel ces sphères seront rangées dans la série linéaire 


Sry Drbe not na 


est d’ailleurs indifférent. 
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‘Il s’agit maintenant d'établir qu'il existe une fonction V finie et continue . 
ainsi que toutes ses dérivées à l'extérieur du conducteur et satisfaisant à l'exté- 
rieur du conducteur à l'équation de Laplace ; et de plus que cette fonction tend 
vers 0 quand le point (x, y, 2) s'éloigne indéfiniment et vers 1 quand le point 
(x, y, z) se rapproche indéfiniment de la surface du conducteur, ER 

Soit O le centre et R le rayon de la sphère 5; imaginons une certaine quan- 
tité d'électricité du distribuée uniformément à la surface de cette sphère 


avec une densité R J’appelle V, le potentiel dû à cette électricité. Nous ` 


aurons Vp = 1 


à l'intérieur de la sphère Set en particulier à l'intérieur du conducteur et 


R 


RG 


lorsque le pont M (a, y, 2) est extérieur à =. On a dans tous s les cas 
0< PS1 


et V, tend vers 0 quand le point M s'éloigne indéfiniment. 

Nous allons faire maintenant une série d'opérations que je vais définir, ` 

Nous avons vu plus haut que si une masse électrique P se trouve à l’inté- 
rieur d’une sphère $, on peut la remplacer par une masse égale distribuée à la 
surface de la sphère de façon que la densité en chaque point de cette surface soit 
en rayon inverse du cube de la distance de ce point au point P. Le potentiel 
par rapport à un point extérieur à S n’est pas changé, le potentiel par rapport à 
un point intérieur est diminué. 

On peut appeler cette couche électrique répandue à la sites de S la couche 

équivalente à la masse unique P. 

© ` Oela posé, supposons qu’on remplace toutes les masses électriques qui 
peuvent exister à l'intérieur d’une sphère S; par la couche équivalente répandue 
à la surface de cette sphère. Le potentiel en un point extérieur à S, ne changera 
pas, le potentiel en un point intérieur à 8, diminuera. Cette opération pourra 
s'appeler: “ balayer la sphère ;.” : 
| Nous partons de la masse électrique répandue sur X et dont le pétentiel est 
Vs. Chacun des points de Z appartenant à l'une des sphères $;, quelques-unes 
de ces sphères contiendront de l'électricité ; soit S, une > de celles qui en contien- 


me 
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nent; “balayons” cette sphère; balayons ensuite la sphère S, si cette sphère 
contient de l'électricité et ainsi de suite. , 

Il faut diriger les opérations de façon que chaque sphère soit balayée une 
infinité de fois. On peut par exemple balayer les sphères dans l’ordre suivant: 


SSS SS SS SSS SSS SS SSS 558s « » e 


Tl est aisé de constater que de cette façon chaque sphère est balayée une infinité 
de fois. | 
Soit ensuite V; ce que devient le potentiel V, après la première opération, 
V, ce que devient V; après la seconde opération; soit enfin V, ce qui devient le 
potentiel après n opérations. 
| Supposons que la n° opération consiste à balayer le sphère S.. On aura: 
V,= V,-1 à l'extérieur de Sy, 
Va < Va-1 à l'intérieur de &. 


On aura donc dans tous les cas: 


Cette inégalité montre qu’en un point queléonque de l’espace V, est toujours 
décroissant (ou du moins toujours non-croissant) quand on fait croitre l’indice n. 
Il importe de remarquer qu’il n’y a aucun moment et en aucun point de 
masse électrique négative. Au début nous avons sur la sphère > une couche. 
électrique uniforme et positive. Aucune des opérations subséquentes ne peut - 
introduire de masses négatives. En effet le balayage d’une sphère quelconque 
consiste à remplacer les masses électriques positives situées à l’intérieur de cette 
sphère par des couches équivalentes positives répandues à la surface de cette 
sphère. l 
On a done i Vn > 0. 


Ainsi en un point quelconque de l’espace V, est toujours positif ef décrois- 
sant. Done quand n croit indéfiniment, V, tend vers une limite finie et déter- 
minée que j'appelle V. J'ai donc démontré l’existence d’une fonction V définie 
en tous les points de l'espace. Il reste à étudier les propriétés de cette fonction. 

Considérons une quelconque des sphères S;. Par hypothèse cette sphère 
sera balayée une infinité de fois.‘ Supposons qu’elle le soit à la a? opération, à. 
la a,....à la a,.... Après chacune de ces opérations, il n’y aura De 
d'électricité à l’intérieur de S, de sorte qu’on aura: 


AV, =0 ` (a= Gr, Qg, ss ok Anye.) 
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; Quand a, croit indéfiniment, V, tend vers V de sorte que la série: 


Va F (Va Fe.) F (Ta Ven) Fons + (Va Taa) Aana 


converge et a pour somme V. Chacun de ces termes satisfait à l'équation de 
Laplace ; de plus chacun d’eux est négatif (sauf le premier) car on a: 


V..< V., si comme on le suppose a, > dpi” 


. Donc en vertu du théorème de Harnack la convergence est uniforme et les séries 


©. déduites de la précédente. par différentiation convergent aussi uniformément. 


Done à l'intérieur de 4, la fonction V est continue aussi que toutes ses dérivées 
et satisfait à l'équation de Laplace. | 
` Mais par hypothèse tout point de l’espace éxtérieur au conducteur appar" 
tient au moins à Pune des sphères S. ` i 
Donc en tout point extérieur au conducteur, y et ses dérivées sont con- 
tinues et l’on a: AV=0 : 


Je dis gue V tend v vers 0 quand le point M s'éloigne indéfiniment, En eiet ona: 
| Y>V>0. | 
Or V, tend vers 0 quand M s'éloigne indéfiniment, donc il en est de même de y. 
Il reste à démontrer que V tend vers 1 quand le ae M se rapproche indé- 
finiment de la surface du conducteur. 
Soit donc M un point de la surface du conducteur et suppose que le point 
M se rapproche. indéfiniment de M. Par hypothèse il y a au point M un plan 
tangent déterminé et deux rayons de courbure principaux déterminés. On peut’ 
done construire une sphère o tangente à la surface du conducteur en M et dont : 
le rayon 7 est assez petit pour que cette sphère soit tout entière contenue à 
intérieur du conducteur. 
Soit C le centre de cette sphère, La fonction 
MC_ r 
MC MC 
- regardée comme fonction des coordonnées x, y, z du point M satisfait à l’équa- 
tion de Laplace et si réduit à 1 à la surface de la sphère o. 
D'autre part la fonction V, est un potentiel dû à des masses électriques qui 
gont toutes positives. Il ex résulte que cette fonction V, peut avoir r des maxima, 
mais ne peut avoir de minimum. : 
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De plus V, est égal à 1 en tous les points intérieurs au conducteur et en 
particulier sur toute la surface deo. En effet cela est vrai de V,, mais, en 
balayant l’une des sphères S;, on ne change pas le potentiel à l'extérieur de cette 
sphère, ni par conséquent à l’intérieur du conducteur qui est tout entier extérieur, 
par hypothèse, à toutes les sphères 8. On a donc à l’intérieur du conducteur 

| i 1=W=V=.... = En. 
La différence 


U= V,— Ho 


est un potentiel dû aux masses électriques qui engendrent Vn et qui toutes sont 
positives et extérieures 40, et à une masse — r concentrée au point C et par . 
conséquent intérieure à o. Toutes celles de ces masses qui sont extérieures à o 
sont positives. Donc à l'extérieur de o, la fonction U ne peut avoir que des 
maxima et pas de minima. A la surface de o, Uest nul, car 


it: 


ee 


A l'infini, U est encore nul, car 
LA 


Il 
f 


Done à l'extérieur de o, U ne peut être que positif, en sorte que l’on a: 
r 
V, > MG" 
Nous avons donc la double inégalité 
T 
1> n> HE: 
qui à la limite devient: ` : 


À 
12 V2 ye 1 + MM,’ 
Tl est donc clair quand la distance MM, tend vers 0, V tend vers 1. 
C. Q. F. D. 
La fonction V satisfait done bien aux conditions que nous nous etions 
imposées et le principe de Dirichlet est établi. 
Voyons maintenant si on peut se débarrasser des conditions restrictives que 
nous nous sommes imposées, à savoir que le plan tangent et les rayons de cour- 
--bufé principaux sont déterminés. Nous ne nous sommes servis de ces condi- 
30 
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tions que pour établir l'existence de la sphère o, tangente au conducteur et 
toute entière intérieure à ce conducteur. Cette sphère o n’existera évidemment 
que si le plan tangent est déterminé; mais, elle pourra exister encore en un 
point singulier où les rayons de pourbate ne varieraient pas suivant les lois 
‘habituelles ; nous n’aurions alors rien à changer à notre démonstration. - 
Nous n’avons donc qu'à examiner les points singuliers pour lesquels la sphère 
on ‘existerait pas. S'il y a sur la surface du conducteur de pareils points singu- 
liers, nous ne pouvons pas encore affirmer que la fonction V tende vers 1 quand 
le point M se rapproche dé l’un de ces points singuliers; remarquons toutefois 
que l'existence de ces points singuliers n'empêche pas V de teag vers 1 quand 
M se rapproche d’un point non singulier de la surface. 
Mais on peut aller plus loin; supposons que le principe de Dirichlet sd 

démontré pour un certain conductsar ©. Supposons ensuite que le conducteur 
donné C présente un point singulier M, et que l’on puisse construire un con- — 
ducteur O”, semblable à C', dont la surface passe par M, et.qui soit tout entier 
intérieur à O. Je dis que quand le point M se rapprochera de M,, V tendra 
vers 1. 

En effet le principe de Dirichlet établi pour C Vest aussi pour O"; il Biel 
done une fonction V" satisfaisant à Péquation de Laplace à l'extérieur de CO" et 
se réduisant à 0 à l'infini et à 1 à la surface de O”. Nous allons faire jouer alors 
au conducteur O” le même rôle qu’à la sphère o dans le cas précédemment 
examiné. On verrait comme plus haut que: 


me 
et par conséquent que : í 1> Y > y". 
Or quand M tend vers M: | m P"=1. 
‘Donc | L EmV=1 0 © 7 0. Q. F. D. 


Parmi ces points singulieis les plus intéressants sont les points coniques | 
que nous allons étudier de plus près. à l 

_Je suppose qu’une partie de la surface du conducteur C soit une portion de. 
cône de révolution. Soit M, le sommet de ce cône. Je dis que V tendra vers 1 
quand le point M se rapprochera indéfiniment de M. | 

Mais pour cela il est nécessaire de démontrer le lemme suivant: 

Soit S une sphère fixe, O un cercle fixe sur cette pie P'un point fixe 
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en dehors de la sphère. Soit maintenant Æ un ellipsoïde de révolution variable 
assujetti à restes tangent à la sphère S tout le long du cercle C. Soit V une 
fonction satisfaisant à l'équation AV = 0 à l'extérieur de Æ et se réduisant à 0 
à linfini et à 1 à la surface de Æ. Soit V, la valeur de FV au point P. 

Je dis que P, tendra vers 1 quand le grand axe de E croîtra indéfiniment. 

Désignons en effet par p et Vp? — b les. axes de l’ellipsoïde Æ, par p+h 
et 4/(p + h)?— b? les axes de Vellipsoide 7, homofocal à E et passant par P. 
On aura : 


PETROS eave nae Ga pe 

ney re (+c) et 5 

f res L+s)—Le—s) 
P P í 


A la limite les ellipsoïdes Æ et H’ se réduisent à deux paraboloides homofocaux 
P, et P/ faciles à construire. 

Alors À tend vers une limite finie qui west autre que la distance des sommets 
des deux paraboloïdes ; p — b tend vers une limite finie qui est le demiparamétre 
de P,. On voit i que L(p—b) et L(p+A—6) tendent vers des limites 


finies, que L (1 + ee Es); tend vers Q et que L (p + ue croit indéfiniment. Par 


conséquent V, ert vers 1. C. Q. F. D. 

Revenons maintenant à notre conducteur O dont une partie de la surface 
appartiendra à un cône de révolution de.sommet Mj. Par le point 4, et en 
dehors du cône faisons passer une droite MP et supposons que le point M se 
rapproche de M, en suivant cette droite ; je dis que V tendra vers 1. 

En effet du point M je mène une normale au cône et par le pied de cette 
normale je fais passer un parallèle du cône de révolution. Je construis ensuite 
un ellipsoïde de révolution Æ qui soit tangent au cône tout le long de ce parallèle. 
Je ferai varier cet ellipsoïde de telle façon qu’il reste constamment tout entier 
à l’intérieur du conducteur C et son grand axe reste fini quand le point M se 
rapproche indéfiniment de M,. Cela est manifestement toujours possible. 

Je construis-ensuite un potentiel W qui se réduise à 1 à la surface de Æ. 
Soit W, la valeur de W au point M, on aura: 


1> V> W. 


Construisons maintenant une figure homothétique de la précédente en prenant 
pour centre d’homothétie le point Mj, le cône de révolution sera son propre 
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homothétique ; Vhomothétique ‘de ellipsoïde Æ sera un ellipsoïde Æ’ tangent au 
` cône tout le long d’un parallèle ; l’homothétique du point M. sera un point W 
de la droite M,P. Nous choisirons.le rapport d’homothétie de façon que M’ soit 
fixe ; alors Vellipsoide de révolution # sera tangent au cône tout le long d’un 
ralki fixe. 
Soit maintenant un potentiel W’ qui se réduise à 1 à la surface de E’. Soit 
. Wi Ja valeur de W' au point M; on aura: 


W= Wi. 


| . Lorsque le point M se rapprochera de Mj, le rapport d’homothétie et par consé- 
quent le grand axe de FE’ croîtront indéfiniment, Donc d’après le lemme Wo 
. tendra vers 1. Done W, et par conséquent V tendront aussi vérs 1. 
0. Q. F. D. 
can posé considérons maintenant un conducteur C quelconque, et un point 
singulier M, de ce conducteur; je supposerai qu’en ce point M, le plan tangent — 
est déterminé, ou que ce point M, est un point conique ordinaire. Je pourrai | 
alors construire un conducteur O” formé par exemple d’une sphère et d'un cône 
de révolution circonscrit, ayant pour sommet M; je pourrai choisir angle du 
sommet du cône et le rayon de la pone assez peg pour que O” soit tout entier - 
intérieur à C. 
Le principe de Dirichlet est démontré pour O"; O" est intérieur à c; nous 
devons en conclure, comme nous l'avons vu plus hut que Ý tend vers 1, Sani 
M tend vers 4h. 
- Nous pouvons résumer cette discussion en disant que le principe de Diriċhlet 
. esi établi pour tout conducteur dont la surface est telle que le plan tangent en age 
point est déterminé sauf en un nombre limite de points coniques ordinaires. | 
Comme méthode de démonstration, celle que je viens d'exposer ne laisse | 
. rien à désirer comme méthode de calcul; elle ne vaut pas mieux que celles qu'on 
a proposées jusqu'ici et même si le conducteur est convexe, elle est inférieure à 
celles de Neumann et de Robin. Mais même à ce point de vue, je ne regrette 
_ pas de lavoir publiée; en effet, ainsi que nous l'avons vu, il ne faut guère ` 
compter que sur la première approximation si l’on veut pousser plus loin, même 
avec le procédé de Neumann, on serait conduit à des calculs trop rebutants. 
Chaque méthode donnera donc seulement quelques inégalités, il n’est donc pas 
inutile de multiplier les méthodes; dans chaque cas particulier, un analyste 
habile saura choisir celle qui convient le mieux, ou mieux encore les combiner | 
. toutes d’une manière convenable, poe | - 
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A ce point de vue, la méthode que j’expose ici offrira à cette analyste habile 
d'assez grandes ressources à cause de son élasticité (si j’ose m’exprimer ainsi). 
Le choix des sphères S,, 8, .... S, reste arbitraire dans une très large mesure ; 
d’ailleurs on peut sans rien changer à la méthode remplacer la sphère > par 
d'autres surfaces, ou même prendre pour V, une fonction potentielle quelconque, 
pourvu qu’elle se réduise à 1 à l’intérieur du conducteur et que les masses élec- 
triques qui l’engendrent soient toutes positives. | 
On pourra encore remplacer les sphères $; par d’autres surfaces, pourvu que 
l'on sache construire sur cette surface la couche équivalente à une masse élec- 
trique donnée intérieure à la surface. On conçoit qu'on pourra profiter de toutes 
ces facilités pour adapter le mieux possible la méthode à chaque cas particulier. 
Parmi ces perfectionnements dont la méthode est susceptible, il en est un ` 
qui me paraît fort important. Nous avons construit les sphères S, de façon que : 
tout point extérieur au conducteur soit intérieur au moins à l’une de ces sphères. 
Imaginons qu'on construisa seulement assez de sphères S, tout entières exté-. 
rieures au conducteur, pour que tout point extérieur au conducteur et intérieur à 
X soit intérieur au moins à l'une de ces sphères. Les sphères 8, dont le rayon 
doit être fini dès qu’on est à une distance finie du conducteur, empéiteront ` 
d’ailleurs sur la région extérieure à Z.. 
Dans ces conditions tout point de l’espace est ou bien intérieur au panid - 
teur ©, ou intérieur à l’une des sphères &;, ou extérieur à X. 
Il ne peut être à la fois intérieur à C et intérieur à #;, ou bien intérieur à 
C et extérieur 42; mais il peut être à la fois intérieur à deux ou plusieurs des 
sphères $, ou intérieur à l’une ou plusieurs de ces sphères et extérieur 45. 
Nous avons vu plus haut comment on pouvait remplacer une masse électrique P 
intérieure d’une sphère ©, c’est-à-dire par une couche électrique répandue à la. 
surface de la sphère et dont le potentiel soit égal à celui de la masse P à l’exté- 
rieur de X et plus petit à l’intérieur. | 
Je dis maintenant qu’on peut également remplacer une masse électrique Q 
extérieure à la sphère > par une couche équivalente, c’est-à-dire par une couche 
électrique répandue à la surface de ©, et dont le potentiel soit égal à celui de la 
masse Q à l'intérieur de X et plus petit à l’extérieur. 
En effet soit O le centre de $ et R son rayon; soient Pet Q deux points 
situés sur un même rayon vecteur OP et tels que: 


OP.0Q = P. 


Supposons que P soit intérieur à $; Q sera extérieur à X. 
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Considérons deux masses l’une égale à 1 et placée en P, l'autre égale à 


—J/58 Ug et placée en Q. Nous avons vu que le potentiel dû à ces deux masses 


était une ee U, nulle à la surface de'Z, positive a Vintérieur de = et néga- 
~ tive à l'extérieur. 

Soit W le potentiel de la couche équivalente à la masse P ee à la 
surface de X. , D'après ce que nous avons vu, nous aurons: 


| à l'extérieur e : UP. =- MP TP EN OP MQ 
et : fee à 1 = 1. 0Q 1 
à l'intérieur de 2: gp- = gp $0 


` La lettre M désigne toujours -le point de coordonnées courantes E, Y, 2. 
. Ces égalités montre que Pon a: 

l 0@ 1 

OP MQ’ 


0Q 1: 
OP MQ° 


à l’extérieur de>: W< wf Oe 
à l'intérieur de 2: W=~/ 
Par conséquent la couche équivalente à la masse intérieure 1 située en P est 


aussi équivalente à la masse extérieure V cl située en Q. 


I importe de remarquer une différence essentielle entre les deux cas; nous 
* savons que la masse totale de la couche edorvalents à la masse 1 située en P est 


égale à 1 et; par conséquent plus pee que V as c'est-à-dire que la masse 


` extérieure située en Q. 

Ainsi la couche équivalente à une masse intérieure a une masse totale égale 
à cette masse ; la couche équivalente à une masse extérieure a une masse totale . 
plus petite que cette masse. i 

A: côté opérations dont il a été question plus haut et, qui CURRIT à 
“ balayer ? l'intérieur des sphères &, nous pourrons introduire une opération 
nouvelle que nous pourrons appeler le balayage de l'extérieur de X. | 

Cette opération consistera à remplacer toutes les masses extérieures à X par 
la couche équivalente répandue à la surface de cette sphère. 
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Cela posé on fera une série de balayages successifs en partant de la fonction 
V, et en ayant soin de diriger les opérations de telle façon que l'intérieur de 
chacune des sphères $;, ainsi que l'extérieur de 3, soient balayés une infinité de 
fois. 

Les raisonnements que nous avons faits plus haut sont encore applicables et 
on obtiendra une série de fonctions ; 


Ve ROC Veet 


qui convergeront de la fonction cherchée V. 

Seulement l'approximation sera plus rapide, parce que chaque balayage de 
l'extérieur de X, peut remplacer le balayage d'une infinité de sphères §; qui 
devraient, dans la méthode primitive, remplir l’espace infini extérieur à 5. 

De plus, nous devons observer. que dans la méthode primitive, chaque 
balayage laissait subsister la même quantité totale d'électricité dans l’espace ; au 
contraire, dans la méthode nouvelle, cette quantité totale diminue après chaque 
balayage de l'extérieur de X. 

La méthode nouvelle se prête par conséquent mieux que la première au 
calcul des capacités. | 

Nous avons vu que le problème général. de Dirichlet se ramène au cas que 
nous venons de traiter. Nous pourrions donc nous dispenser d'étudier directe- 
ment ce cas général. Cependant je vais montrer que la méthode exposée pelo 
y est directement applicable. 

Soit donc O une surface partageant l’espace en deux régions l’une extérieure 
à la surface, l’autre intérieure. Soit U une fonction quelconque, bien déterminée , 
en tous les points de C. a 

Nous nous proposons de trouver une fonction V: 

© 1°. Qui est finie et continue ainsi que ses dérivées tant à l'extérieur de C 
qu’à l’intérieur, mais qui peut devenir discontinue sur la surface C elle-même. 

2. Qui satisfasse à l'é équation de Laplace tant à l'extérieur de O qu’à l'inté- 
rieur, mais qui peut cesser d'y satisfaire sur la surface C elle-même. 

3°, Qui tende vers O quand le point M de coordonnées courantes x, y, 2 
s'éloigne indéfiniment. 

4°. Qui tende vers U quand le point M se rapproche indéfiniment d’un point 
de ©, soit par l’intérieur, soit par l'extérieur. 

1% cas. Supposons qu’on puisse trouver une fonction W finie et continue 
dans tout l’espace ainsi que ses dérivées des deux 1°" ordres; qui soit égale à 0 à 
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l'infini et à U à la surface de O et qui soit telle que AV, soit constamment 
négatif. D 
Une pareille fonction pourra être regardée comme un: ses dû i de 


l'électricité répandue dans tout l’espace et dont la densité — ag sera partont 


positive. | 
Nous n'avons donc encore ici que desmasses électriques positives. 
Construirons maintenant une infinité de sphères $, S;,...., Sa, de telle 


façon que chacune de ces sphères soit tout entière extérieure à surface (et 
que tout point de l’espace, extérieur à ©, soit intérieur a au moins A Pune des 
sphères Sr ao 

Balayons ‘ensuite, comme il a été dit plus haat ces diverses sphères $; en 
dirigeant les operhtony de telle sorte que chacune d'elles soit balayée une infinité 
de fois. 

Soit V, ce que devient V, après la n° opération ; on aura encore, puisque 
‘toutes les masses électriques sont positives : 


Vapi < Va et 7, > 0 


ce qui montre que quand n croft indéfiniment V, tend vers une limite finie et 
déterminée que j'appelle V. Pour un point intérieur à C ona V,= Vy. 

On verrait, comme plus haut, qu'à l'intérieur de chacune des sphères 8, et 
par conséquent pour tout point extérieur à C, la fonction V est finie et continue 
‘ainsi que ses dérivées et:satisfait à l'équation de Laplace. l 
, On verrait également que V tend vers 0 quand le point Ms cine indéfini- 
ment. Ilme reste à montrer que V tend vers U quand le point M se HORS 
de la surface C. 

Nous supposerons pour fixer ‘les idées que le point M se mede indéfini- 
ment d’un point M, de la surface C’en restant extérieur à cette surface. 

Nous construirons une sphère o tangente à la surface C en M et de may on 
assez petit pour être tout entière intérieure à C. 

Le principe de Dirichlet étant démontré pour une sphère, nous pourrons 


construire une fonction W qui à l’extérieur de la sphère satisfasse à l'équation _: 


: AW==0, qui se-reduise à O à l'infini, et à V; à la surface de la sphère. 

-Quand le point ai tendra vers M,, la fonction -W tendra vers V et par con- 
séquent vers U. | 

Comparons les fonctions V, et W. 
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À la surface deo, on a: 
V,= Y= W. 


À l'infini, on a: … Varo, 


Maintenant V, et W sont deux potentiels; le premier est engendré par des 
masses électriques toutes positives et dont quelques unes sont extérieures à o ; 
le second par des masses qui sont toutes intérieures à g. i 

Donc à l'extérieur de o la différence V, — W peut avoir des maxima, mais 
pas de minima; et comme elle est nulle à la surface de o elle sera toujours posi- 
tive. On a donc: 


V > 7, > W et par conséquent à la limite R>V>W.. 


Quand M tend vers M, V, et W tendent tous deux vers U. Donc V tend aussi 
vers U. | C. Q. F. D. | 

Le principe de Dirichlet est ainsi établi pour la région extérieure à C; on 
le démontrerait absolument de la même manière pour la région intérieure. 

2° cas. Supposons maintenant qu’on puisse trouver une fonction V, qui 
soit finie et continue ainsi que ses dérivées des deux premiers ordres, qui se 
réduise à O à l'infini et à U à la surface de O. (Nous ne supposons donc plus- 
que AV, est toujours négatif.) On pourra trouver une fonction V satisfaisant à 
ces conditions toutes les fois que {a fonction U sera elle-même finie et continue ainsi 
que ses dérivées des deux premiers ordres. | 

La fonction V, pourra être regardée comme un potentiel engendré par des 


Seule- 





masses électriques répandues dans tout l’espace avec une densité — ahs 


ment comme AV, n’est pas toujours négatif, les masses ne seront pas toutes posi- 
tives, Nous pourrons alors écrire : 


Vo z= v F Vy, 
V; étant le potentiel dû aux masses positives seulement, et Vy’ le potentiel dû 


seulement aux masses négatives changées de signe. 
Soient U' et U" les valeurs de Vj et Vj’ à la surface de C, on aura: 


U= U'— D. 
Vi et Vi’ n'étant engendrés que par des masses positives, on pourra, comme nous 


venons de le voir, construire des fonctions V’ et V” qui satisferont à l'équation 
31 
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de Laplace à l’éxtérieur de O et qui se réduiront respectivement à U' et à U” à 

la surface de O. — 

| Le différence l V= Vi — Vil 

satisfera à ’équation AV= 0 et se réduira à U à la surface de O. 
Le principe de Dirichlet est done encore ici établi. $ 
3° cas. Il nous reste à examiner le cas où la fonction U n'est plus con- | 


_ tinue ainsi que ses dérivées des deux premiers ordres. 
Bien des méthodes s’offrent à nous pour généraliser les résultats obtenus 


dans les deux premiers cas: 

Je ferai d’abord observer que si la fiction U est one continue et si 
ses dérivées du 1% ordre ne présentent de: discontinuités que le long de certaines 
courbes analytiques tracées sur la surface C, les démonstrations dont j'ai fait 
usage dans les deux premiers cas peuvent se répéter sans qu'on ait rien à y 


changer. 
Passons au cas s général; nous pourrons trouver deux séries indéfinies de fonc- 


non Uii Ups ences Ds; Ul, D... Ul, 
qui à la surface de C jouissent des propriétés suivantes: 
1°. Elles sont finies et continues ainsi que leurs dérivées des deux premiers 
ordres. 
2, Ona: Trai > Uy, Ua, Di Un 
` 8. Ona: lim U,=lim UJ=U pour n infini. 
‘(Cela n'aura lieu que pour les points de C dans le © voisinage desquels. U est. 


continue.) 
-Nous pourrons alors construire deux séries de fonctions 


Vi; pis sos 4 Frs LES i: 3) bise) Va 
telles que AV, = =o, AI = 0 
à l'extérieur de Cet y,=0, Vi=VU! 


- à-la surface de C. On aura alors: 


Vea > Vari Va VIS. 
Nous anaman de 1à que V, tend vers une limite finie et déterminée V. 
Le théorème de Harnack montre que lon a: i 
AV=0. D'ailleurs Vi>V>Y,. 
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Il reste à montrer que V tend vers U quand le point M se rapproche indéfini- 
ment d’un point M, de la surface de C. Pour cela, il faut que dans le voisinage 
de M, la fonction U soit continue, sans quoi la proposition qu'il s’agit de démon- 
trer serait fausse et n'aurait même pas de sens. i l 
Nous voulons démontrer que l’on peut prendre M assez voisin de M, pour que 
U—e<V<U+eEe 
quelque petit que soit e. 
Comme au point M, U est continu, U, et Up tendent vers une limite com- 
mune U quand n croît indéfiniment. Nous pourrons donc prendre n assez grand 
our que : 
oe D U,< = 
d'où a fortiori f 
| T,-U< = U—U,<+. 


Nous regardons n comme désormais déterminé, nous pourrons prendré M assez 
voisin de M, pour que: | 


: & € 
BDs OU t+ 
On a alors: V>V.>0,—-~>U—e 
et V< V< UL + =< U+e. 0. Q. F. D. 


§2.—Problame de Fourier, 


Le problème de Fourier a pour objet l'étude du refroidissement d’un corps . 
solide rayonnant. J’ai donné de ce problème, dans une note insérée aux Comptes 
Rendus, une solution plus rigoureuse et plus complète que celles qui ont été pro- 
posées jusqu'ici. Bien qu’elle ne soit pas encore entièrement satisfaisante, je 
crois qu’il ne sera pas inutile de la rappeler et de la développer ici; car elle va 
nous servir de point de depart naturel pour ce qui va suivre. 

Considérons un corps solide homogene et isotrope, isolé dans un milieu indé- 
fini à travers lequel la chaleur se propage par rayonnement. Soit V la tempéra- 
ture d’un point du corps; ce sera une fonction de æ, y, # et ¢; soit O la 
température extérieure. On aura, à l'intérieur du corps: 


dV | 
= SAV : (1) 
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et à la surface du corps. A Le y= ò. = (2): - 
a? est un coefficient constant qui dépend d la conduetibilité A corps êt i sa 
chaleur spécifique. Quant 4A c’est un CPGE positif. et constant qi dépend 
` du pouvoir émissif du corps. . Ls 
Le premier point est d'établir l'existence d’une infinité de fonctions auxili- 


aires Uir Uz eee sy Gaia cas 


ne dépendant que de w, y, 2 et satisfaisant aux équations suivantes : 
On aura à l’intérieur du corps: ` 





AU, +k U, = 0 
et à la surface: 20, ae z 
Les quantités Tey y Hay oe os 


_sont des coefficients constants que je supposerai rangés par ordre de grandeur 
croisante et que je déterminerai plus complètement dans la suite. 
Enfin pour achever de définir la fonction Up, nous ajouterons que l'intégrale 


S iar 


‘étendue à tous les éléments de volume dr du corps solide doit être égale à 1. 

Nous allons pour démontrer l'existence des fonctions U, employer une démon- 

stration analogue à celle par laquelle Riemann établit le principe de Dirichlet. 
"Soit F une fonction quelconque et posons : 


A= f Par, 
=, frees (aes Gy. an (lx 


L'intégrale À ainsi que la seconde des intégrales de Verp B sont étendues 


à tous les éléments dr du FOIRE du solide et l'intégrale f F?do à tous les éléments | 


do de sa surface. 
Supposons que la fonction F soit ERT à la condition , 


Az. 
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‘Les deux intégrales de l'expression B ont. tous leurs éléments positifs. B ne 


peut donc devenir négatif. B ne peut non plus devenir nul; en effet il ne pour- . 
rait s’annuler que si tous les éléments des deux intégrales étaient nuls à la fois, — 


c'est-à-dire si Von avait: F= 0- 
à la surface du corps et ` + 





à l'intérieur du corps. Il faudrait done que F sat encore nul à l'intérieur du 
corps, ce qui est impossible & cause de la condition: 


A= f| Pasi. 


B admettra donc un minimum absolu. Soit U, la valeur de F qui correspond à 
ce minimum. Le calcul des NPAUSES nous donne : 


A sa=f usta =0, 


B= =i fascia + f GE BE + AD, aD, 2B BE aes. 


Or le théorème de Green nous donne : 


f (2 & ds D, ie ete dU, O a 





de sorte qu’il vient: 
pa f (io +85) sa = fans se 


ôB doit s'annuler toutes les fois que 64. s’annule. On doit donc d’après l’une 
des régles du calcul des variations, pouvoir trouver une-constante M telle que 


ôB — hð A 


soit nulle quel que soit 6U,. ‘On doit donc avoir identiquement : 
© S (E+ A0) bTido — f (A0, +60) ST de 0 


ĉe qui exige que tous les éléments aes deux intégrales soient nuls ou que l’on 


ait à la surface du corps 


| W Lime 
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et à l'intérieur: =- AU, +kU,=0. 
On a d’ailleurs par d'u 
= 4=f Ud = 1. 


L'existence de la ee U, e est donc démontrée. 
On trouve: 


Beh fT f(A (2+ Ce 


ou en vertu du théorème de Green : 
= fa +de fat 


ou en vertu des équations qui défininent U,: 


B= mf Utde = hy 





Ainsi %, n’est autre chose que la valeur du rapport _ pour F= U. Comme © 


ce rapportatgint son minimum pour F= Da nous devons conclure ate k est’ 
le minimum du rapport + | 
Prenons pour F une valeur quelconque, nous ‘obtiendrons une certaine 


valeur de B qui sera plus grande ane ky. C’est donc un moyen de trouver une 


À 
limite supérieure de žy. 
- Faisons par exemple Fat... 
JT men A= f dr = volume du corps solide, 


B=h f do = hx surface du corps solide. 


h 
à son volume. 
Cherchons encore une autre inégalité. 
Appelons W le volume du.corps solide et S sa surface. 
Prenons pour origine des coordonnées le centre de gravité du volume du 
corps. i 


Le rapport Les est donc toujours plas petit que le rapport de la surface du solide 
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Achète I l'intégrale f ae 7 


c’est-à-dire le moment d'inertie du volume par rapport au plan des yz. 
Appelons À l'intégrale | 
PP er o f ‘do 


s 


c’est-à-dire le moment d'inertie de la surface par rapport au plan des yz. Noït 
æ la distance du centre de gravité de la surface au plan des yz. Posons: 


‘Faisons maintenant: F= ox +1, 
œ étant une indéterminée ; il viendra : 


A= (ax +1fPdr=al+W, 


B=hf (s+ 1)do + f'atde = 0 (RE W) + 2alfh+ Sh 


oh: AH 2a Mh 
d'où ne ee. + 8h 


Il faut maintenant choisir a de telle sorte que le second membre de cette inégalité 
soit minimum. Ce second membre admet un maximum et un minimum qui sont 
les racines de l'équation en A: 

MIE = (RH4+W—2I)SR—AW) 














ou Fr M a ne — Mh + WSh = 0. 
On a donc: 
ee ISh+W'+WHh WV(ISh+ WHA + W*) — SHIÈ + MWR — WSh 
i 21W ~ 7 2IW 


cette limite. est inférieure à la précédente. 
Occupons nous maintenant de démontrer l'existence de la fonction Uz; soit 
une fonction quelconque F assujettie aux deux conditions suivantes : 


Act, =f FUdr=0. 


On pourra choisir cette fonction de façon que B soit minimum; soit U, la 
fonction qu'il faut choisir pour F afin de rendre B minimum. On devra avoir: 


+ 3B = f (20, + LÀ) 30,0 Re 
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toutes les ik que: | | 
| Lisa fopuie=o so=f UU =o. 
On pourra donc-trouver deux constantes A, et A, telles que: 

ôB — kô A — 22,8 C= 0 
quelque soit 3 U;. On a done identiquement : 


JG + Djina fan an +0) =o ? 


de sorte qu’on aura à la surface du corps 


10, + 22 = 0 


et à l’intérieur: 
pi | AU, + hU, + MU = 0. 
Calculons a, et 4. Nous trouvons d’abord: | 
J TAT de +1, fix + af Tide = 0. 
s ; [Cae =1 O= f Uta =0, 
on aura donc: | m+ f UA Tide = 0. 
Or le théorème de Green donne : 
can ou raf ian fat 


dn dn — 
Il reste donc simplement 
| [TAi = f TAi. 


Mais | AD=—hU. 
poy aa ftatiie=— bf tem. 
Done 2, est nul. 

Il vient donc: AU, +40, = 0 


| d’où : [TAU dr + laf Trae = 0. 
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nc io 


Donc: 


banat fia ++ + Toa 
b= hf ndo + fz (D ae= B 


Ainsi % n’est autre chose que la valeur de B qui correspond à F= U,. k était 
la valeur da B qui correspond à F= U; et au minimum de B. 
Par conséquent on a : 


ou 


l< la 
+ AU, =0 à la surface du corps, 
À an 0 “A Vinterioun 
Ju: faudæ=o. 


et d’ailleurs : ats 


L'existence. de la fonction U; est donc démontrée. 
Soit maintenant U, une fonction telle que 


A=fUjdr=1, 0=fU,ta=0, D= fume 


et choisie d’ailleurs de telle sorte que B soit aussi petit que possible. 


On devra avoir : B= 0 
toutes les fois que 


dbA4=0, 8C—=0, $D=0. 
On pourra donc trouver trois constantes 21, Ag et hy telles que l’on ait identique- 
ment : . ÒB — lð A — 22,50 — 22,8D = 0. 


Un raisonnement analogue à celui qui precede: montrerait que l’on doit 
avoir & la surface du corps a iro 
et à l'intérieur = AU, + la U, +% U, F hU E= 0. 


On demontrerait ensuite comme on l’a fait plus haut que A, et % sont nuls et que . 
.k, est la valeur de B qui correspond à F= Uz.. 
32 l | i 


244 |: Porncaré: Sur les Equations aux Dérivées 
D'après la définition de Us, k, est done la plus petite valeur que puisse 
prendre l’expression B quand la fonction F est assujettie aux conditions : 
fPaar; fPUa=0; Jr. 


D'autre part k était la plus petite. -valeur que pouvait prendre B quand F était 
assujettie aux deux premières de ces conditions seulement. Donc: 


ka > la. 
La fonction U; est ainsi définie par les conditions: 
2 aU, 


« 


+4D=0, AU += 0, | 
ies 1; J Uta = foto. 
La loi est maniféste ; il est inutile de pousser plus loin ce raisonnement. 
On voit que l'on a note l'existence d’une infinité de fonctions : 
bo rs 
telles que l’on a à at surface du Ba 
. = 24 h U, = = 0 
et à Pintérieur: ` ‘ae + ty Uy = 
Les coefficients k, sont des constantes positives et telles que: 
. hoy 4.1 > p. E 2 
Enfin on a: Joué =0 pour p2q ` i 


ej s | fax le 


Ce raisonnement est sujet aux mêmes objections que celui par lequel Riemann 
établit le principe de Dirichlet. Nous nous én contenterons toutefois pour le 
moment, nous chercherons dans la suite à le rendre plus rigoureux. 

` Oes fonctions U, ont été entièrement construites par Lamé dans certains cas 
particuliers, par exemple dans celui de la sphère et celui du parallélipipède. 

Dans celui du parallélipipède rectangle dont les trois dimensions parallèles _ 
aux trois axes sont 2a, 2b et 2%, l'expression des fonctions U, et des coefficients 
k, est particulièrement simple. 
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Nous devons avoir en effet à l’intérieur du corps: 


AU+kU=0 
et en outre: 
pour-« =a SU + aU =o, Pie =e D a= o, 
pour y = b T 4 hU=0, pour y = — b D A= 
pour = D thos 0, pour z=—c D kU =0. 


Posons: 


U= sin (aor + qu) sin (Ag+ pas) sin (Aa + ps). 
Les constantes à; et 4, nous seront données par les deux équations: 


A cos (Aa + u) + h sin (Aa + uw) = 0, 
Pa COS (Aydt — ju) + À sin (Ma — tn) = 0, 


d'où: tg (Aya + u) = tg (Aa = u), 
xn 
. Aas 39) 


x étant un entier; il suffira de prendre x = 0 d’où: 


sin (Ayo + a) = sin A 


etx=1 d’où: sin (Aye + u1) = Cos Ayo. 
On aura alors pour’ 
m= oo. u +A tg (mata) =0. 


De même us, us, A et Ag seront données par les équations: 
m=0 0u Ag+ h tg (Mb + u) = 0. 
Us = 0 où. As + h tg (Age + fs) = 0. 
Enfin on a: ` k= D t +a. 


Considérons en particulier le cas de h=0; ce qui correspond au cas où la 
surface du corps est imperméable à la chaleur ; il vient 


tg (Aya + u) = œ 
JA a . 
d’où : aya + ln = + Fn x étant entier : 
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ou à cause de g = 0 ou. 


© + 





"AE LS - my étant entier., 
Onaalors: | | [A m MNT. 
ae tg + a) 4 | 


où Mı, M, M, sont des entiers. On aura ar 


EST 
si 2a est la plus grande des moe dimensions du pereleipipst c'est-à-dire si 
a>b>e. 
. On trouve ainsi : k=0, U= const. 


ser =, = - const. sin Aw. 


Supposons maintenant h = œ , ce qui correspond au cas où la surface du corps est 
maintenue, artificiellement à la température 0; on a alors: 


| tg (Aa + pur) = 0 
d'où . Ma + m= = “f - x étant entier, 
ou puisque w == 0 ou F | 
AG = M F ‘m, étant onien 


Nous trouvons. sions encore : 
1 (+ + FRS A = 
My, Ma et m, étant entiers. 
Mais toutes les solutions ne sont pas acceptables. On doit avoir en effet 


U= 0 


À la surface du corps ; dos 
| sin (Aa + ui) = sin (2,6 + us) = sin (Age + ua) = 0, 
ce qui exige que Mı, My et mg soient au moins égaux à 1; il viendra donc: 
_ 7/1 1 CIN æ 
BE (> TTF =) “4° 


Laissons maintenant de côté le cas du parallélipipède rectangle et revenons au 
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cas général; il est clair que, pour un même corps, 4, k,,..... k, sont des fonc- 

tions du pouvoir émissif 4. Je dis que ces fonctions sont toujours croissantes. 

Soient en effet W et A deux valeurs du pouvoir émissif; soient pour un corps 

donné, ki et ky les valeurs correspondantes de k,, et Uj et UJ’ les fonctions Un l 

correspondantes. On aura: | 
à la surface du corps 


g” 

Gn t MUS -gp + hn = 0 (3) 
et à l’intérieur du corps: 

AUS + kU! = AUS + hig US = 0. (4) 
Le théorème de Green nous donne : 

I i | 
JO 2 gu dU; ai Un) do= fi U!'AU/— UAU! )dr. - 
1 IF 

Dans cette identité remplaçons A UJ, AUY, L ai par leurs valeurs tirées 
des équations (2) et (4), il viendra: 


K — WN) f TU! do = (et, — ki) f ULU. 











Supposons que A! et A” diffère très peu de telle sorte que 
W—H=dh, ky — kl, = dlen, 
U, = Uy,’ à des infiniments petits près, il vient: l 


dh f Udo = dh, f Ufar. (5) 
Dans l'équation (5), les deux ae sont essentiellement positives ; il 
reste donc: 
2S 0, 
i 
ce qui signifie que &, est une fonction croissante de h. C. Q. F. D. 


Pour A = 0; on a évidemment: 


k=0; U= const. = “Hp (W étant le volume du corps). 
” En effet, ces quantités satisfont aux équations 
AU; =AU,+h0,=0, 0 


o dn 
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| L’équation (5) devient alors 


d _ me 
dh y ' à 
_S désignant la surface du corps et W son volume. Donc si Aest très petit, 4, 
est sensiblemént égal à 8 - 
| G h W . 


-Nous venons de trouver : 
a =S Uda = 1, 


Nous avons d'autre part: 


af mo + JE) + (OEY De 


HAG a 
dod : | Ig >h f Udo, de T 
: Pao à 
I Se 
et aa dk, dh 
ke +. 


Cette inegalité montre que le rapport + Aa va toujours en décroissant, 


‘ Il importe de remarquer, avant Ae plus loin que quand # est positif, hy 
est essentiellement positif. Sans doute, cela résulte de la façon dont les fonc- 
tions U, ont été définies plus haut; mais on pourrait imaginer qu’il existe des 
fonctions U autres que celles que nous venons de définir et pour lesquelles on - 


aurait: ` 
SO +AU =O, ‘AU +kU=0, Jo, <o. 


Je dis que-cela est impossible et il me suffit pour l’établir de montrer que lon a: 


amaf taor SE (G+ DT 


. ce qui se démontrerait par le même calcul que plus haut. 

Si au contraire / était négatif, 4, pourrait aussi devenir négatif. 

Il peut arriver quand on fait varier A, que deux des nombres k, et Le 

- viennent à se confondre. Qu’arrivera-t-il alors en général? 

f Soient # et #! deux valeurs de k, U7 et U" les fonctions. U correspondantes. | 

`e Imaginons que #, &!, U' et U" soient des fonctions continues de 4. Quand 
A< ho, on aura par exemple # < k"; pour À =}, on aura W = k'; pour À > hy, 
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on aura # `> k". D’après ce que nous venons de démontrer, W et #’ sont deux 
fonctions croissantes de A. . 

| Maintenant, supposons qu’il y ait n — 1 nombres & inférieurs à la fois à W et 
à i’, Nous devrons, d’après nos conventions, appeler &, la plus petite et 4,41 
la plus grande des deux quantités # et Æ. Nous aurons donc: 


H =le W= kapi pourh<h 
et W= k, = kapy pourhkh>hy. ` 


Les fonctions W et i’ étant continues et croissantes, les fonctions k, et Lu 
définies comme nous venons de le faire seront aussi continues et croissantes. 

En résumé, dans tous les cas possibles, 4, est une fonction croissante de 4; 
k, atteint donc sa plus petite valeur pour A= 0. 

Nous allons donc étudier la valeur de &, pour 4 = 0. 

Décomposons le volume de notre corps solide, d’une manière quelconque, 
en p volumes partiels. (Considérons chacun de ces volumes partiels comme un 
corps solide de même conductibilité que le solide donné et dont la surface est 
imperméable à la chaleur. Soient: 


Un, Uy, » Un, , 
Un» Un, > Unm ; , 
Up , Up ; , Dons ; 
les fonctions U relatives à ces p solides. | 
Soient: -> Teas ia Mw TR 
Hg, Hs yee ey ds... 


RE ice wie AMPs elt 


les nombres # correspondants. 
Comme pour chacun des p solides partiels on a 4 = 0, on aura: 
| hy Sha Shee m = 0 
et les p fonctions Un, bre ...., Up seront des constantes. 
Je conserverai la notation U, et k, pour les fonctions relatives au solide 
total. Posons maintenant : 
V= aUi +H aUa H e H An Uns 


les a étant des coefficients indéterminés. 
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Nous avons à la PE da corps, puisque À est supposé aus 


dv 


an =o 


et par conséquent en vertu du théorème de Green : 


3 dV 3 ` 
SUEY + C+ EY] -S vave. 
Le second membre peut s'écrire (en vertu de l'équation AU, + AU; = 0): 
J'ai +0504 ++ a TNT, + Te + ++ tl U,) de 


ou encore (en vertu des relations Uid = =1ų1, f 7 U.dt = =) 


na e lai +; + k nO» 
© D'autre part on a: 


| Prien fa at+ + a de ab + alt... at, 
. dot | | 


NG 7) + +(e oles es re lai + hat. the cp lis: 
fre Satay. te 
Nous pouvons dipaer de nos n OET arbitraires &j, ag, «ee, Gn de façon | 


à satisfaire à n — 1 conditions. Voici comment nous ononon ces conditions. 
Nous annulerons d’abord les 2, intégrales 


fra, JO... [Wade 


étendues au premier solide partiel. 
Nous annulerons ensuite les A, intégrales ` 


S VUn, o, [ronde 
étendues au second solide partiel. l 


Nous annulerons enfin les à, intégrales 


; L J Vade, ..…, Uf WO py dr 


étendues au dernier solide partiel. 
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Nous devrons avoir d’ailleurs : 


Ay tt... + =n— 1. (7) 


Rappelons quelle est la définition de kia pi- Ce coefficient est le minimum du 
rapport des deux intégrales : . 


Be JC) + (EYE Dyan anf ra 


quand la fonction arbitraire V est assujettie aux À conditions: 
Jrad = f V=... = f Vnd = 0. 


Toutes les intégrales sont supposées étendues au premier solide partiel. Donc 
le rapport des deux intégrales B et A étendues à ce premier solide est’ plus 
grand que inpr 
On verrait de même que le rapport de ces deux intégrales atenduda au 
second solide est plus grand que #,.,21, etc.; que le rapport de ces deux inté- ` 
grales étendues au p° solide partiel est plus grand que %,,,4:1. 

Donc le rapport des deux intégrales B et A étendues au solide total, sera 

` plus grand que la plus petite des p quantités : 


h. Atl) hy, MHN di res kpati’ 6 (8) 


Mais l'inégalité (6) exprime que ce même rapport est plus pete que ky. 

Donc #, est plus grand que la aa petite des quantités 8) pourvu que la 
relation (7) soit satisfaite. 

Ce résultat peut s’énoncer comme il suit :. 

Rangeons les quantités. 


Ras As... ins. 
Hat ont E à 
bear Toons 


_par ordre de grandeur croissante. (Il va sans dire que dans la série ainsi obtenue, 
plusieurs termes pourront étre égaux;.c’est ainsi que les p premiers termes qui 
sont ky, ky, ...., Ap, sont tous égaux à 0.) ; 

Chacun des termes de la série ainsi obtenue sera plus petit que. le terme 
correspondant de la série : 
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Cela posé, supposons que :notré solide soit un polyèdre limité par des faces 
qui soient toutes parallèles à l’un des trois plans de coordonnées. 
Nous pourrons décomposer notre polyèdre en n— 1 parallélipipèdes rect- 


angles. Soient VAE TON TRS ET FA ++ (8) 


les valeurs -de 4, correspondant à ces » — 1 parallélipipèdes ; d’après ce que nous 
venons de voir, la valeur de &, correspondant au pelyeqte total, sera plus grande 
que la plus petite des quantités (9). 

Si les trois dimensions d’un parallélipipéde sont 2a, 2b, 2 de telle dette que 
a> Me > cj; nous avons vu qu’on a, pour ce i a 


Asi 


Si donc aucune des trois non d'aucun de nos n — 1 parallélipipèdes par- 
tiels n'excède a, on aura poui le pa total | | 


BZ 


Quand n croft indéfiniment, on peut faire tendre a vers 0; donc &, croît indéfini- 
ment. | f 

Cela est vrai pour un polyèdre formé comme je viens de le dire ; et comme 
on peut construire de pareils polyèdres qui diffèrent aussi peu qu’on ie veut d’un 
solide quelconque, on pourrait dire que cela doit être vrai aussi d’un solide quel- 
conque. Mais un semblable raisonnement ne saurait nous contenter. | 

Pour démontrer le théorème pour un solide: quelconque, je dois d’abord 
chercher une limite inférieure de #, pour un solide convexe. quelconque. Par 
solide convexe, j'entends un gorps tel que le segment de droite MM’, qui joint 
deux points M et M' intérieurs au corps, soit toujours tout entier intérieur au 
corps; ou ce qui revient au même tel qu'aucune droite ne rencontre la surface, 
du corps en plus de deux points. 

. Rappelons d’abord la définition de 4; 4, est le minimum du rapport 


SUGEY + (a) + YI 
| Of Pax 
quand la fonction V et assujettie à la condition : 


fra. ? 
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On peut transformer la définition de façon à faire disparaître cette dernière 
condition. 
Envisageons l'intégrale 
[0 vyar dr. 

. Dans cette intégrale, dr et dz sont deux éléments de volume quelconques 
du solide donné; x, y, z, et x, y’, # sont les coordonnées du centre de gravité de 
chacun de ces deux éléments; V et V’ sont les valeurs de la fonction V aux 
points æ, y, zeta, y, g; enfin l'intégrale est étendue à toutes les combinaisons 
de deux éléments de volume dr et ds! (Chaque combinaison sera répétée deux 
fois de la façon suivante ; une première fois le premier élément jouera le rôle de 
dr et le second celui de dr! et la seconde fois ce sera le contraire.) 


On trouve aisément en se servant de la relation (10) et en appelant W le 
` volume total du corps 


f VV) ade =2W f Var 


de sorte que Z sera le minimum de l'expression 


‘r dv \. av 
af + (+ Te E 
f (V— V'}drdr. 
Mais alors la condition (10) devient inutile; si en effet.on ajoute à V une con- 
stante quelconque, la condition (10) cesse d’être satisfaite et l'expression (11) ne 
change pas. 
Nous pouvons donc dire finalement que est le minimum de l’expression 


(11), la fonction V étant tout à fait quelconque et n'étant assujettie à aucune 
condition. 


C'est de la transformation de cette expression (11) que nous allons main- 
tenant nous occuper. 
Posons à cet effet : 
x= + p cossint, a =£ + 9! 0 
‘y=n+psing sind, y/=7+4+ p sing sind, (12) 
z= p cos 0 , @ =p cosl. 
La théorie de la transformation des intégrales multiples nous donne : 


[O — Vyarar = f (V— V9 dadydz del dy dé 


=f (PSE E R orne Lu 
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Il va sans dire que, bien que je n’emploie qu’un seul signe Jo il agiti ici d’ inté 
‘ grales sextuples. - 
Parlons maintenant des limites R supposons que-E, 7, 0 et $ 


. soient considérés un instant comme dés constantes; quand on fera varier.p, le 


point æ, y, z décrira une droite ; comme le corps est convexe, cette droite rencon- 
trera la surface. du corps en deux points. . Soient p et p; les valeurs de p qui 
correspondent à ces deux points d’intersection. 

Pour obtenir alors tous les points (a, y, n (x, y, 2) intérieurs au corps il 


fé faire varier p et p! de | Po à pus 0 de 0 à u b de 0 à 27, et donner à ¢ et 


à n toutes les valeurs telles que po et p, soient réels. 
- Cela posé, cherchons à transformer le numérateur de l'expression (1 1). 
Nous avons d’abord, en vertu des équations (12): ` 


TA gp = ome sind i cin SE + con 0 27 
| SIC a) n 6déd? 
=f 


Sloss sing SY + sing sin 0 27 + cost Gr) sin. bata. + 


Calculons cette intégrale double en intégrant entre les limites 0 et Om pour @ et 


. es Obs a fh at OV na. 
_ entre les limites 0 et -g pour 0. Le nc de (=) sera : 


Il est aisé de voir que le coefficient de (= 7)? a la même valeur. | 
Le coefficient de (a de rye sera : 4 
Sf feos sin 0 d0 dp = | | 


, dvdvV 
Le contoent de 2 dy? sera: 


S cos ® sin @ sin*0 dô dẹ = 0. 
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Ceux de 


dV dv aV ay 
2 a et de aa seront: 


SSos sin? 9 cos 0 404$ =f f sing sin? 0 cos 0 dô dô = 0. 
Il reste done simplement: | 

| dv. | | on avs: dV~? av? 

IS Ge) HUE a) ay EC )] 
Soit M une fonction quelconque de x, y etz; la théorie de la transformation des 
intégrales multiples donne : 





Jf Maz fai [treba an ap. 
Il vient donc: | | 
| f (Gr) sin 0 cos 0 dé dy dp d0 dp = z f (ZY + (B+ (O Ta. 
Posons maintenant pour abréger: | | 
DANCE UT TELE 
. l'expression (11) deviendra : 


m J Bsino cos 0 dE dn dé dọ 
7 {Asin 6 cos 0d dn dé dp 





Les quantités sous les deux signes J sont essentiellement positives puisque 6 


varie entre 0 et >: Pour trouver une limite inférieure de l’expression (11), 


il nous suffira de connaître une limite inférieure du rapport 4 . C’est de quoi 


nous allons maintenant nous occuper.. ` 

Si la fonction V est choisie de telle façon que A= 1, il est clair que l'inté- 
grale B ne pourra pas s’annuler ; elle admettra donc un certain minimum. Cher- 
chons à déterminer ce minimum par le calcul des variations. 
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Nous trouvons : | 

dV dY 

po dp dp, d=, = 
Saf fo- ryor—8 P\(p— pF dpdg = 0.- 


Transformons ces deux - ee nous trouvons, par l'intégration par parties, 


7 B= [Zev] "oy Pape 0. 


Po -do ps à 5 


5 əB= 


D'autre part, si dans l'intégrale double 


Jaf [VV 30-9) api 


on permute p et p l'intégrale ne doit pas changer il vient ainsi:. 


TH [0-07 Y-i 


e | Lys 2J . 
aa taf fo- vy era =o 
Cela peut s'écrire: 
J= fav =0 


en osant | 
ie HaVfo—pray af Moe a. 
 Posons donc pour abréger: | 
La = np far = Der} [ra= = 

Siryf rse Sra a=: L yay =r 

Il viéndra : | 
H= V [p Cpi — po) — p (pt — fi) - + d= — ap +289 — 7. 

Pour que B soit minimum, il faut d’après les règles du calcul des variations que | 
OB 8 annule toutes les fois que J est nul et pour cela il faut ques VOB, ait: 


OV. rH— 
ag + KH=0," 


K étant une constante qu’il reste à déterminer. 
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Voyons comment le problème pourra être traité. 
Posons d’abord | 
-p= +0, eng ae LY Pa = A+ 0), Po = À — 0 
nos équations deviendront: : | | 
eV er 
nn] + KH= 0; 


H=V[ 20s) + E] — ala! + 26's — y, 


a= f Vdo, @= f Vodo, y= f To, 


les intégrales étant prises entre les limites — o, et + 0%. 
Posons maintenant | Oo = é, 


"Le =f Vidt, = a (43) 


L’équation devient: 


1 a 
a ont A T a KE! = Ko 


où: 


L’équation (14) contient encore quatre indéterminées, w", 8", y! et KT. Si nous 
l'intégrons nous trouverons : 


Fear + BV, +7 V n ò! V, + e" Vs, 
Vi, Ya, Va, Va et V; étant des fonctions entièrement connues de ¢ et de Æ7 pen- 


dant que ô” et e” sont deux constantes d'intégration. 
Pour achever de connaître Vil nous restera à déterminer les six constantes 


a", B”, y”, 8", e” et K. Pour cela nous avons six équations ; à savoir, les trois ` 
aes (18), l'équation A = 1 et les deux relations 

dV = dv _ as, 

ae pour p = Po; Ts pour p = pr. E 


Ces six équations ne suffisent pas toutefois pour déterminer complètement ces 
six constantes et en particulier A’. On trouve pour KT une infinité de valeurs 
positives. Nous prendrons la plus petite de ces valeurs que j’appellerai K). 

Je n’ai pas besoin pour mon objet de calculer effectivement K,; il me oa 
de faire observer que c’est une constante numérique. 


Tl vient alors: K= Ky Z 4K, 
| a = (Pro) 
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Il nous reste à chercher le minimum de + correspondant à cette valeur de K. 


Nous trouvons : x s 
s=|3 ~ vy Sa Vip = -S E GF ip = K fy VHip, 
oo BS afartefo-era—f¥ 74 | 
| SEL LV (V—VI(p— pF pa 


Or l'intégrale du second membre ne doit A a changer quand on permute p et tes ; | 
on a donc aussi : 





p=—Kf fr V (V —V')lp — p) dpa, 


"d’où | i K an ale 
Ba ZS [vp A 
Ainsi le minimum de = est égal à 
KK, 

2 ~~ (pi— pa)?” 

Pour une fonction V quelconque on aura donc: 
, Et a E B F 2K. n A 

A a aay P 
Soit à la plus grande distance de deux points de la surface du one solide « envi- 
sagé on aura 2K, : 

2 > FE 


Il est à remarquer que si je n'avais pas joule indiquer somrnairement la manière 
de calculer la constante numérique Æ, j'aurais pu arrivér à la formule (15) en 
quelques lignes par de simples considérations d’homogénéité. 

H suit de là que l'expression (1 1) est toujours plus TR que 





: oo mA 
Par DC ER] pour un solide convexe quelconque on a: 


6K W 
1, > E, 


K, désignant une constante numérique, W le volume du corps, et À la plus Drm 
distance de deux points de la surface du corps. 
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Cela posé passons à un solide quelconque ; on peut le décomposer en n — 1 
solides partiels convexes. On calculera pour chacun de ces solides le rapport 


24 ; imaginons que pour tous ces solides ¥ soit plus grand que a; on aura pour 


le solide total h> 6K, 7 
an 

Or nous pouvons prendre n assez grand et choisir nos n — 1 solides partiels 
de telle sorte que la quantité que nous venons d'appeler a soit aussi grande que . 
l’on veut. o 

Donc &, sera également aussi grand que l’on voudra. 

Donc pour un solide quelconque k, croît indéfiniment avec n. 

Nous avons démontré ce théorème dans le cas où A= 0; cela doit suffire; 
car k, est croissant avec A; le théorème peut donc être regardé comme démontré 
„pour toutes les valeurs positives de 4. 

l Je ne veux pas quitter ce sujet sans avoir ir indiqué un moyen de calculer une 
limite supérieure de &, . 


Posons  ' Fook, + 08, +... Ra l 
F,, F,...., #, Étant des fonctions données et a4, &,....,a, des coefficients ` 
indéterminés. | 


Les deux intégrales : 


B=} fra + f[(42)+ +) + (a Jae, A=f Für, 


seront des formes quadratiques dépendant des n paramètres aj, ay, ....,&@n. 
Formons la forme quadratique : 
B—iA 


où A est un nouveau coefficient indéterminé, . VE 

Ecrivons que le discriminant de la forme B — 24 est nul; nous obtiendrons 
une équation algébrique d’ordre n en A; il est aisé d'établir que cette équation 
a toutes ces racines réelles (parce que les deux formes B et A sont définies posi- 
tives; il suffirait d’ailleurs que l’une d’elles le fût. Mais de ce que les deux 
formes sont toutes deux définies positives, il ut que les racines sont non- 
seulement réelles, mais positives). 

Soient ns AA EN A, 
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ces n racines rangées par ordre de grandeur croissante ; je dis qu'on aura : 
A > fy, ‘Aa > Is, Ag > fgs oe ey Ra D ln. 5 
En effet la plus petite valeur que puisse prendre le rapport -7 x quand on fait . 


varier les a doit être plus grande que k,. Or cette plus petite 7e est Mai on 
a donc i . A> ky. 


En vertu de la théorie des formes quadratiques, la forme A peut être décomposée 


enn carrés. et g'écrire : 
_ASBEF BLE... +B, 


Bu B., ...., 8, étant des fonctions linéaires de dir As. west Ane 
dle plus cette décomposition peut étre faite de telle sorte que 


| B = AB? + G+... + pa. 
i Introduisons Conte conditions : | i | 
[EU = f ro... =f U=. (16) 
Le minimum de z en tenant compte des PROS (16), dèvra être plus grand 
que k, 4. | ns: 
Chers ce minimum. Les conditions (16) sont linéaires par Fapport aux: 
.B de sorte qu’on peut les écrire : : 


unb t tabs Koes ine =0, | oe 
aici eel ne /  (16-bis) 


Ce 


Myr + Habs + SAS + UonOn = 0. 

Soit 4 le minimum cherché du rapport -7 tam On voit par des calculs qu'il est 
inutile de reproduire ici que ce minimum qui nous est donné par FRE 
suivante, pont) je vais expliquer la signification : | | ; i 
| STI (A— Ay) = 0. fn. - (17) 
I (A — A) sera le prodit de n —p binômes tels que À — Ay. Supprimons dang 
les équations (16 bis) tous les 8, qui ont même indice que les À, qui entrent dans 
le produit TI (A — 2); nous appellerons H le déterminant des équations linéaires 
_ ainsi obtenues. Enfin la sommation indiquée par le signe > ost étendue à toutes 

les combinaisons des n quantités a, prises n — P à n— p. 
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On voit qu’en substituant dans l'équation (17 ) successivement 
—®, Ay Agr ee es An: + © 


on obtient au moins p changements de signe. Par conséquent la plus petite 
racine de l’équation (17) sera au plus égale à 4,,.. On a donc: 


Apr >> hp 4.1: | 7 0. Q. F. D. 


Je termine ce paragraphe en donnant une nouvelle manière de calculer une 
limite supérieure de % pour 4 = 0. 

Soient f, g, h trois fonctions quelconques assujetties à la ndoi suivante : 

À la surface du corps on aura: 


A (13). 


a, B, y Tican les trois cosinus directeurs de la normale à cette surface. 
De plus nous assujettirons nos trois fonctions à la condition 


a= fP ++ id=. O a 


OOO 


aura évidemment un minimum. Cherchons ce minimum. Posons: 


Y, d , dh 
taa ta ae a 





Nous trouverons, par le calcul des variations : 

adf+ Big+ydh=0 (àla surface du corps) (18 bis) 

SA = f SS + dg + hah) dr = 0, 

a | dg dN gy 
na Ga yt ea =0. 
L'intégration par parties donne : | | 
do 
1 spa f'o laf + 689 +73) do “ya +4 bgt ah) dr, 

ou en vertu (18 bis) 


Bal (Se i+ 589 à D y ae =o. 


et 


o 


262 Poincaré: Sur Les > Equations aux Dérivées 
Pour que 6B soit nul toutes les fois que 3A est nul, il faat donc que ae ait: 
if + = = 0, ig + F=0, mtg = : % (20) 


k étant une constante qu’il reste à déterminer. 
Des équations (20) on tire par différentiation et addition : 
A6+40=0 oo 


-et l'équation (18) devient: dð 


P 


Cela montre que 6 est l’une des fonctions 7 que nous avons définies plus haut ; 
ce ne peut être que Uz; on a k= k, et pour 0 = U, on trouve : 


[oa af Ode 
eer T5: (G2) + GR i A i 


Pour des fonctions f, J, h quelconques on aura done 


Ate 





Fo, 


d'où la règle suivante. 
On prend trois fonctions queleonanes J, g, h assujetties à la condition (18). 


(La condition (19) devient inutile dès qu’ on considère le rapport +). Le 


ame Seg Bye 


mere 


est plus grand que 4,. © . 
_ $3.—Lois du “Refroidissement. | 


Soit V la température d’un point du corps solide; V sera une fonction de 
x, y,zetdet. Cette température devra satisfaire aux deux équations suivantes : 


` A l'intérieur du corps: (1) SY = «AV. 


_ À la surface da corps: (2) T +AV=0. 
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La température est donnée arbitrairement à l’époque initiale ¿= 0. Il peut 
donc se faire qu’à cette époque t= 0, l'équation (2) ne soit pas satisfaite ; mais 
elle devra l'être pour toute époque postérieure ¢>>0. C'est là une première 
anomalie qui vaut la peine d’être remarquée. š 

En voici une seconde: V ne peut pas en général être développée suivant 

les puissances croissantes de ¢. Supposons en effet que cela soit possible; 
 qu’arrivera-t-il? Soit V, la valeur de V pour t= 0. On aura pour t = 0: 


dv _ 2 PY 3 av _ 4 
-y = SAW, a = CAG = AAV, 
: ` ey 
ou ; ; TE = ENV 


en convenant de poser 7 f | 
AV = A (Ay). . 
On aura ainsi en général: 


TE —- qr A’ y ; 
de sorte que si le développement était possible, il viendrait: 


ab | 
1.2.8 0 





V=V,+ tAn + E AT, + 


Il résulterait de Ià que la température en un point donné et à un instant donné 
ne dépendrait plus que de la valeur de V, et de ses dérivées en ce point. La 
forme du corps solide n'interviendrait en aucune façon. Cela est absurde. 

Pour mieux faire comprendre ces anomaliés, nous allons envisager un cas ` 
particulier. Imaginons que le solide devienne un mur indéfini compris entre les 
deux plans DER. 

Supposons que les deux plans «= ;Æ x qui limitent le mur soient impermé- 
ables à la chaleur ce qui revient à supposer A = 0. 

. Supposons de plus qu’à l’époque ¿== 0; la température initiale V, ne dépende 
que de x et ne change pas quand on change œ en — x. 

Ces propriétés subsisteront évidemment à une époque quelconque. V sera 
fonction de x et de ¢ seulement-et ne changera pas quand on changera x en —x. 

Dans ces conditions on peut poser: | | 


V = 34, (6) cos mo. 
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Nous aurons alors AVS = Su (6) cos ma, | 
| EE = Soh (0 cos më. 
ei ; 7 ` 44 | | i 
: a Gane Péquation dv = AV 


dt . 


“nous faisons a? = 1 pour simplifier il vient: 

Ph (0 + m% (0) = 0 
+ d'où | Gp (t) = Ane 

et enfin | V= 34,67" cos ma. 


. Donnons-nous la température V, à l'instant initial ¿= 0. V, pourra toujours 
être développée par la série de Fourier sous la forme: ; | 


= ZA, cos ma. 


La série dü of membre 3A, cos mx est ds convergente, mais la conver- 
gence peut n'être pas. absolue, Á . - ; 
En vertu d’un théorème d’Abel, si l'on send 


| V=XA ge "coma ` o a (3) 
on aura quand ¢ tendrà vers 0 | 
; . lim V= V 


L' ns (3) nous fournit donc la solution du problème. 
| Tl semble que la condition A= 0 n'ait joué auéun rôle dans ce calcul ce 
n'est là qu’une apparence à la quelle‘il ne faut pas se tromper. 2 
Nous pouvons, il ést vrai, dans tous les cas SPORSIVICS, développer. V par la 
série de Fourier, et écrire : 


Ne EPn (t) cos mr. 
Mais pour que nous ayons le anon d’en conclure ` 


PY 
d ~~ 


il faut que la série (et d’ailleurs il suffit) 
. Emig,, (t) cos mx ` 


ren pn (£) cos ma 


soit convergente. 
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Pour cela il suffit que l’on puisse trouver un nombre Æ tel que 
| K 
| mbm (t) | <r 


ou K | 

lon (I <= (4) 

. D'après un théorème que j'ai démontré dans le Tome III du Bulletin Astro- 
nomique (Sur un moyen d'augmenter la convergence des séries trigonométriques) 
la condition (4) équivaut à la suivante ; la fonction représentée par la série 


f(x) = Sn COB me 
- devra être continue ainsi que ses trois premières dérivées. Or cette fonction est 
égale à Ventre les limites — x et + x; si on est en dehors de ces limites on a: 


fe) = Vhè + 2pz), 


p étant un entier positif ou négatif choisi de telle sorte que æ + 2px soit compris 
entre — n et +a. 

Comme Vest continue ainsi que TR ses dérivées, il.ne peut y avoir de 
discontinuité qu'aux deux limites œ == + x. Si donc nous désignons pour un 
instant par V’, V", etc. les dérivées successives de V par rapport à æ, on devra 


avoir: -© VF (=V (~), | (5) 
Ve Vi EE a, . (6) 
V" (x)= V" (— x), (7) 
V" (xt) = V" (— n). | (8) 


_ La fonction V étant paire les conditions (5) et (7) sont remplies d'elles-mêmes. 
D'autre part. V’ et V" sont des fonctions impaires de sorte qu’on doit avoir: 


Vi@=—Vi(—a), Ve V" (— n) 
et que les conditions (6) et (8) peuvent s'écrire : 
Vi (n) = V" (x) = 0, 
c'est-à-dire que pou æ= n on devra avoir: 


CLAMART : (9) 


. d da 
Sih=0, on doit avoir pour y= 7: . 
re 


dn de 
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Cette condition ayant lieu, quel que soit ¢ on aura: 


Les conditions (9) sont donc remplies, et notre calcul est légitime, mais seulement . 
dans le cas de h= 0. a! 8 eS 
. Cela posé considérons la série : | 
: l Vo = EAn cos mx. 
_En général la série : | EmA, cos mx 
-ne sera. pas convergente de sorte qu’on ne pourra pas écrire : 


Tisi Em An cos mx. 





-Iren résulte qu’on n'aura pas en général: 


1 | lim av= AP, eu quand t tend vers 0 
et qu’on n’aura pas non plus: © pi : 
~ ae _ Jim ae = AV, m: AE stead vers 0. 


C'est ce qui explique pourquoi le développement suivant les puissances de ¢ 
est généralement impossible: 
Revenons maintenant au cas général : 


PNS SK HP 0, 


ou en différentiant par rapport à t: 


| ‘dtdn “dt 
One, s à a tA hAV=0 
n 


En différentiant p fois on trouverait de : même 


AT na 70. 


Pour que le développement suivant les puissances do t P EDO il faut 
évidemment que l’on ait: | 
ae 


K 





Aa 0 Das mi) 
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Ces conditions, en nombre infini, sont nécessaires ; j'ignore si elles sont suffisantes 
quoique cela puisse sembler probable. Je n’insiste d’ailleurs sur tous ces points 
que pour mieux montrer avec quelles précautions il faut toucher aux équations 
aux dérivées partielles. 
Passons maintenant à l'exposé des lois générales du refroidissement. 
Considérons d’abord l'intégrale suivante : 


A= S Vide. 
Je dis que cette intégrale ira toujours en diminuant ; nous trouvons en effet : 


=a fret dr = 202 | VA Var. 


Il vient ensuite: 


rave = fr T do to— Se) + + (= ry (ya 


ou en seu de l'équation (2) 


ff 1avin=— af ri fs( Pasai 


et par conséquent: E E 


-E | €. Q. F. D. 
Je dis maintenant que si À n'est pas nul, S V'dr tend vers 0 quand # croît 
indéfiniment. On a en effet B 
Gok 
d'où dA "T 


ou en appelant 4, j valeur de A pour t= h, 





A < Aye Hi, 
Si À n’est pas nul, Æ n’est pas nul non plus, et l’on a: 
lim A = 0 pour ¢ = œ C. Q. F. D. 
Je dis maintenant que le rapport 4 va biens en diminuant : 
Il vient en effet:  d ON e 
dt A'dt 


356 
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de sorte qu’il s’agit de démontrer l'inégalité suivante :, 
| dB. „dA 
A — BI <0. 


. N ous devons donc d’abord: calculer 48B , il viendra : 


dé 
| Ba 4 frava=- pane frig 
L'équation (1) nous permet.donc d'écrire : 


sof (aa — TEZCAN 


Or si Vet U sont deux fonctions dotistaisant à la surface do corps a Véquation 
(2) le thgoneos de Green nous apprend que 
J (VAU— UAV) dr = 0. 
Mais Vet AV satisfont à l'équation (2). On a done 
7 rave [are 
et par conséquent : 2- i 2 f'(AVydr 


+ e 


. ce qui montre déjà que B est dune 


Nous pouvons écrire (en appelant dr’ un élément de volume du corps autre 
que dv et désignant par P” la valeur de Vau centre de l'élément de) 


isaf yarar; a =n farye 
et par conséquent: : | 
APR — 2a [Sra feras frare f vara] 
om aB 2 pA 2 f f[(vary— VP'A PAP] drr, 


Comme rien ne distingue dr de dr’, nous pouvons écrire également : 
| dB dA ng | | 
Ao B= 2 f [Vary — VV'A VAT] drdr, 


i 
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d’où ajoutant les deux valeurs de A = — B = et divisant par 2, 


dB dA | | a 
| AB = ef fIVAT-vav dr dee 
d’où 


dB dA jog 
A — Be <0. C. Q. F. D. 
Nous avons vu plus haut que l’on a: 
AL Aye tht 
cette inégalité peut dans certains cas étre remplacée par une autre. Supposons 
ue l'on ait: iS 
L Joe [vo =....= [vu id = 0 
nous aurons d’après définition même des quantités 4, et U,: 
' B 
. À > ka 
il viendra donc: . a = — WB < 20h, A 
et aa. AL Age ht, 
Etudions maintenant les variations de l'intégrale: . 
= f VU nde. 
Il vient : dy __ os 
aa f U,AVar. 


‘Le théorème-de Green donne: 


f(a 12) do= f (T.AV—VaAU,) ae. 





d 


En vertu des égalités 
av 


dU, ete 
» me rt hun = 0 
le premier membre est nul; on a done: 
_ [UAVde = f VAT ae = — kn f VU de = — heh, 


d’où fe dJ, 


Re ns (UÈ 
er a fenda 
et J, = Je hé. 


J, représentant la valeur de l'intégrale J, pour ¢= 0. 
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Etüdions encore les variations de Vintégrale | 
| H= J Vad 
où y représente la E à Vinstant tet V, la température à l'instant | 


A—t. I] vient: 


Baa f (MAR PAP) de 


or en vertu du théorème de Green et des oe ` 





da T AV, = =0. 
` le second membre est nul. Donc ‘Hest une constante qui ne dépend que de 4. 
Si nous faisons mate À 
il vient: =. 
et ` H= S Vidr > 0. 


Si donc V, et V, représentent les températures à deux instants quelconques, 
l'intégral 4 wo <8 D 
intégrale | | f% Vide : 
sera toujours positive. l ; 
Nous avons vu plus haut que l'intégrale 


__ Îr& 
considérée comme fonction du temps va toujours en décroissant. 
Dane H qui si l'on fait #== ee réduit à | 
J Yas 
sera une fonction décroissarite de À. | 


Or nous trouvons : 


a = ef rar <o. 


- Nous trouvons de même 


Java =f Vavo 
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Si done V; et V, représentent les températures à deux instants quelconques, 


‘ l'intégrale ` 
intégrale [TAa 


sera toujours négative. 

: Arrivons maintenant au problème principal; étant donnée la température 
_ au temps ¢= 0, trouver la température à un instant quelconque. | 
Soit V, la température à l'instant ¿= 0. | 
La solution classique consisterait en ceci: 
Développer V, en une série de la forme suivante :. 


Vo = AU + A+... H AU, +. 


les À étant des constantes. | 
l On aura ensuite à un instant quelconque: 
F= e met LR + Age’ Du PA +. . + À, RME +, 
Cette solution est subordonnée à la possibilité du développement, et c’est cette 
possibilité que nous ne sommes pas encore en mesure de démontrer d’une 
. manière générale. 


. Voici toutefois ce que nous pouvons dire. 
Soient Ai, Ag,...., À, des coefficients quelconques; posons: 


T,= AU + Apt +... H Ap Un + By 


et proposons-nous de déterminer les coefficients A de telle fagon que Benue 
moyenne commise soit minimum. 

Nous prendrons, à l'exemple de M. Tchebicheff, pour mesure de l'erreur 
moyenne commise l'intégrale suivante : 


y= f Rider. 
Omaro done le minimum de l'intégrale 
f(reAu-AG-uaS Au 
Cette intégrale sera minimum quand on aura: 


STT 4, U,)de= 


272. | Pond: Sir les. Equations aux Dries 
‘ou (puisque nous avons par définition 


for, S¥0,de = 7) 
“quand on aura : | a 4= = dé. | 
. Nous sommes donc conduits à écrire : | 
PE RD I+. HRT + By 


Il résulte de la que Verreur moyenne commise S va en dinuman quand n 
augmente, mais-non que cette. erreur moyenne tende vers 0 quand n croît au 
delà de toute limite. D'ailleurs & pourrait tendre vers 0 sans que KR, tendit 
vers 0. | 

SOE ou à toutefois V, p Par sa valeur pos 


p=n 


DE 
1. p= 
Nous en déduirons ` 254 nn 
a | v= See, = > IU 
pel ae 


nous rappelons que nous avons posé 


Joy = J, hee 
. Posons donc: V=, +7,0, +. LIU, Le 


et prenons pour mesure de l'erreur moyenne commise : 


Saf Rae, 


je me propose de démontrer que l’on peut prendre n assez grand pour que 

Verreur moyenne S commise sur la température à un instant donné soit aussi 
petite qu’on le veut. 

| En effet R satisfait aux éditions 


A O Badak, i=. 
© Si done la témpératüre initiale était i Ho, la température à un ant ultérieur 
serait représentée par À. | , | 
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De plus on a, comme il est aisé de le vérifier : 
[Roa =f Ride=....=f RU dr =0. 


Donc d’aprés un lemme que nous avons démontré plus haut, on aura: 
S< TE, 


Or quand v croît au delà de toute limite, &, décroît (sans que nous sachions 
s’il tend vers 0), 4,4, croît au delà de toute limite et l’exponentielle “+ tend 
vers 0. Donc S'tend vers 0. , C Q. F. D. 
Nous avons donc démontré que l'erreur moyenne S§ tend vers 0, mais non 
que Fè tend vers 0. Cela peut toutefois nous suffire pour le moment. En effet 
comment pourrait-il arriver que $ tendit vers 0 sans qu’il en fût de même de R? 
Il faudrait pour cela que la valeur de K subit des oscillations d'autant plus rapides 
que n serait plus grand, de telle façon que pour n très grand, À prendrait en des 
points très rapprochés des valeurs très différentes. Aucun physicien ne doutera 
que si un pareil état de choses existait à l'instant initial, il ne saurait subsister. 
C’est ce qui m'engage à me contenter pour le moment des considérations qui 
précèdent. . 
Je terminerai ce paragraphe par la remarque suivante : 
Si V, est partout positif, V sera aussi positif pour toutes les valeurs de ¢ et 
pour tous les points du corps. Or quand ¢ croît indéfiniment, le rapport: 
V 
| AU, 
tend vers l’unité. l | 
Donc U, doit être une fonction qui est positive en tous les points du corps. 


L'égalité J U,U,d¢ = 0 (n > 1) 


montre que la fonction U, est la seule des fonctions U, qui jouisse de cette pro- 
priété. 


$4— Propriétés des Fonctions U,. 


Reprenons la fonction U, définie par les équations : 


aU, Jy) EPS 
AU, +k, U= 0, G+RD,=0, f Uidr=1. 
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Ouen supprimant les indices qui-nous sont inutiles pour le moment : 
AU+hU=0, S+hu=0, JT. 
Soit T une fonction satisfaisant comme U a non 
AT+ kT= ( 
Si T est finie et continue ainsi que ses dérivées à l'intérieur du corps, on aura 
Liar AUN | 
T m JTE -15,) w= 
. ou’ “4 dT E 
2 | SOG +i) do=0, 
_ les intégrales étant étendues à la surface du corps. 


Supposons maintenant que la fonction 7 ne soit plus finie à Pintérieur du ` 
corps qu'elle devienne infinie au point (a, Yo, z) situé à l’intérieur du corps; 


mais de telle façon que la différence T.— a (où r désigne la distance dés ‘deux 
points æ, y, z et lor Yos &) reste finie ainsi que ses dérivées. | 


On aura alors : JTE T 15) a= _ sO", 


o° désignant la valeur de U au point æo, yo, 2° Oest « ce que j'ai déjà exposé à 
propos de la Diffraction dans ma Théorie Mathématique de la Lumière. 


In vient donc:. af 
| SO (Ge HED) do = — an 
Soit maintenant: ` a=V/k 


. * 7 ` tar” a Pi PA: 
et | | T= iis a 


r désignant encore la distance du dois mobile a, y z au point fixe 2, Yor o. 
On aura alors : e -+ AT) do = 0 ou — ant, 


selon que le sin Xo, Yo: % est extérieur ou intérieur au corps. 
_ On a d’ailleurs dans ce cas: | 


Lo (6-2), nr 
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a étant l’angle de la normale à la surface du corps au point æ, y, z avec la droite 
‘qui joint ce point au point fixe ay, yy, Z- 
. Nous poserons pour abréger 


et nous regarderons H soit comme fonction de r et de ` 
rcosŸ = ë 
soit comme fonction de æ, y, z et de a, Yos Zo». 
On aura alors: 
r cos p= A (x — w) + u (Yo — y) +v (a — 2), 
À, l, y désignant les trois cosinus directeurs de la normale à la surface du corps. 


On en déduit : dH dH mn—s dH 
da a 7 | ae 





On a ensuite si le point %, Yo, % est intérieur au corps: 


units au _,—1 fax 
i= An HUdo, ae 4x dm Udo. 

Cela va nous permettre de trouver une limite supérieure de U, et de ses dérivées. 

Soit en effet À la plus grande valeur que puisse prendre | U| à la surface 


du corps, on aura évidemment : 
A dU, 
|< Z| Aldo, E 


Les deux intégrales qui entrent dans ces deux inégalités 


f Eld T- 


se calculent aisément quand on connaît la forme de la surface du corps et le 
nombre positif #. Elles ne dépendent que de æo, Yo, Zo. 

Quant au coefficient A, nous n’avons jusqu’à présent aucun moyen de le 
déterminér. NN 





<á | Ea. 


da 





Commengons par étudier les variations de la premiére intégrale S |H] do. | 


_ Cette intégrale est évidemment finie tant que le point a, Yo, & reste inté- 
rieur au corps. On a en effet: 


1 h 
36 - IE Re 


"276 Poroart: Sur les Equations aux Dérivées 


de sorte qu'il viendra : 
| fima<s(%- + An aS 


S désignant la surface totalé du corps et p la plie courte distance du point 
Los Yo: % à cette surface. Je dis maintenant que notre intégrale tendra encore 
vers une limite finie quand le: point Los Yo, % 8e rapprochera indéfiniment de cette 
surface. | | 

Posons en effet : H= Le = sade IA. 


H, sera une fonction qui ne deviendra pas infinie même quand: r s'annulera. 
Nous trouvons en effet : 


m= 8 fiarei — der +17 + Rey, 





r ar 

2| sin © 
far __ 7 iat iar qfar 1 
am = Les les = 


r r 








Ke 
et enfin: | |< ha + 40, 

“ONE ide <tas + sats nf 2 pos 
Il est aisé de voir que quand le point wo. Yos % Se rapproche indéfiniment de la | 


. surface du corps, les intégrales S do lcos +] et ui Je os tendent vers des 


limites finies. 
Si d'abord le corps est convexe, de telle facon qu’une droite ne puisse couper 


ga, surface en plus de deux points; cos 4 est positif et l’on a: 


ae cos Ÿ do = f do = 4n. 


Si le corps nost pas convexe, et qu’une droite puisse rencontrer sa surface en n 
oints on. aura: 
P | Je do < 4(n— 1)x 


car l'intégrale s'obtient en décrivant du point a, Yo, 2 comme centre une P 
de rayon 1 eten faisant la perspective de la surface du corps sur la surface de 
cette sphère, le centre de la dite sphère étant pris comme centre de la perspective. 
Un point de la sphère sera alors au plus la perspéctive de n— 1 points de la 
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. surface du corps; de sorte que la somme arithmétique des aires des perspectives 
des divers éléments de cette surface sera au plus égale à n — 1 fois la surface de 


la sphère. Or cette somme arithmétique est précisément l'intégrale, Je | cos | da. 





La somme algébrique serait l'intégrale S ee as. 


Ainsi f E dw tend vers une limite finie; il reste à démontrer qu’il en 
est de même de f da 


` Or cette intégrale représente le potentiel d’une couche uniforme de matière 
répandue à la surface du corps, et l’on sait que ce potentiel est fini. 
Si nous passons maintenant à l'inégalité: 


gc af E 


elle nous permet de démontrer qu’à l'intérieur du corps les dérivées premières (et 
‘on le démontrerait de la même façon pour les dérivées d’ordre supérieure) de la 
fonction U, restent finies; mais elle ne nous permet pas de voir si ces dérivées 
tendent vers une limite finie quand le point a, Yo, % se rapproche indéfiniment 
de la surface du corps. 

Nous allons maintenant chercher à obtenir une limite supérieure au coef” 
cient A. 

Pour cela il nous faut démontrer que U est une fonction continue. 

Cela est évident pour les points situés à l'intérieur du corps puisque nous 
venons de voir qui en ces points on peut trouver une limite supérieure des dérivées 
. de U. 

Il reste à démontrer que U est encore une fonction continue sur la surface - 
du corps, et pour cela il nous faut une expression de U, quand le point a, Yos % 
est sur cette surface. 

Nous avons trouvé plus haut 


v 





J Uda =0 ou — 420, 


selon que le point &, %, % est extérieur ou intérieur du corps. 
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En vertu des mêmes principes, on aura 


J'Urüo = — an, 
si le ponit Zos Yor % Ost sur la surface même du corps. 
Si aj, yi, zi est un autre point situé également sur la surface du corps et si ` 
H et Uj sont deux. fonctions formées avec le point æi, y}, #4 comme Het U le 
‘sont avec le point x, Yẹ, %; il viendra : | 


J'TE — Hd RTE D) 


pou LU — |< Af | 2B do. 


Il nous reste à établir ae 7 fiz- H'|do 


tend vers 0 quand le point æ, yj, z4 se rapproche indéfiniment du apom Zor Yor Zye 
Remarquons d’abord que nous pouvons poser : 


-. H, a même signification que. plus haut; Hi est formé avec le point a}, yf, zl 

comme À avec le point a, Yo, %; 7 désigne la distenge du point æi, 44, 2 au 

‘point a, y, et angle Ÿ est.défini avec le point a » Yor # comme langle 4 avec 

le point 2, Yo; Zo. | | | 
On a donc: 


Jie-méef|2 3 do + fe cos à ess Eds. 


L suffit donc de démontrer qùe les trois- intégrales | 


— -3| do, S 5 aa finn 


tendent vers 0 quand les deux points se rapprochent indéfiniment. Cela est 
évident pour la troisième ; car H; est une fonction continue et finie de os Yo Ob zy. 
Démontrons-le maintenant pour la première. — 














Décomposons la surface § du corpa en deux ee g eto’; et supposons - 


que les deux points zp, Yo, % et 2%, Yo, & appartiennent à la région ©. 
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Je dis que je pourrai prendre ces deux points assez rapprochés pour que 


1 


Fa 


r 


do <e. 














Tout d’abord nous savons que les deux intégrales 
do do 
Perd 
sont finies et déterminées. Il en résulte que nous pourrons prendre la région o 


assez petite pour que : z z 
[a] E E 
da 


quelle que soit la position du point x}, y4, zi dans cette région o d’où: 


J 


La région ø doit désormais être regardée comme entièrement déterminée, 
mais nous pouvons encore faire varier dans cette région le point 2, yl, z}. 
Si maintenant 7 désigne la distance du point af, yj, 2 à 


1 


r 


1 2e 
ms, 








à un point x, y, 2 
‘ 1 ; ; ‘ . 
quelconque de la région 6’; 77 sera une fonction finie et continue de xj, y, zá et 
; pi 1 l 
cette fonction tendra uniformément vers Fa quand xi, yj, zi tendront vers a, Yo, Zo 


Cela sera vrai tant que le point x, y, z restera sur la région o’, puisque les points 
Dos Yos Za Ct x, Yo, % n'appartiennent pas à cette région. 
On pourra donc prendre le point æl, y4, #4 assez voisin du point 2, Yo, % 








_ pour que 1 E 
: J. por ge | rg: 
et par conséquent : - -få 1 
par conséquen J 1 5 | do de C. Q. F. D. 





On établirait de la même manière que 
+ cosy gor ad oe | 
lim f | 25% do <0. 


On a donc: lim f | H#— H"| do = 0 lim | V — Uy |= 0 





ce qui signifie que la fonction U est continue à la surface du corps. 
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-Cette. démonstration me montre toutefois. qu’une chose, c'est que Ul tend 
vers Uo, ques le point a, Yo % appartient à la surface du corps et. que le point 
-Xis Yor s'en rapproche en restant lui-même sur la-surface du corps. Elle ñe 


`. nous apprend rien sur ce qui arrive quand le point æ, yj, # ‘est intérieur au 


- corps et se rapproche de a, Yo, % soit normalement, soit obliquement à la surface 
du cores On pourras observer toutefois que. | 
dU 
an aa 4 4 k r 
étant fini, U{ doit tendre vers U, quand la droite qui joint les deux points est 
normale à la surface et il serait aisé d’en conclure, par un petit raisonnement 
très simple, qu'il en est encore de même quand cette droite est oblique. | 
| Mais cela ne saurait nous suffire, parce que nous avons besoin pour notre 
objet d’assigner une limite supérieure-de | Uj — Ug]. 
Si comme nous le supposons le point Tor Yor %-est sur la siete du corps et 
le point Lh, Yi, & À Vintérieur, on aura: 


f EUa ae — 40 Th, 
| E [Ev= — an} | 
Por f(a— By Udo — nT, = — an (D, 02 
Nous.avons donc: 
— 4a (U, — u= nfa) Udo | 
| +J er vo + f (GES cera 


Tl nous faut démontrer que les trois intégrales du 2* membre tendent EE 
ment vers 0, 0 et 2x U, quand le point os Yo, % 8e rapproche indéfiniment du 


point To Yor Zo: 
Ooie Ja Hi!) rae) <a fm H!|do 


- et on verrait comme plus si que 


“tim f(m ido = 0. 
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nE n’y aurait rien à daa à la démonstration que nous avons donnée dans le 
cas qui précède. 
De même on a: 


f (4 a Uae 








fe 


et ds. 








Ici encore il n’y a rien à changer à la démonstration que nous avons donnée dans 
le cas précédent. 
Il reste à établir que: 


lim f = e cos) Udo = 270. 


Décomposons la surface S du corps en deux régions g et.o! et supposons encore 
que le point £y, Yos % soit situé dans la région g; il viendra: 


[Ges cost) Udo = cos) Udo 
g ae note Ddo + LS) Udo. (2) 


Je dis que je puis prendre le point: aj, y4, z assez voisin de x, Yo, % pour que la 
différence de 2%U, et du premier membre de l'identité (2) soit plus petite en 
valeur absolue que e. 

En premier lieu, la fonction U étant continue à la surface du corps, nous 
pourrons prendre la région o assez petite pour que sur cette région on ait: 


¢ étant une quantité aussi petite que l’on veut. Il vient alors: 


ies U- U,) do <i f |e 8 | do 
Or nous venons de trouver 
J cos 
g7? 
n étant le nombre maximum des intersections d’une droite avec la surface du 
Corps. 





























282 .  Poroanf: Sur Tes Equations aux Dérivées 


Il vient donc: 








cor, y Maksi ies Da << £ 
Car, ¢ étant aussi petit que je veux, je puis FOR prendre Š 


t< 24 = 1)x° 


La région o doit être regardée Aaa coenae E N détérminée, mais 
je puis encore faire varier le point x; y4; 4 | | 
Nous voyons d’abord que le point à, Yo, % ne faisant pas partie de la région 


Ha > lim f | 228 


_ de sorte qu’on peut Fai le point ah, ji a assez voisin du point do, Yo: % pour 


que: . . | Í 


et par conséquent pi que: 





cos 4 Ela 0, 











cos y 5% | do € 5 


Fe 











KE “omy ai) ct. 


| D'autre part l'intégrale | fes d 


Log do 





réprésente l'angle solide « sous lequel on voit le contour de la région o du point’ 


xh, y), %, et l'intégrale 
f- cos y do 
a 7 





ent l'angle solide sous lequel on voit le même contour da point £o, Yos Z% 
Il en Fe que : 





lim poe = JET do + 2x. 


On peut donc prendre le soit at, Yi, zi assez voisin de ay, Yos Zo pour que ` 


hese o =a ai 
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ou: 


= cosy cos sy 








Udo — 20| < £. 
fes ha 0. Q. F. D. 


. Voici le résumé de cette longue discussion. 
Soient x, Yos 2} Xa, Yoo 2 deux points situés soit à l’intérieur du corps, soit 
à sa surface. Soient U, et Uj les valeurs de U-en ces deux points; on aura: 


10, — Ui < 48, 


Il vient alors — 











À étant la plus grande valeur de | U| à la surface du corps; quant à 6 ce sera 
une fonction de x, Yo, Zo, Xd; Yh, % que l’on. pourra déterminer complètement à 
l’aide des considérations qui précèdent quand on connaîtra la forme du corps. 
Ces considérations nous fournissent en effet une limite supérieure de | U,— U| 
pulegy eles nous montrent comment on doit choisir les deux points a, Yo, yy 
Xo, Yo, % pour que | Up — Us| soit plus petit que e. _ j 

Je n’attirerai l'attention que sur deux des propriétés de la foncio 0. ` Elle 
est essentiellement positive et elle tend uniformément vers 0 imag le point | 
æl; y),-2) se rapproche indéfiniment du point a, Yo, % 

Regardons d’abord le point a, Yo, % comme fixe et situé sur la surface du 
corps et faisons varier le. point: a}, yj, %. Nous pourrons diviser le volume du 
corps en deux régions que nous appellerons R et # et que nous définirons 
comme il suit: 


Es le point xl, Yor % 2 sera dans la région # on aura: 
0< 1. 
Quand ce point sera dans la région Æ on aura: 
| >i. | 
7 région À existe certainement et son volume ne peut être nul, puisque 9 est - 


très voisin, de 0 quand le point aj, yj, % est très voisin de 2%, Yo, % 


Si nous supposons en particulier que le point £o, Yos % soit celui des points 
de la surface du corps où | U| atteint sa valeur maximum 4; on aura: 


[U1>A4(—6) 


tant que le point Cir Yds % a restera à l’intérieur de la région R. 
37 
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Soit de! l'élément de volume du corps dont le centre de gravité or yi, % 
On aura: - 7 Jura =1, 

Vintégrale étant étendue au corps tout entier ; et par conséquent 


Jura <1, 


l'intégrale étant étendue -o la région R. On en déduit: 


Le Oda! < l; 


Cette INT est vraie pourvu que lon ait choisi pour le point Zos Yor % celui 
des points de la surface du corps pour lequel 


{0 =4. 


-Malheureusement nous ne savons pas quel est celui des points de la surface pour i 
lequel cela a lieu. Mais nous pouvons tourner la difficulté dé la façon suivante. 


L'intégrale f 
(1 — fdr 


peut être calculée dès que Jion connaît la forme du corps et le point Los Yo: Zp 
©. C'est done une fonction de a, Yo. %- Cette fonction ne peut jamais s’annuler. 
Elle aura done un minimum M que l’on pourra déterminer. dès qu’on connaîtra 


la forme du corps. Il vient ainsi i 


| ÆM<1 
d’où > 1 
A < VU . 
Ainsi nous pouvons déterminer une limite supérieure du coefficient À et par 


conséquent une limite supérieure des dérivées d'ordre quelconque de. U en un 
point quelconque de l'intérieur du corps. 


E —Retour ù P Hypothèse moléculaire. 


Daus les raisonnements qui remplissent ly trois paragraphes précédents, il 


| yaw point faible que j'ai déjà signalé plus haut. 


Après avoir montré qu'une certaine intégrale ne pouvait. pes vannuler, nous 
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en avons conclu que- cette intégrale devait avoir un minimum, et nous avons 
déterminé la fonction U qui correspond à ce minimum par le calcul des varia- 
tions. Or cette application n’edt été légitime que si nous avions démontré 
d’avanee la continuité de cette fonction U. (C’est d’ailleurs la même objection: 
qui empêche de regarder comme rigoureuse la démonstration du principe. de 
Dirichlet par Riemann. 

Il est vrai que dans le § précédent, nous avons trouvé une limite supérieure 
de la dérivée de cette fonction U; mais, si l'on voulait s’en servir pour justifier 
l'emploi du calcul des variations, on commettrait une pétition de principe; tout 
au plus ce résultat peut-il mettre. sur la voie dans: la recherche d’une démonstra- 
tion satisfaisante. 

E faudrait donc, pour obtenir une théorie analytiquement rigoureuse, 
. employer des procédés analogues à ceux qui permettent d'établir le principe de 
Dirichlet et peut être des procédés plus compliqués encore. 

Je ne lai pas fait; mais j'ai pensé qu'il était possible d'obtenir une démon. 
‘stration rigoureuse au point de vue physique de la façon suivante. Au lieu de 
considérer l'équation différentielle de Fourier en elle-même, rappelons-nous 
quelle est sa signification physique et comment on l’a obtenue. 

On considère un cores solide formé d’un très. grand nombre de noie 


Soient M, My, ...., M, 
ces molécules, n est un très grand nombre. Soient 
Va, Vs; SN ae | y, | 


les températures de ces molécules. 
La molécule M, enverra à la molécule M, une quantité de chaleur égale à 


CAUSES 
Cy étant un coefficient indépendant des températures, ne dépendant que de la 


distance des deux molécules; co coefficient est très petit dès que cette distance 
devient sensible. 


En oùtie, cette molécule M more au 1 dehors une | quantité de chaleur 
égale à: . OT, | 


O, étant un coefficient qui n’est sensible que pour les molécules superficielles. ` 
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_ Si nous choisissons l'unité de chaleur de façon que chacune de nos molécules, 
que nous supposons toutes pareilles entre elles ait pour chaleur spécifique l'unité, 
` nous pourrons écrire : 


ax —~V,) + 0,V,=0 ay 


et nous aurons n iion reiia en faisanti=1,2,....,n. © 
' C’est en transformant le système (1) que Fourier est arrivé aux équations 
qui nous ont occupés dans les $$ précédents. Pour cela il passe à la limite, de façon 
à passer des équations aux différences finies aux équations différentielles'et en 
. tenant compte de l’isotropie du corps. Mais si l'étude de ces équations différen- 
tielles nous conduit à une de ces difficultés qui tiennent à la considération de 
l'infini, nous ne devons pas oublier que cette difficulté est factice, puisque au 
point de. vue purement physique, ces équations différentielles ne sont là ‘que | 
pour remplacer des équations aux différences finies qui en diffèrent très peu et 
pour lesquelles cette difficulté n'existe pas. EL y @ donc mere à étudier le 
système (1) en lui-même, 
.Cette étude ne présente aucune difficulté puisqu'il s’agit d’un système 
d'équations. linéaires à coefficients constants. 


Posons done: | en = Ve, 


les U, et a étant des constantes ; i éqüations (1) deviendront : 


aU, = 3 Cu(Di— Tr) + OU. es: 


‘En éliminant les » constantes U: entre ces n equator (2), on arrive à une équa- 
tion de degré n en a que erat 


| F(a)=0. . (8) . 
Soient a, a,...-, a les n racines de l’équation (3); considérons une de ces 


racines que j'appelle ap. Quand dans les équations (2) on fera.a—=a,, ces 
équations deviendront compatibles et on en tirera : 


U = Un U, = Us, DRE Us = Un 
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L'intégrale générale des équations (1) sera alors: 
Vy = Ae Unt A Uzt.. ie ane 
Vi = Aye Og Age Unt oe + A Us 


CR 


Pa Ase Ug Age Tant -o à + A Unas 


AA née A, étant n constantes arbitraires d'intégration. 

On voit déjà par là que-la véritable solution est bien de la forme à laquelle 
nous avions été conduits dans les §§2 et 3. Mais la forme symétrique des équa- 
tions (2) va nous en apprendre d'avantage. La quantité de chaleur envoyée par 
M, à M, doit être égale à celle que reçoit M, de M, on a donc: 


DE + Ow: 
Envisageons done la bise quadratique positive: — 
P(T, Dress D) =E Ou (Vs PP + 207? 
les équations (2) pourront s'écrire: oa | l 
SON UT C . (2bis) ` 
Si nous regardons Ui, Ü,,...., U, comme leg coordonnées d’un point dans 


l’espace à n dimensions, l'équation 
D = A 


-représente un ellipsoïde puisque la forme ® est positive. 

_ Comment devrait-on procéder pour trouver les axes de cet ellipsoide. Il 
faudrait précisément résoudre les équations (2 bis), éliminer les U, entre ces 
équations, ce qui donnerait l'équation (3). 

I résulte de là que l'équation (3) a toutes ses racines réelles et positives. 
Ce résultat est connue de tous sous cette forme pour les ellipsoïdes dans l’espace 
ordinaire à 3 dimensions. Il est vrai encore dans le cas qui nous + OCR comme ` 
nous l'apprend la théorie des formes quadratiques. ; 

En effet la forme. peut être décomposée en une somme de n carrés et nous 
écrirons cette décomposition sous la forme suivante : i 


D = api + ap H ooa + api 
où : | $y = Uni Uy + +. + Upn Un: 


Un Un etc. étant constantes. | 
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Soit maintenant : 


O= U+ U+. weet Ue: 
La théorie des formes quedratiqnes nous apprend que l’on peut choisir la décom- 
‘position de ® de telle sorte que: £ hu 
= Qi ++... +h 

ce qui entraîne les oe . | 

| UA + U EUR Bly a ‘© 

Un Ua + ANNEE Um=0, (pZ). (5) 

Si donc on écrit les n équations. simultanées : 


=h =O (29) © À 


ceg équations admettront pour solution : 


U = Un: U, = Dai iz U, = Uses . . (1) 


Or ces équations (6) entraînent les suivantes : 


_ 1 d dd, _ da p 1 d@ z 
CT dU, = “d0, TIU S a QU, du, = dU, 
d’où : 2 i 
een 


Nous retrouvons les équations (2 bis). Les valeurs (7) des U et la valeur ap de œ 
- nous représentent donc une solution de ces équations (2 bis). | 
Quelle est maintenant la signification de ces nombres œ, &,.... . Sup- 
posons que ces nombres qui sont tous réels-et positifs soient rangés A ‘ordre de 
grandeur croissante. l ` 
Il est clair que a, sera le minimum du rapport: 


D atat.. Hop 
OT prit... ET 





_ Si maintenant on suppose que les n jariablen U ne soient plus Hors, 
mais soient liées par lá relation | 


h=0 Za Sie 
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. On verra que a, sera le minimum du rapport: 


D “agit... tag? 
6+... +e. 





Si les U sont liées par les deux relations ae 
| | $i = $= 0, < (8 bis) l 
q sera le minimum du rapport: 


D atita 
D Gt ER. 








et ainsi de suite." 
L’analogie avec l’analyse du §2 est évidente ; il suffit pour retrouver cette 
analyse de passer à la limite comme l’a fait Fourier. 
Les équations (1) sont analogues aux équations de Fourier :: 


Le = wav, 4 Tr K +avr= De 
Les équations (2) et (2 bis) sont analogues aux een qui définissent les 


fonctions U et qui s'écrivent : | 
 AU+ HU = 0,. oo =o. | - 


Les nombres a sont analogues aux nombres #. 
La forme ® est analogue à l'intégrale que nous avons appelée B dans le §2 
et la forme © à l'intégrale que nous avons appelée À. 
HAUAUOn (4) est analogue à l'équation : 


[Tae 


et l'équation (5) (qui exprime que les axes de notre ellipsoïde sont rectangulaires) | 
à l'équation : ss J U.0,de=0. ` (nZp) 


Il est inutile de pousser plus loin cette comparaison, on comprend suffisamment 
la parfaite identité des raisonnements, bien que ceux-ci soient parfaitement 
rigoureux dans le cas du présent paragraphe, où l'infini n'intervient pas, et qu'ils 
soient au contraire sujets à de graves objections dans le cas du $2. ` 
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Ce n’est pas seulement dans l'étude du problème de Fourier qu’on est con- 
duit à ces -considérations ; on obtiendrait des résultats tout à fait analogues en 
envisageant au même e point de: vue les autres problèmes de Physique Mathé- 
` matique. : 

Dans tous ces problèmes on a à bp des équations linéaires aux dérivées 
partielles. Ces équations ont partout la même origine. Les lois du phénomène 
véritable sont exprimées par des équations linéaires aux différentielles ordinaires, 
où la seule variable indépendante est le temps et où les inconnues sont en très 
grand-nombre; chacune de ces inconnues en effet, représente la valeur d’une certaine 
quantité relative à l'une des molécules du corps. Le nombre de ces inconnues est 
` donc kn, n étant le nombre des molécules du corps, et Æ le nombre des quantités 
relatives à chaque molécule. C’est par un véritable passage de la limite qu’on ` 
passe ensuite de l'hypothèse moléculaire à celle de la matière continue et des 
équations différentielles ordinaires aux équations aux dérivées partielles, 

Si donc on revient momentanément à l'hypothèse moléculaire, on n’a plus _ 
affaire qu’à des équations linéaires ordinaires à coefficients constants, et la seule - 
difficulté provient du très grand nombre de ces équations. Mais il y a plus; ces 
équations présenteront presque toujours la symétrie que nous avons. observée © 
dans les équations (1) et on sera encore conduit à envisager une forme quad- 
ratique et tout sera ramené à la décomposition de cette forme en carrés, 

Je n’en donnerai qu’un. exemple; j’envisagerai les équations de l’élasticité. 
Soient x, y, z les coordonnées d'une. molécule quelconque, dans l'état d'équilibre 
lorsque les forces extérieures appliquées au corps sont nulles; soient æ +u, 
ÿ + v, z + w les coordonnées de cette même molécule lorsque le corps élastique 
. est déformé sous l’action de forces extérieures; soit ® la fonction des forces rela- 
tive aux forces élastiques; soient X, Y, Z les trois composantes de la force 
= extérieure appliquée à la molécule considérée. Les équations d'équilibre s'écri-. 
ront alors: © db db db _,' NEN | 
| a Ara oo ee a O 
Comme u, v, w sont très-petits, nous pouvons développer ® suivant les. puis- . 
- sances de ces quantités et négliger les puissances d’ordre supérieure à 2. Les 
termes du 1° degré doivent être nuls, puisque l'équilibre normal est atteint pour: 

‘u—=v=wz O0. 


Je puis supposer que le terme tout connu est également nul; puisque ® n’est 
déterminé qu’à une constante près. 
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En résumé ® sera une forme quadratique par rapport aux u, v, w, et cette 
forme sera positive parce que l'équilibre normal doit être stable. 

- Les équations (9) seront donc linéaires en u, v, w. Le nombre de ces équa- ` 
tions est le même que celui des inconnues u, v, w; il est égal à n, si le nombre 


des molécules est + Afin de reprendre les mémes notations que tout à l'heure, 


` nous appellerons les n variables, Uz, U,,...., Un; alors si les trois coordonnées’ 


d'une molécule que nous appelions tout à Vheure u, v, w, s'appellent main- 
tenant Up, U, 41, Uy +3, nous appellerons de même x, Ap 4.1 et Xp ps les com- 
posantes de la force extérieure appliquée à cette-molécule, composantes que nous 
appelions tout à l'heure ZX, Y, Zeot les équations (9) deviendront: ‘ 


deb | De 
du, = (p= 1, 2,...., n). (9 bis) 


Nous décomposerons la forme ® en carrés comme nous l'avons fait tout à l'heure 
et nous retrouverons les formules : | 


Pagt Hap- H:i... H ah, 
b= Da + Da e E Don Das 
O= H Han HI 
o=0 +0.. +....+ Ur: 
Les équations (9 bis) deviennent alors : 
kan 


Dune A | D D | E (9 ter) 


keal 


Multiplions la première de ces cautions par Un, i seconds par Un, eee 
- n° par Un et ajoutons. . En tenant compte’ des équations (4) et (5) il de 


agp, = Uad + UX, + + Du = 1, 2, ed r (10) 


Multiplions maintenant la première dès paastions (10) 
Gx 
Oy 





, la n° par aes en vertu des bou dorthogonalité 9 -æt (5) ou ` 
| Pee des équations | 


Up ` + Up ete, . =, 
Uy Vy Prai a Te oa Unis Unm = 0, 
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qui comme on le sait leur sont équivalentes ; il viendra: 


— Una L Us Umg 
DRE a ee “On 6, 


od l’on a posé pour abréger : : | 
| = Dali + Dali eee + UinXn 


Les. équations (9) sont donc ainsi résolues. 

Tl est clair qu’une pareille solution ne peut être que thécrique, comme 
l'était déjà la solution. du problème de Fourier par l'intégration des équations (1). 
Le nombre immense des équations (1) comme celui des équations (9) s’opposerait . 
. absolument aux calculs. Mais cette solution purement Hope peut mettre 

sur la voie de la solution véritable. 

Passons à la limite et abandonnons Piypothes moléculaire pour celle dè 
la matière continue. Nos équations (1) ou (9) deviendront des équations aux 
| dérivées partielles ; nos formes quadratiques et © deviendront des intégrales 
analogues à celles que nous avons appelées A et B dans le 42. 

Notre procédé pourra s'appliquer sans autre changement; au lieu de décom- ` 
poser les formes ® et © en carrés, nous aurons à chercher les minima successifs ` 
de leur rapport ou plutôt ceux du rapport des intégrales A et B qui les rempla- 
cent. On passera ainsi d’une analyse analogue à celle de ce paragraphe, à u une 
analyse tout à fait semblable à celle du §2. | 


$6.— Existence des Fonctions Up. 


L'existence des fonctions U, peut être maintenant regardée conime démon- 
trée au moins au point de vue physique. La fonction U, sera une fonction qui 


devra prendre les valeurs 
; | Oy, Usse.. Un 


aux différents points occupés par les molécules 
M, M... M. 


La fonction U, devra prendre en ces mêmes points les valeurs” 


oa Fe re , Uy, Gag, oo os Un | P 
et ainsi de suite. | | . 5. # 
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Nous savons de plus que les valeurs de la fonction U, par exemple devront 

satisfaire aux équations (2 bis) du $ précédent que j’écrirai 
1 dd 
Tax ™ 

La fonction U, n’est définie ainsi, il est vrai que pour n points de l’éspace, 
à savoir les n points occupés par nos n molécules; mais comme ces molécules 
sont très nombreuses et très rapprochées les unes des autres, on pourra calculer 
par interpolation la fonction U, pour tous les autres points intérieurs au corps. 

On pourra à la vérité trouver ainsi deux valeurs différentes pour la fonction 
U, si Von adopte deux règles d’interpolation différentes; mais les différences 
seront du même ordre de grandeur que la distance qui sépare deux molécules et 
par conséquent négligeables au point de vue physique. | 

La fonction U, ainsi définie satisfera approximativement aux équations de 
Fourier: 


D. (1) 


AU, +hK=0, “A+nso | (2) 


que Von obtient en partant des équations (2 bis) et en passant à la limite. 
L'erreur commise en remplaçant les équatious (1) par les équations (2) sera du 
même ordre de grandeur que la distance qui sépare deux molécules. : 

Il y a à cela toutefois une condition, c’est que les dérivées de la fonction U, | 
soient finies; on n’aurait plus le droit de passer des équations (1) aux équations 
(2) étaient du même ordre de grandeur que l'inverse de la distance qui sépare 
deux molécules. | 

I] nous resterait donc à établir que ces dérivées sont bien finies; c’est-à-dire : 

1°. Que la différence U;,— U;, est du même ordre de grandeur que la 
distance des molécules M, et M. 

2°. Plus généralement, soit M, une molécule quelconque de coordonnées 
“x, y, Z, soient Ma, M,,...., M, un certain nombre de molécules très voisines 
de M, et dont les coordonnées soient respectivement, 


D + Es, Ys, 2 + do; e+ Eny tapt čety tmt 


Soit P(E, 7, ¢) un polynôme quelconque de degré inférieur à m en &, n, č. 
Soient enfin a, b, y,...., A un certain nombre de coefficients relatifs aux 
diverses molécules M,, M,,...., M,; et supposons que ces coefficients satisfas- 
sent à la condition suivante : 


GP (Bay tas 69 + BP (Ess tos G) + YP (En tr BD toe + AP (Ey tas B= 0 
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et ‘le quel que soit le polynôme P pourvu que son in soit inférieur at m 
(j'écris par symétrie P (£u, na, Ča) au lieu de P(0,0,0)). 
Si ces conditions sont remplies, nous aurions à établir que: 


a Dit BU... + AU 


est + du même side de grandeur que les puissances m® des quantités £, 7, ¢. 
Cela ne serait sans doute pas impossible ; ; je n’durais en effet pour établir ces 

divers points qu'à traduire dans le langage de Vhypothése moléculaire l'analyse | 

. du $4. 
C’est ce que je me réserve de faire dans un mémoire ultérieur qui pourra 
` être regardé comme la: auite de celui-ci. 
Je pourrai dire alors que les conclusions des 82, 3 et 4sont doica d'une 
. façon rigoureuse au point de vue physique. Peut être même est-il permis 

d'espérer que, par une sorte de passage à la limite, on pourra fonder sur ces 
principes une démonstration rigoureuse même au point de`vue enelynaue. 

_ Panis, le 19 es 1889. 


| Singular. Solutions of Ordinary Differential Equations. 


By Henry B. Fine. 


The method best suited to a general investigation of the conditions of 
occurrence of singular solutions of differential equations and of the properties of 
these solutions would seem to be that introduced by Briot and Bouquet in their 
study of ordinary solutions, and developed very beautifully in their memoir, 
Propriétés des Fonctions définies par des Equations Différentielles.* 

By this method the theory of singular solutions may be based immediately 
on the differential equation, and any use, direct or indirect, of the notion of the 
| complete primitive be avoided; it is not required to restrict the variables or 

coefficients of the equation to eal values, and account may be taken of the 
region, not only of points which are ordinary points for the ooann, but of such 
as are its singular points + as well. 

There are obvious objections to the use of the notion of a complete primitive _ 
in any investigation of singular solutions which seeks to be general or rigorous. 
In the first place it is an inversion of the natural order of investigation, since what 
is sought is the conditions which a differential equation f(a, y, p)==0 (or one 
of higher order)-must fulfil in order that a curve not properly contained in the — 
system which it defines may satisfy it; not the characteristics of a system of 
curves defined by some equation Pa; y, a) =0 between Bs Ys and a param- 
eter a. | 

` But in the second place, while the curve ‘system (x, y, a)= 0 generally has 
an envelope, and therefore the differential equation F(x, y, p) —0 by which 


* Journal de l'Ecole Polytechnique, Cah. 86. 
tT de has given this name to points at which CE is indeterminate; in the case of the equation 
w+ =p for instance, to the points of intersection of X= 0, Y=0 
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it may also be. defined, a singular solution—the general differential equation m 
fe, y, p)= 0 has no singular solution—the curve system which it defines, no 
envelope. If the equation be of the nth degree, there will pass through any 
ordinary point x, ya n curves which satisfy it; but all that it gives to defiñe each 
- of these curves is a development of y in positive powers of x. The coefficients 
in any of these developments are, it is true, rational functions of a, Y, and of 
‘one or other of the roots, p,, of f(a, Yo, p) == 0, and therefore algebraic functions 
of a single parameter. But an envelope | is not to be had by variation of 
this parameter ; for, at the points of: Disct, f(e, Y, p)=0, the curve which, if 
‘any, is the envelope of the system defined by f(x, y, p)=0, the development 
generally becomes divergent and so ceases ni to represent a solution of | 
the equation. 
Briot and Bouquet ie show that all ordinary solutions of the equation 
J(p, y, ©) = 0 which pass through ’a given point a, y,, and have there p = py in 
common, may by suitable transformations be reduced to the form y = Vos” ; where 
`. Vis a determinate function of v. and a, and vis connected with x by a diff erential 


equation of the form = v= (v, 2). In ‘the first of the following sion it is 


-proven that if flp, y, x) = - 0 havè a singular solution and 2, Yo- lie on it, among 
the functions V determined by the Briot-Bouquet method will be one which 
corresponds to the singular solution—but that the differential equation between v . 
and x which corresponds to this value of V degenerates into the form 


a _¥(v, 2) x (er a), 
= Vea)” 


generally satisfied by }(0, x) =0 only. This result brings out clearly the exact 
` relation in which the singular solution stands to the. differential equation itself. In 
the strict sense it is not contained in the equation any more than any arbitrary 


function 9 (æ, y) = 0 is contained in the equation a = PEs (x, y) Yet 








ba Darboux was apparently the frst to call attention to and be tbe paradox involved in the old 
l (Lagrange) theory of singular solutions, according to which, since every differential equation of the = 
order is to be regarded as having a complete primitive of the form ¢ (x,y, 4) =0, and $(z,y,a)= 
as generally having an envelope, the. differential equation should generally have a ES solution. 
Vid. Comptes rendus, t. 70 and 71, and Mémoires de l’Institut, & XXVII. +s 
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. it takes the place of oné of the two solutions ordinarily occurring for values 


To Yor Po ‘of w, Y, P, which satisfy the two equations f=, d= = 


In the second and principal section of the paper, the theory developed in : 
the first is extended to equations of higher orders. | 
Section 3 contains a discussion of the singular solutions of those differ- 
ential equations of the a order. whose general solution is obtainable in the 
form o(z,y,a,8,y,..-.v)=0, with special reference to the geometrical - 
interpretation of the equation which, algebraically speaking, contains the sin- 
gular solution. This section is added in deference to. a usage which has 
“ become almost classical, of regarding singular solutions from the double stand- 
point of the differential equation. itself and its complete primitive. : The objec- : 
tion to basing the general theory of singular solutions on that of systems 
of curves defined by equations of the form px, Y,a, B,y,....v)=0 has 
already been stated; the curve system and the differential Saunton which repre- - 
sents it may nevertheless be of sufficient interest on their own account to`merit ` 
the space given them. ®, it should ‘be added, is supposed to be. a one-valued 
function of æ, y within the region in which it is studied, and a rational function 
of n parameters a, B,....7, or, more generally, ons m parameters connected 
by m —n algebraic: eaunsonss: Ma Pe 


$1. 


Let f(a, y, p) be any rational integral function .of æ, y and p, irreducible 
with respect to p and containing no mere w, y factor: though the discussion 
which is to follow applies as well to any function of the form fp"+fAp"-1+...f,, 
if fy, fi, +. be holomorphic functions of « and y with a common region of 
convergence and x, y throughout the discussion be restricted to that region. 

The differential equation 


al (1) 


defines a system of curves, m of which, speaking generally, pass through any 
point £o, Yo, and for each of these m curves a development y— y = (x — xy) is 
‘to. be had by the following method, first given by Briot and Bouquet, : - 

It is for the sake of convenience and dofiniteness of statement only that we 
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call a; Yy a point, for complex as well as real values of æ and y are taken account . 
` ofin the discussion. 
Let it be assumed that the coefficient of the highest power of p in nf does not 
* vanish for x = a, y = y: the values of p corresponding to xy, and given by the 
algebraic equation f(a, Yo, p) = 0, are then all finite; call any one of them py. 
(A method for dealing with the case when the coefficient of the highest power 
of p vanishes (which Briot and Bouquet do not consider) is given in my paper 
‘On Functions defined by Differential Equations, etc.” * and is also stated in 
-§2 of the present paper.) | 
First of all make i in i= = 0 the substitutions 


Bo oy + a! . 1 
Y= Yo + pa ty : (2) 
P=P +?) i 
and develop i Taylor’s theorem. We then have 
= Fy = CRE) + (Z APTE: Dre 0 


where y as well as y yakhe with +. ; 
| ‘Of af , of 
1. Suppose (GE) and (5 + Pa), to be both different from zero. 
‘Equation (8) then gives for y'a single development in integral powers of 
a, y, call it @(a/, y); and the equation H = ĝ (x, y) defines y as a holo- - 


morphic function of z,+ which is the only solution of (3) vanishing with œ in 
this the case of usual occurrence. 


2. Let D, = 0, but Œ +o), + 0. 


| In this case pp is a repeated root of the equation f(x, Yo, p) = 0. To have 
the- general case of repeated roots before us, let the Hpne of the aot Po be 


pores to be r; then Œ a (= ie =r" i) = 0, but ee 2, +0. 











* Amer. Journal XI, 4. 
t By Cauchy’s theorem. Vid. Briot and Bouquet in Journ. de l'Ecole Pol. Oah. 86, and in Théorie 
des Fone. Bes p. 826. 
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of of 
The terms of lowest degree in (3) are then (+ a). a! and — 4 Se) 
Let x =x". Then (3) gives r developments for in integral powers of œ” 


and ?/, the first term in each development being one of the values of 


Of, , Of, 
Ys Mah a. 
1 Fh 


Each of these developments on being substituted for p' in the equation 
Ye = = rg" E gives f as a holomorphic function of x’,* developable, therefore, 
- in integral powers of ai”. 7 | 

There are then in this case 7 be us cyclicly, the lowest power 


of x in each development for y being ght . Of the n distinct curves defined 
by f(x, y,p)=0 for the region of an ordinary point 2, Yo, r have been ` 
replaced by the cyclicly connected branches of a single curve on which ay, % is a 
singular point of the cusp species. 

It follows immediately that _ 

Disct, f(x, y, p) =0 is in the general case a locus of cusps on the curves 
defined by the equation f(x, y, p)= 0. 

The possession of cusps is thus shown to be characteristic of the curves 
defined by the general differential equation of the first order when its degree is 
higher than 1. 

It is obvious that when the coefficients of f are real, the curve Disct, Ja 0 
may be used to separate between the regions of real and imaginary solutions of 
f= 9; for as the point a, Y, crosses Disct, f= 0, two of the corresponding values 
of pọ commonly pass from real to conjugate imaginary valuen, or vice versa. 


Thus for the equation 
ptrety—1i=0 


. the circle œ + y°— 1 = 0 divides the x, y plane into two regions, in one of 
which the solutions are always real, in the other always imaginary. 








*By Cauchy’s theorem. Vid. foot-note on p. 298. 
39 i - 
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setae Ozo ad (E+ Vo) 20. 


~ There is generally a finite number only of such pone, ‘called by Poincaré | 
the “ singular points ” * of the equation f= 0. ` 

Again to have the ‘general case before us, puppore any additional coefficients 
- of F to vanish. 

Now since ag, y, p vanish together, any solution of equation (3). may 
evidently be thrown into the. form : 


yaya, O  @ 


where v is a function of 2 which takes a finite value v, different from zero 
when g = 0. 
On substituting this value of y in (3), that equation goes over Gato: an 
‘equation i in p', « with coefficients which are functions of v. P 
To get the terms of lowest degree in this p’, a’ ‘equation follow the Pusa 
method or any other method applicable to algebraic equations in two variables. 
‘There may be a number of groups of terms of the same dégree in the 
equation, each of which gives for u (the degree of » in respect to +) a value 7 
such that the terms of the group are-the lowest in the equation. — 


Consider any one such group, for which = =<, 
Make the substitutions 


af = a! "= Va, ome tel a (5) 
V has a finite value different from zero when g” = 0; and »,, the initial value of 


v, is equal to —— aT , as may readily be seen by comparing the equations p= Va’ 


and y' = p'x'v for x! = 0. 
The transformed equation—call it tole”, 1o, V)=0—then gives for V one or : 
more developments in integral powers of v and g”. It is assumed that the 
equation #(0,0, F) = 0 has no ee roots, 
Let V=a-+ bx" + cv! +. be one of these series. 





* Vid. Poincaré in Journal de Math. pure et appliquées, ILL, 7,8; IV, 1. Those singular points will 
_not be confounded with the singular points of Fuchs and other writers on linear differential EURE | 
the points of discontinuity of coefficients of the equation, . : 
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The equation connecting v’ and œ” is then obtained by making the substi- 
tutions (5) in the equation y'= p'æx'v. It is 
| av 
de! (r + 8) Po! + (5 rs 
ie = NOV > AG (6) 
V+ C= +s | Jag 
or, replacing es the series obtained for it, 


dv' (+ sa © 8b 
ce Gal Geese rate + 


Now this is the form to which the solutions of the equation of the first degree, 








| a = = can be reduced at points where X = Y=0, the “singular points” of 
. i . ` i y + 8 9 f 
this equation. And by the theory of these solutions,” when — miners is 


not a positive integer, equation (6) admits always of a monodrome integral 
vanishing with «'—there being besides an infinite number of non-monodrome 
integrals when the real part of this coefficient is positive, no. other when it is 
negative. 


. 3 
When, on the other hand, — (r + s) a 


(r + s)a + sc 


transformed into an equation of the form po =u+ btp... . which has an 


is a positive integer, (6) can be 


infinite number of monodrome integrals when b= 0, and no monodrome but an 
infinite number of non-monodrome integrals when b + 0. 
Finally, if (r + s)a+se= 0, (6) is of the form 


di a + ba +... 


= 
da” av + bal F.. 





which in general has no monodrome integral vanishing with x". This case, it 


of | of 


should be added, presents itself when 5 or By? vanishes for two or any finite 


number of consecutive points of ae 5 = 0; that is to say, when singular points 





# Vid. Briot and Bouquet in earlier sections of the memoir already referred to, and Poincaré, 
Journal de Math., IL, 7. 
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of the equation f= 0 fall together. The corresponding curve-elements of 
Disct, f = 0 satisfy the equation f= 0, but the elements which lie to either ae 
of this do not satisfy this equation (vid. 4 inf.) 


To every solution of (6) there of course corresponds one elation of (3) which: 


rs 
may be obtained by substituting for v its value in the equation y = Vox = ` 


. If, on the other hand, V, is a multiple root of (0, 0, V)—0, the corre- 
sponding series for V obtained from 9 (z’, v, V)—0 may involve fractional 
powers of œ! and v’, and, to. render these powers integral, substitutions of the 
form a! =a", v =v" are necessary. Equation (6) is pene by a similar 
equation between v” and 2”, viz. 





av 

ar P(t + 8) Vo" + ane. al! i 
RE te gel 4. N 
q Vol! + (2 oe! Oui f : 





| Singular Solutions. l | 
4. Let ee + Lp = 0 at every. point of Disc f=0, or if this curve be 


reducible, at every point of at least one of its branches through Lo, Yo. 
This case is altogether exceptional; it requires the coefficients of f to be so 


taken that the eliminant of f= 0, = =0, - 4- ops = 0 with respect to any 
two of the variables æ, y, P shall vanish identically. But if it occur, 
Diset; f = 0 satisfies the equation f = 0.- 


First suppose that the surface which the equation f(a, y, je = 0 defines, when 
x, y, p are regarded as the coordinates of a point in space, has no singularity at 
the point 2, Yo: Po- | 


Since G = 0, the equation of the Dent plans to the surface at this 


point is 
Bp), — 20 + (ex) =0. 


.This plane cuts the ay plane in the tangent line to the projection of the | 
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= 


intersection of the surfaces f= 0 and 4 . The slope of this tangent line is 


& 


Lu a 
therefore that is to say, pọ, since Z + By sp) = = 0. 
@ 0 
Thus at each of its points Disct, f = 0—which is the projection of the inter- 
of- 


section of f= 0,, C = 0—touches a curve of the fsystem, and therefore satisfies 


the equation f= 0. 
Second, suppose 2%, Yo, Po to be a singular point of the surface f(x, y, p)= 0. 


The substitutions ES which transformed / into also transform rA into ay and 


Of df 
SE + Hep into 55 + Sup 


Again, by virtue of the substitutions (4) and (5) we have the identity 
Pay, P)S=Xo@e, V), 


where X is an irrelevant factor of the form got yë. 
Differentiating with respect to v, V and œ” we obtain 











oF re 2 
oF rts OF To s OX 
dy C eae ae 
| rs OF ys- ð | 
DL Bla E 
whence — oF (Ob Sa 
op = ver (Sy r-o) a i 
ar OF Xyuldp . 3a r Oo ‘ 
tay! a raat ne ap) th 


where X, and X, are terms of the form Mọ and therefore vanish with 9. 


When, therefore, # A and aie a 7! p vanish together, and that not 





i merely atthe point x = y = p = 0, but all along a common curve through 
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that point, then along this same curve’ 


po — 0, 
Op yO _ 
‘OV oo" CE, 

a! Op r dp. 


8 2-2 % rec 


In this case, among the roots, V=a+bel-+ov+..., of o(z!, 7, V)=0— : 
each of which ordinarily leads, when substituted in (6), to a solution of the 
equation F = 0 (see 3)—is one which gives rise to the same development for v! 


in powers of a/, whether pubationteda in a V — 2 v= 0, or in 
ool! 2 à 
a (1 ee V=0. 


. Call this development w = y(2"). It is, by the method ‘of its derivation 
(from ? = 0 and > By m v= 0), the development which defines a branch 


` of the curve a 0 passing through the point x =y = p' = 0. 
But it also satisfies, in the algebraic sense, the equation (6). 
For since ¢-= 0, 


ae . Op . "2% 
whence © OV a! nd ove. 
| 37 av 
So that equation (6) may be thrown into the form : : 
du [0 Oo N- d 
al" a Gya” = — (r + e) 28 yay + 29 wat 


PE DC CR 


For the root V of p=0 under copsideration, therefore—the root which 
gives rise to the development # = 4 (#!)—the equation (6) is satisfied; not, how- 
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ever, as a differential equation, but through the vanishing of factors algebraic in 
a, v, V which appear in all its terms. 

Equation (8) brings out very clearly the relation in which the discriminant 
curve stands to the differential equation, when it satisfies this equation. It is no 
more a part of the solution of the equation, strictly speaking, than the arbitrary 


function y is of the equation a y= by. Yet it takes the place of one of the 


f-curves through a, Yọ to which the method of 3 generally leads. For to it there 
corresponds a root (V) of ¢ = 0, though all the roots of this equation usually 
yield proper solutions of f = 0, and the equation (6) to which this root leads has 
no other solution vanishing with œ” than v! = (a). 

The discriminant. curve may at particular points have contact of an order 
higher than the first with curves of the system f—0. The corresponding V, is 
then a multiple root of (0, 0, V) = 0, and one is led to equations (6) between 
v’ and x" instead of equations (6) between v and x.’ A mere repetition of the 
argument of the present section shows, however, that the v” belonging to the 
discriminant curve satisfies its equation again in the algebraic sense only. 

‘It is of course possible for the discriminant curve to be at the same time a 
curve of the system f= 0. JV, is then again a multiple root of (0, 0, V) = 0; 
and there will be two developments for V which, with their corresponding equa- 


tions (6’) and y = Vel, define the same curve—once as the discriminant 
curve and again as a curve of the system f— 

To suppose of a differential equation it is satisfied by the discriminant 
curve, or a branch of this curve, is the same thing, algebraically speaking, as to 
suppose that it has an infinite number of singular points. As was noticed at the 
end of 3, when two or more consecutive points of Disct, f = 0 are singular points 
of f= 0, the corresponding element of Disct, f = 0 satisfies f= 0, but that 
element only; if then all points of a branch of Disct, f= 0 are singular points 
of f= 0, this branch must itself satisfy the equation. 


$2. 


There is no essential on in extending the preceding theory to equations 
of higher orders. 
Consider the equation 


SEa HATH.. -tin= 0, (1) 


g LA LA 
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where to f,....fs are holomorphic functions of æ, Y Io. Aaa + Yn—1 Within 


", common regions af convergence. a 
_ This equation defines an n-ply infinite ste of curves of which there are, 
' generally speaking, m for each set of values Los Yor “À, en OT By Y Yiee 
Yi—1, Within the common regions of convergence of fo; fh wee fay ise. m which 
. pags through the point a, yọ and there have with one ns contact of the , 
(n — 1) order of which the elements are y}, yg, .. ++ Yh- E 


The value of y, belonging to each of Tos m curves is anly to be- 
obtained directly by solving (1) which is algebraic i in y,, and a development for 
the curve itself —of y in pone of æ—is then to be had by first making in (1) the 


substitutions, “ie à = : 
| ` v == Lo + w, : | 
ve 2) . 
Yy = yp tH gr + y ed 6) 
and 80 transforming it into an ue in g, Y, yl, .. -yh in which y and all 
the differential coefficients yi, y... Yq Vanish we a viz. the eue 


0=F= CE Vents n+ D a + & AT 
Dur Cas es ®© 


and then from this equation deriving a ‘development of y in powers a of x bythe _ 
. method given in my paper already referred to—On Functions defined by .. 
Differential Equations, etc.” and also presented briefly later on in the present 
` paper. - 

. If, however, f, the coefficient of ym in (1) vanishes, one or more of the 
values of Lys are either infinite or cannot be determined by the method just . 
used, a 
©: In this cage transform (1) by the subtittions: 


= ata, | " l 
à x gi 
Y = Yo t Ne + ao; + ha) 1)! ity 


N 
_ into an equation 


(4) 


dpi. gl YA) = 0 
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in which y, yl, e... Yh vanish “with a; and then, regarding y= 0 as an 
equation in a, Y’, «ee. YL is yh, or in æ, Y. aas 3 according as Sa also 
does or does not vanish for « = 2, y= TA -o e nn = Yu determine the 


degree of y in respect to à by the polygon construction given in the paper 
just mentioned.* ` 

-Inasmuch as not only f but also other of the coefficients of f may vanish 
for æ = to, Y = Yo. +--+ Yn—-1 = Ya_1) the degree of y in respect to 2—call it 
u—may admit of a number of déterminations ; that is to. say, it may be possible 
. in a number of ways to select groups of ae in ÿ = 0 which a certain value of 
u will render of the same degree with each other, and at the same time of lower 
degree than the remaining terms in this equation. To each.of these values of u ' 
will correspond one or more of the ẹ-curves for. which y, ..<. yh; vanish with a. 

We consider the cases u>>n, u=n, un, and in each case transform 
4 = 0 into an equation in which, as in (3), the n™ differential coefficient as well 
as those of lower orders vanishes with the independent, variable. 

(a) If w>>n, y} vanishes with x and ẹ = 0 already has the form F=0. 
Indeed in this case since y% = 0, the substitution (4) is identical with the substi-. 
tution (2). ` - 


(b) If u = n, set y = se in the group of lowest terms in which corres- 
ponds to this value of u, and after removing the common factor a let = 0. 
Each root v, of the resulting equation will be the y of one of the curves 


sought for, and for each ẹ = 0 ney be transformed into the form F= 0 by the — 
' substitution 


E ie, | (6) 
The substitutions (4) and (5) together constitute a substitution (2). 
(c) Finally if u< n, the substitution à = a” —where m is the first integer 


greater than = will transform = 0 into an equation in which all the differ- 


ential coefficients to the n™ inclusive vanish with ae! : 





*T have been at pains to restate the treatment of the case f, = 0-with some fulness, since the state- 
ment of it in my former paper is careless and in one particular incorrect Sn Am. Journ. XI, p. 821, 
line 18 from top). : ; 


40 
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: Particular. mention may be made in passing of the case when for «== %, 
YE Hor M1 Ya- 1, the coefficient f, vanishes and that to the first degree 
in & + Eo Y — Yo... While A takes a value different from zero. 

As the polygon cbarenanen readily shows, the one group of lowest terins .. 
in = 0 then consists of the 7 and Jai terms, and for this group u = n ~ -2 . 
The theorem* immediately follows : + 

The differential equation of the (n — 1) order, f, = 0, defines a: system of — 

_curves each of which has at every point along it a contact of order n — 1 with a 
curve of the system f = 0, which 'there has a singularity of the cusp class characterized 
‘by the development : 


A x. oe —1 
venti ET ER Fan = D Re 


‘Jn like manner if fy and fı both sit to the: first degree in æ— a, 


3 


yo Yo, «+» but fy, does not, vanish, one value of u is n — a and a 
iff, fire fe all vanish, but f does not, one value of u is n — 


ora 2° 
(It may happen that there are no curves of. the system f= 0 with the initial 
elements 2, %,.-.-y%-1- Thus no curve of the system 


LY = 1 


passes through a = y = 0 and there has h = 0.) 

For the sake of definiteness and simplicity of statement, the discussion which 
follows will be confined to curves of the system for which f= 0 can bé trans- 
formed into the form F == 0; that is, to those for which u > or =n. Of course 
the curves for which u <n Fe of a precisely similar treatment; but in con- 
sequence of the substitution x = æ™ the coefficients in their developments” are 


- > differently related to the coefficients of f. `` 


The reduction to the form F= 0 having been dotomiplished the dde 
ment for the curve—of y in powers of a’—may be obtained as follows. 








* This theorem is also given by Goursat, this Journ. XI, 4 
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Make in F the substitutions 


Ya = Yd, - 
| Yna = YD, | Y (6) 


CC © © © we ee o’ 


y = AA Sie N: 


where %, %,.... Vp are functions of « which take finite values v®, of,....08 
different from zero when x = 0. | 

In the resulting equation, freed from any factor which may be common to all 
its terms, determine the various groups of terms of lowest order in y! and g. 
This is, of course, necessary only when certain of the coefficients in (3) vanish, in 
particular those of y, and a; in which case more than one of the curves or curve- ' 
branches of the /-system may have the initial elements x, Yor ... 9%, and (3) 
must give rise to a development for each of them. 

Suppose that for particular group of terms of lowest order the degree of 


y} in respect to a is se to obtain the corresponding developments make then 


the further there 


af == atl, yy = Vall", v= (7) 





—where again V takes a finite value V, different from zero when 2! = 0—and 
thus transform (3) into an equation in x’, 0}, dress Veg. K; viZ 
p (a, vl, 1, 00. Oa, V)= 0. (8) 
The initial value v? of v, may readily be shown to be 5 + ms" 
From the equation ¢ = 0 Apr are to be obtained for V in integral 
powers of x’ and vj, vj, .... v,—one for sao of the curves the. degree of whose 


y} in respect to a! is Z, It is re that o (0, 0, Pi = 0 has simple roots 


only.* 
And. finally, differential equations which define the set of values of of, | 








*The extension of the entire discussion which follows to the.case of multiple roots is too obvious to. 
require special treatment. Vid. 41, 8, at end. : 
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vl, .... v} which corresponds to any one of these values of V may be gotten by 
aid of (6) and (7). TOT are : ; 
| yah de, av dul, ƏV 

“été Fa vee PARUS at Be, 


= — meia ae | 


dv, _. 8 (vı — D — vw) D (9) 
Gt age i, 


4 
Pr saso os oll [loo‘lnl ‘l 


Fa! 
gl! dv, ce 8 (va 1 — Va T Un 10n) 





dæ! ~~ Dot 
If in the first of these equations there be. substituted for the products: 
a! n g" R, .. . the functions of the vls to which the remaining equations 
make them equal, .the set is reduced to a form from which the quantities 
GC), (D ... may be reckoned out by differentiating, setting x” = 0, and 


solving the resultant set of linear at and from which the values of the 
higher differential coefficients of the vs with respect to x” for #'=0 may be 
reckoned out by successive repetitions of this process. 

It will be supposed that the determinant of the coefficients in each of these — 
sets of linear equations is different from zero; or (vid. this Journ. XI, 324) that 


es (r+ 25 + k)... (r + ns +). 


Le Er (r + 2s +h)... (r + ns + k) 


O VN ks( - | | 
+ Ga BEEP ehit D (tn +0 


+) he CODE ss ier à 
ove . “7+ ns ; 








vanishes for no positive integral value: of k. The pes inen leads to deter- 
minate series with finite. coefficients ; viz: 


TOE ween Dre T 
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which formally satiafy ‘the Panatia (9) and converge for regions of finite 
extent. | | | 
To obtain the be sought for—of y in powers of &—it then only 


1 
- remains to substitute a! == 2! and the series thus obtained for the vi ’s in the 


equation 
y = Voy... . Vp. 


It will be holomorphic in a7 and have the form . 
l 1 ; 8 
of = AHE p Aat p At + 


_ ‘The theory thus far developed leads directly to the following conclusions re- 
garding the curves of the fsystem which have the initial elements 2, Yo, Yf, <.. YA 
when for these elements f = 0. can be transformed into F= 0. 


1. K( N + 0, there is but one group of lowest terms in F= 0, hence 


but one eae for Vin powers of a/ and the variables v;, and,. therefore, 
speaking generally, but one development for y! in powers of a; _they will be 
integral powers, of course. In other words, there is but one curve of the system, 
defined by a differential equation fle, Y, Yis -+ Yn) = 0, for each set of initial 
values of the variables, unless besides the equation f = 0 itself, these initial values 
satisfy the equation A = 0. 


n 


= af ary _ E 
a (= Ms (n 17 RE due + Se) = A +0. 








The group of lowest terms in F= 0 then consists of the x term—of which 
Af is the coefficient—and the y% term; or if also 


GDE Ga Ge = om Ga 


of the x term and the y“ term. 
For. this group of terms the degree of Ji in ed to a’ is-—; the corres- 
ponding V equation = 0 (8)'has s cyclicly connected roots each of which gives 
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| rise finally to a development of the form 
y = A++ APE Ag re .. 


In other words, s of the m curves which belong to an ordinary set of 
initial elements x, Yos +... Ya—ı and there have distinct y}’s are in the present. — 
case replaced bys peaches of a single curve which are cyclicly connected and 
have the same y$. At least two of the m curves will be replaced in this manner 


' for every set of initial elements a, %,.:..y%_1 which satisfy the equation 


Disct,, f= 0, got by elimination of y; from between f= 0 and 4 = 0; that is to 
Bay: | | ur 
The differential equation of the (n — 1)" order, Disct,, f = 0, defines a system 
of curves each of which has at every one of its points a contact of order n — 1 with a 


curve of the system f = 0 whach there has a singularity me the cusp class characterized 
by t the EEP 


VE + RATE +R D + Aus ti LE Brit. 


For an equation of the first order, as has already been noticed, this singu- 
larity is the ordinary cusp; for the equation of the second order, it is the cusp of 
the second species (Schnabelspitze), etc. 

It need hardly be said that Disct,, J= 0 will in general not satisfy ‘the: 
equation f = 0. | 


s (Zao, Af,= 0. ne E : 
| The method of the preceding paragraphs ordinarily gives in this case two - 
developments for y i in integral powers of æ' both of the form | 


v= Aye Fh datiy A ES 


developments of two curves of the. system which ns contact of the nt: oger | 
with each other. | 








è This theorem is also given by Goursat, this J ourn. XI, 4. 
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A full discussion of all the particular cases which suggest themselves at this 
point, however, —when other of the coefficients in F = 0 besides those of y, and 
æ vanish—would mean the development of the entire theory of singular points 
(in the Poincaré sense) of differential equations of higher orders—which is quite 
aside from the purpose of the present paper. 

We confine- ourselves to the consideration of the hypothesis that Af 
‘vanishes for all values of x, y,....7, Which satisfy both the equations f= 0 


- Of. rem sos . 
and Que = 0, PIE Disct,.f be resolvable into factors—for all values of x, 
Yı... Ya—ı With the corresponding y,—which satisfy the equation got by 
setting one of these factors equal to zero. 

It is of course only in connection with special equations of the n™ order that 
‘this hypothesis is realized. Ordinarily when f= 0, Z= = 0. and Af = 0 together, 


Yn 


the initial elements x, y, .... Ys_s Satisfy an equation of the (n — 2)™ order 
got by eliminating y, and y,_, from between f= 0, Z= 0 and Af= 0; 


but when our hypothesis is realized this eliminant equation vanishes identically— 
which means, of course, that f has a specialized form. 
In this case Disct,, f = 0 satisfies the equation f = 0, but in such manner 
that the curve system which it defines forms no. part of the enr defined by 
| f=0. In other words, it is a singular solution. 
The first statement is capable of a simple geometric demonstration ; at least 
. when additional coefficients of F do not vanish, viz: 


Regard , y,...- Yq AB point coordinates i in a flat space of n dimen- 
sions, SS, . 

Ya = 0 is then the equation of a flat space of n — 1 dimensions, Sapı, COn- 
tained in 8, and in which w,y,....%,_ 1 are point coordinates. E 

We thus gain two geometric pictures for the system of curves represented l 
by the equation f = 0. 

1st. As a system of curves in the curved space f(a, y,.... Ya) = 0, one of 
which passes through each point æ, y,.... y, of this space. 

2d. As a system of curves which is the projection of this first system in. 
8-1, and.of which m pass iirongh each point æ, Y: -< i3 Yanı Of this space. 
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Now the equation of the flat space of n — 1 dimensions a to f= 0, at 


of 


any point a, …..., y) where =— oy O is: 


BO Bed Tu E, a w) + De — a) = 0, 


which is also the equation of the S,_, in which this tangent intersects S,_,. 

But as x, Yo, ---. YA are given all values which satisfy the two equations 
f= 0, Z= = 0, this Das envelopes the curved space of n — 2 dimensions which 
is the picture of Disct,, f= 0 in pa. 

It follows immediately that the curves of the system Disct,, f= 0 see 

i ð ə 
the relation G: Yat gZ mt ate Lut AE = 0. 

And since, by hypothesis, the curves of the system f= 0 for whose initial 
elements æ, Yo,---+Ya—i the equation Disct,, f= 0 holds good, satisfy this 
‘same relation; it is clear that the y% of the curve of Disct,,f —0 with the 
initial elements a, yo, + +. y is the same as the y, of a curve of f= 0.with 
the same initial slamedtat or in other words, that the curves of Disct,, f=0 
satisfy the equation f= 0. a 

Therefore in the case now under consideration, | 

The differential equation of the (n— 1)" order, Disct, f= 0, represents a 
system of curves each of which has at every one of tts points contact of the n™ order 
with a curve of the system f = 0. 

But the thing most important to consider for its bearing on the theory of 
singular solutions is the degenerate form which the equations (9) take when Af 


`. vanishes wherever f and ee vanish together. The consideration of this question 


leads also to the general demonstration that Disct, f= 0 then satisfies the equa- 
tion f= 0. | l 

In effecting the transformation-of f = 0 into ġ = 0, f was first transformed 
into F by means of the substitutions (2), or (4) and (5). It may teadily be shown 


that the same substitutions transform Z- into Sy and Af into AF, 
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Second, by means of the substitutions (6) and (7), #=0 was transformed 


into @ (a, wi, vj,....v04, V)=0. The corresponding transformations of A 
and AF are required. 
To obtain them set out with the identity . 


Fe, Y, oee Ya) = XG (a, Of, 1, ....u, V), 


where X is an irrelevant factor of the form "fig... .w% V9 which may be 

common to all the terms of the complete expression in x’, v,,.... V into which 
F is transformed by the foregoing substitutions. 

SPa the two sides of this identity with respect to each of the 











quantities v,,....%, we get the n identical equations: 
OF Voy... gite. + OF Vows... . Ua yal FODS F 
dy! ' % Un —p dy, Dien 
+ of Von. . > e Upp!" tap) 
OYp Up 
Op OX _ 
=% :(p=0,1,9,.... = 
Iny F ov 9; (p rt) n ) 


And nn with respect to V and a’, the additional ne 


oF oF y? 
oy Vig. TS Dom. Uy oo at 3y, g" = a + à are 


iG + na) Vowa... eg emt ie au ae + (n—1)8) Vong... 6% ge eet 
d 
op Sa r Verat - sgt — a 0. 
By solving these equations for ay ae ag Far a and by a series 


of reductions which though somewhat tedious present no difficulties, we obtain the 
ees which we are seeking, viz: 

















OF _ dp y Op | 
dur jr dde Liu de | 
Xræ a r à Od Di — ty — VW l 
ar= aE a THEO otga ue Lao) 
Op v — — vg — wy ere Vy, — Ve as 
T By i i re ea +, Vai |+ Ye. 


41 
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OX OX 
Y, and % are linear functions of the irrelevant Sp Qu,’ ge ES 


It follows at once from (10) that when F,. a and AF zamsh together (for 


a 20 as well as for æ! = 0), the same is true as am V— nie and 
Li. 


Op Vy — Vg — VaYs 


4 Vy — Va — VW 43 a 


T 3 Ts 





Re pe Fla) +3 


dp On —1 — Un — Un—Wn 


ase go 





Vn—1 


Tn the light of these results consider the first of the ner (9). 


ee: 3 ə 3 
Since ¢ = 0, ati att + È dot SE dort a dt GT a dV = 0; 


whence `` oo Op - Op 

| i a _ i ay Ov, OV _ dae! 
= @ a = BB! Bal Dp 

oo OV oV OF. 


The use of these equations and the last Ta — 1) equations: of (9) gives the 
first equation of this set the form: 





dv, (dp Oo. OD Di — V3 — 1%, 
gl 5 Ball dv, 1 E r)= +08 re Dai Vise" Les v, 
Op Vo — Up — Vts | OP Dar Va Vpn] 
+ (Ou; Vs +: + Ov, Vn 1 | | 
‘ or when sm: (- - ae 5 + Z $y 5p, (1 — v; )isa added to the bracketed. terms. 


-of its right number a at the same y subtracted from the terms without 
the Dracat, the form : 


dvi Op 


al Sah se ? y)+ LES ag r dp 


LE B= — CC 5 on’ 8 OV 


ine 9 E i Le 
| Hu ae ro 








Vy 
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From equations (10) it follows therefore, that in the case before us, this 
equation regarded as a differential equation is illusory. Values can, it is true, 
be found for the vs which in an algebraic sense satisfy this and the remaining 
equations. 














. ~ = Op: Ob 
From cise of the pguetions Go, OT V= 0, or 
a! dp r do ap oe Oy — Vg — Did 
Sri cr E Qa) +3, a | 
ET 
Vn—1 
a development may be had for vj in powers of a’ and v, COREEA 
Let this value of vi be substituted i in the equation 
alt do; 2x anon 
da” Vy - 
when it with the equations still remaining, viz. 
gil dòs 0, — Vg — VaVs 
dx ow a ` 
dol `v Vp — On 10 
1 n n—1 n n—17# 
Oda Un—1 | 
will form a system from which series may be obtained for vs, 0j,....%, in 


powers of x” by the method already described. 

The substitution of these values of vj, oj,.... v4 in the development already, 
obtained for vi will give à series for it also in powers-of a”. _ 

But while these series may in an algebraic sense be called the solution of . 
the equations (9), they.are by no means such in the differential equation sense ; 


no more indeed than the arbitrary function defined by the equation y=0 wba 
solution of the differential equation oy y = Yy. | 


l andi in the same sense and that only i is the serios to be EEDE for y by the 
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substitution of these values of vi, vj, .... vh in the equation 


a am aes 
Y= pty Bai test an + Von... oat ts, 


a solution of the given equation f= 0. 

We have thus arrived at a general criterion for ‘singular solutions of the 
differential equation of any degree, which distinguishes them fully from ordinary 
or proper solutions and yet shows their place in the system of proper solutions ; 

a criterion not based on geometrical considerations or assumptions as to the 
charaeter of the curves defined by a differential equation, but based, solely. and 
directly on the differential équation itself. 

À general equation f—0 will have no singular ‘solution : for it is a 
necessary condition for &he occurrence of such a solution that Af vanish where- 


ever f and ie vanish together, and this imposes limitations on the coefficients 
of f. s | | CE 
When a singular solution exists, however, it will be met, in applying the: 
general methods which yield the solutions of f = Toe all proper solutions— 
“which belong to a given set of initial elements a, yo, -- . yh- But in-its case 
_ the first of the set of canonical equations to which f= 0 can be reduced for each 
of these solutions is satisfied not as a differential equation but only through the 


vanishing of factors algebraic in œ”, v{,.... v, which appear in all its terms. - 
53." 
Let P(E, Y, Cty Cie se + On) = 0 a 
_ be any irreducible function of x, Y, Ci, @,....4,,one valued with respect +6 

x, y for the region within which it is to be considered, and rational with 
respect tÒ , Casse.. Cn, Where Gi, Gay. ea. Ca satisfy m —n algebraic equations 
abi (Cis Cay -ee e Ca) =O, GH 1, . m — n), but are otherwise arbitrary: 

== 0 defines an n-ply infinite le of curves which satisfy a differential 
equation of order n, À (Yur Ynis Y, X) = 0, the eliminant with respect to ¢,, 
ae m + 1 equations ` i 


gs i E E: 
0, =o, g T5 =0 pooner eee, a, = 0 GH1,....m—n) 
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As f = 0 depends solely on the manner in which; 6&3, -. . - Ca are involved 
in @ = 0 and not at all on the character of these quantities, it is obvious that 
‘@ = 0 will continue to satisfy this equation when c, &,....c, are replaced by 
any set of functions of œ which satisfy the equations: D 


Drm DCE de = 9 Lae pe 

















D ea se Oe Bee. 
Dings A 
or the single equation | | 
DE ap a | 
da ” da : Cu 
9 dp 2 dọ 2 dp 
Oc, dx ? dc dx. ’ dc, dx 
az= 2 Tp à & 9 3 ee ES 
ee 
oh a oh 
da ° '. 06 Om 
Winn Winn Onn 
de 7: ey i DCm Î 
The eliminant with respect to q, &,....0, of the m -+ 1 equations: 
: go | | 
p—=0, ET) %=0, A=0, 


a differential equation of order n — 1, 
X (Yni: Yana) ee Ys x) = 0, 


will in general be a singular solution of the equation f(y,,....y,#)=0. Its 
solution will not be contained in the curve-system which f= 0 defines, but it 
- will satisfy this equation. | 

This-is readily proven, as follows. “Of the curves.@ = 0 there is an (n — T} 
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` ply infinite system passing through any pout Los Yor. the parameters of which 
satisfy the equations : 


9 (tar Yon pee Cw) = O, ahi (Crs Car oe oe Op) = 0, (i= 1,....m—n) 


Between the parameters c,@,....c, of any curve of this system, and 
the parameters c + de, ....0, + de, of a second curve of the system con- 
secutive to it, there must hold the relation : | 

« Pa bes à e 
YO Welter des a ene Oh do ee (a) 
7 s dc, ` i 
For the two curves to touch at a, Yo, it is further RS that 
Š d op (x, Yr yy es seoa) | 
>, dæ ( dc; ae 0. a (2) | 


And for their contact to be of the order n — 1, still further that 


à Cine m 
Le Foy (PRES no. 


gree an Ge RTS A ee ee | 


Vos Yo 
the common Yir Ygs - -e Va À of the curves being given by the equations 
o dp de" | 
= 0, ; yor |= 0. 
dala. Los Ye ` dut : Los Ve 
But the eliminant with respect to de, de,.... de, of the equations 
(1)....(n) and the m — n additional equations à 
Shao 


is A = 0, it having been supposed in the construction of the differential coeffi- - 
cients which constitute the elements of A as in the construction of those involved 
in the present eliminant, that q,,.... Cn are independent of x. | 

It follows immediately that y de ty Yn= + +++ Y, V) = 0, the eliminant | 


; - . gr-} 
with respect to ci, G,.... 0, of the a eee ae Ft = 0, 


Fins: Singular Solutions of Ordinary Differential Equations.  - 321 


d, = 0, and A = 0, embodies the relation which must exist among the coordi- 
nates æ, y of any point and the values at that point of the Y1, Yz, «+. + Yn—ı of such 
consecutive curves of the system @ == 0 as there have contact of the order n — 1 
with each other. - 

A curve of the system y= 0 may therefore be described by moving a 
tracing point from xyyp to «19, along an infinitesimal arc of ) = 0, a curve of.the 
system @—0; thence to ay, along an infinitesimal arc of the curve = 0 
which Has a contact of the order n — 1 with @) = 0 at ay; thence again to xs 
along an infinitesimal arc of p, = 0 which has contact of the order »— 1 with 
ĝ = 0 at my, etc.. This curve, since it has the same Ay Yor sess Yn—1 With 
Pi = 0 at ay, and also at the consecutive point ay,, has contact of the n™ order 
with @, = 0 at ay; in like manner contact of the n order with @,=0 at ay, 
etc. It therefore satisfies the equation F (Yn, Yn-11-...y,æ)—=0. Therefore 

The equation y = 0 contains the envelope uen of p = 0, a system of curves each 
of which has at each of ite points contact of the n° order with a curve of & = 0; and 
this system satisfies the equation f = 

It should be noticed, a he that x = 0 may contain systems of curves 
besides this envelope system—which do not satisfy the equation f= 0; may 
indeed contain such curves only. 

By the hypothesis made at the outset there is a 1— 1 correspondence 
between the curves of @==0 and the systems of values of the parameters 


d ~] 
Ci, CgyeCme The equations @=0, = 0 ee = 0, 4 = 0, give 
C1, res «+ Om in terms Of æ, Y, y+ +++ Yn and a determine the sets of 


values of these parameters which belong to that set of the curves @ = 0 which 
pass through any point x, y, and there have given y,, ¥,,....Yn—1- -In the general 
_case these sets of values are distinct from one another, and so the curves of the 
set are distinct curves. But it may happen that two or more of the sets of values 
are the same. The corresponding curves then cannot be distinct, but must be 
but different branches of one and the same curve. 

For the occurrence of loci of such singular points more conditions must be 
satisfied than there are independent parameters; @ must have a special form. 
But when they do occur, they satisfy the equation y = 0. 

This may be readily seen by regarding a, &,....c, a8 the coordinates of a 
point in a space of m dimensions Sp. 
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> ; : ae | i | ~ 
- o= 0, Pii 0, Ro = 0, Me = 0 are then the equations of m forms : 


in this space, each of dimensionality m — 1, which. have in common a finite: 
number of points, generally distinct. If, T two (or more) of these points 
coincide, the corresponding tangent S,_,’s of the m forms have a line (S,) in 
common, and the determinant. A—whose elements are the coefficients of these 
tangent S,,_,’s—vanishes ; that is, the condition y = 0 is satisfied. 

Besides the envelope or therefore, y == 0 includes the loci of points at which 
curves of the system @ = 0 have the singularity of two curve branches i contact 
of the n — 1% order with each other, when such loci exist. 

These loci, however, do not satisfy the equation f= 0, and hence constitute 
no part of its singular solution ; for while y = 0 for the singular point itself on : 
a curve = 0, this equation will generally not be satisfied for consecutive points 
of the curve, these points. not being singular; or the values of y, for 4 = = 0 and 
© @ = Oat the singular point. are different. 

Burkenon Coutzar, July 26, 1889. | 


On Confocal Bicircular Quartics. 


By F. FRANKLIN. 


1. Coordinates. Throughout this paper the letters x, y will be understood 
to mean “circular coordinates,” viz. 


= X+iY=rt, y=X—-iY=re",., (1) 


A, F being rectangular coordinates, and r, à polar coordinates. A third variable 
z will, wherever convenient, be introduced for homogeneity, and then the defini- 
tion of æ and y will be understood to be modified so as to be given by 


eiy:g= X+4V:X—1Y:1. | (2) 


The points (x, z), (y, z) are the circular points J, J; the point (æ, y) is the 
origin. It should be observed that a rotation of the axes X, Y through an 
angle a is equivalent to changing 


x,y into ee, ey. | (3) | 


2. The axes of four concyclie points. It will be desirable to obtain a formula 
relating to four concyclic points before taking up the consideration of bicircular 
quartics. If (a, Y1), (a, Ys), (Lss Ys), (Las Ya) be four points on a circle, the 
equality of the anharmonic ratios of the pencils through them from J and J 
respectively may be expressed by the equations 


(a — a)(a3 — 24) (ei — %)(%q — x4) _ (ai — x)(x — %) (4) 
(ga — YA Ys — Y) (Yr — YAY — Y) Ga — Ys)(Ya — Y) 
Now the value of the first fraction is the clinantë of the pair of lines 12, 34; 
and likewise for the other fractions. In other words, if we denote by $,, the angle 
made with the axis of X by the line AB, the common value of the fractions is 
- the value of ` Pentad, m eat’ — Pict Oud, 








See this Journal, XII, 162, 
42 
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Or, what is the same thing, if a be the inclination (i. e. angle with axis of X) 
of an axis of the four points (i. e. of a line parallel to either bisector of any one - 
of the pairs of lines (12, 34), (13, 24), (14, 23)), andif we donete e“ by A, the 
common value of the fractions is A’. 

Suppose, now, that the four points-are given by the equations 


Aa! + 4Baks + 6 Cate. + 4De + Et = 0,, (5) 
Ayt + AB's + BOPE + Dyf + Hat 0; (6) 
the value of A? may be obtained as follows. Let . 
. N.= AE —4BD + s0, T=ACE +2BCD — AD — BB — 0%, 
© S'=AE—A4BD +80", T=AOE'+ 2B O'D! — A'D’ — E'B" — 0"; 
then, since §/A* is a homogeneous quadratic function and T/A! a homogeneous 


cubic function of the numerators of the fractions in (4), and since S/A" and 
T'/ A” are the like functions of the denominators, it follows that: 


are (AN, Gey = (AN, 


. whence A? is unambiguously determined.’ Since the pencils are Lu 
we may suppose S= 8", T= Th; then: ` 

; À 

AS À s 


It follows that when the axis of X is taken, parallel to an axis of-the four points, 
we have, in addition to S= S' and T= T, A= A’, 


- 8. Confocal bicircular quartics. The general equation of a pierca quare 
may be written 


kay? + ya (le + my) + è (ast + dwy + by") + 22° (gas + fy) + cé = 0. a) 


The system of tangents to this curve from the node @, z) is found, on writing 
the equation in the form. 


+ (hal + maz + de) y? + A MR ONE EURE eee 
to be 


(ak — a Matat (ad 1 ck — flt Agm) ath 
| +20 + omfat f=, (8) 
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and likewise the system of tangents from the node (y, z) is 


(bl — m) yt + 2 (bl + fl — hm) iz + (ab — lè + ch — 2gm sme ye 
+ 2(af+el— gh) y? + (ac — g) #4 = 0. (9) 
These two pencils are known to be homographic; in point of fact, it is found on 
trial that the invariants of the quartics (8) and (9) are absolutely equal; and 
hence the 16 ordinary foci of the curve lie by fours on four circles. 
To consider, now, a system of confocal bicircular quartics. The foci may 
be supposed to be given by the equations 
(4, B, O, D, Ex, = 0, (A, BY C, DY, EXy, = 0, (10) 
and these quartics will be supposed so written that &' = S, T! = T. Then the 
conditions to which the 9 coefficients of the curve are subjected are obtained by 
equating the 10 coéfficients in (8) and (9) to the 10 coefficients in (10), each mul- 
tiplied by a common multiplier 4; this gives, on the face of it, 10 equations 
homogeneous in 10 quantities. But since the coefficients in (8) and (9) satisfy 
identically the relations S'= 8, 7'= T; the number of effective equations is 
reduced to 8; hence there remains an arbitrary parameter; and therefore 
through any point in the plane there pass a finite number of curves belonging 
to the system. 
How many curves pass through a given point may be determined by con- 
sidering the curves through the origin, since no restriction has been made on the 
choice of origin. Putting, then, c= 0 and comparing (8) and (9) with (10), we 


have PI = ED. | (11) 
But gx + fy = 0 is the tangent at the origin, and //g is its clinant; hence there 
are at most two directions* in which the curve may. pass through the origin; and 
since the two values of f/g are negatives of each other, these two directions are 
mutually perpendicular. 
If we write equation (11) in the form 
: | A! Tn E / À 
A’ g JA” 

its full geometrical significance becomes evident. Viz. it is plain that 

E, E _ mas 

AA? ya 
“The above does not rigorously prove that there actually are two curves through every point, since 
it has not been shown that both values of f/g are admissible ; it does prove that there are at most two 


curves through every point. The equation of the confocal system, which is obtained in the next article, 
of course determines the matter completely. 
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is the clinant of the system of rays drawn from the origin to the four foci; and 
it has been shown in.art. 2 that A’/A is the square of the clinant of either axis 
of the four foci; hence equation (11) signifies that the angle made with an axis of . 
four concyclic foci of a bicireular quartic by the tangent to the quartic at any point 

is equal to half the sum of the angles made with the same axis by the four ee radit 
of the point.*, 


4, Equation of the Confocal System. The foci being given, as before, se | 
equations (10), we may, without loss of geometrical generality, suppose 4' = A 
as well as S= 8 and 7’= T, viz. this is equivalent (art. 3, end) to taking the 
axes of coordinates parallel to the. axes of four concyclic foci. By a proper 

- choice of origin we may effect a further simplification of the problem. Viz. the 
substitution of a+ az for x and y + @z for y does not disturb the equalities 
already established; and it enables us to make (= C and #! = E. The five 
relations thus ur may be written as follows : : 


‘A= A4, C=0', E=E, BD= BD, A(D—D")+E(B—B)=0. 


` The fourth of these equations will be satisfied if we put B! = pB and D = pD’; 
A slightly altering the notation, if we write instead of B,D, B', D' respectively 

B, pD; pB, D; and then the last equation becomes (= pad HES 0. 
Thus the equations determining the foci become : 


Act + 4Bake + 6 Cx’? + 4p Dae! + me = 0, a 2) 

Ay} + Ap Byle + 6 Oya + Dye! + He = 0, - (18) 

with the relation among the coefficients oo 

(1 — (AD — EB) = 0. (14) 

It will be supposed throughout that neither À nor Æ vanishes; the vanishing of 

E would mean that the origin was a focus, the vanishing of A iat one of the foci 
E was at infinity. 

- We next observe that if p= =+l,or if B and D both vanish, four foci lie in 

_ a straight line, viz. it is obvious that four points satisfying equations (12) and 


(18) will in these cases lie either on æ = yorone=—y. This is a special case 
which we shall at first. exclude. | l 


| #See“ Note on the Donble Periodicity of the Elliptic Functions,” this Journal, XI, 285. - 
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To find the equation of the confocal system, then, we have to subject the 
general equation of a bicircular quartic 


kay? + 2æyz (læ + my) + À (ar + hay + by”) + 2 (ga + fy) + of = 0 
to the conditions 


(A) (B) (C) g 
ak—? = Aù, am+gk—hl = 2B , ab—h?+ck—2fl +4gm= 604, 
bk— m= An, bl+fk—hm= 2B}, ab—h+ ck— 2gm + 4fl = 602, 

(D) (£) 
bg +em—fh = YDà, be— f’ = Eh, 
af + el — gh = 2D , ac—g = Eh, 


(15) 


where it is to be remetabered that either p’ = 1 or ADP = EB. 


5. The gencral case: P? Æ 1, Band D not both 0. Since AD? = EB?, and since 
À Æ 0 and #0, neither of the quantities B, D can vanish without the other; 
therefore neither of them vanishes. From equations (O) we get, by subtraction, 


fl= gm; ie 
then from equations (D) and (E) 
af? — bg = 2.5 (b—a) = 2D (f — p9); ii 
from equations (A) and (B) 
am — b? = 2A (b — a) = 2AB (m.— pl); ili 
from equations (4) © P—m=(a—b)k; | iv 
| from equations (£) F — g} =(a—Ddjc; Se 
and from equations (B) and (D) 
afm — bgl = 22B(f — pg) = 24D (m— pl). yi 


We note that a6; for if b— a were 0, equations iv and v would give 
P — m= 0 and /*—g*= 0, while equations ii and iii would give f— pg = 0 
and m—pl—0; whence, since p° #1, /,g, 1, m must all vanish; but this is ` 
impossible, since equations (B) and (D) would then give B= 0, D=0. 
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Since ee Æ 0, it follows from ii and ili that f= pg Æ 0 and m — Bi 0; 





but; from i of pe T 
j pe PI aoe 
a epn n=l Be 
80 that =D, get : | = 
ey ba (mp), | Se. ee viji 


while ii would give b—a= p Up), = D (mm — ph by vii; and this is 
consistent with viii “because AD'= EB’. Equations iv and v (in combination 
with vii and vill) give . 


+. E 
SaB m—pl’ °~ 2B’ m— pl 
From equations (B) we. get | 
wh _ D bl — pam l | 
‘while equations D would give À = +. + gam which is the same as the 
valuo in x because os J = pr md = = . 
Equations vii, viji, ix and x, together with the equation > E 
A (ab — 1? + ck + fl + gm) = 30 (ak —P + bk— m’); E xi 


[obtained from (A) and (0)] represent all of the. given equations, the determi- 
. nation of à being left out of account. Equations vii and ix express f, g, ¢, k in ; 
terms of Z and m; it only remains, therefore, to determine a, b and A so as to 
satisfy viii, x and xi. Since a — b = (P — m’)/k by iv, we may put | 


; m3 
=F +t b= +t, 


. (where it should be noticed that £ Æ 0, ‘otherwise either of equations (4) would - 
_ give 4 = 0) and then x gives fs 
D — “pm 
RES k + 4 Poe 
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Hence 
ab —P exp — EP) 
(m — pl} 
(m + pl)(m?'—P) _ pee p D D 
| +4 “he (m — pl) eus eg mg 
Also | 


$ v 
A m—? D D | 
k= FR: m— pl’ ch= ar I. Sb-+ gm = 2 Fy lm, and ak—P= bk — m= tk. 


Making these substitutions, xi becomes 


(pm — À) 
ee 


— pl} + + j 











AD (pm) BAC mi —P 
(m — pl} B ` m—ọl 


Rejecting the factor ¢; this equation gives 








(m — pl} 30 m—?P , AD (t—pm)(m’—P) 2B 
oF ‘m—pl + BP * (m— pl} -f (m+ pt. 
Also E B ( ) 
` t= m m 2 1— pP)? 
SA m oe c= C= pa) a mn 
Hence 
_P 
a, ag Th | 
(m— pl} my m—P | AD (1—pm)(m— P) 2B mat 
ip a PUB m—pl + BF * (an — pip A'm pl 
or ` (1— p*) ABa = (3A BO — 2B°)(m — pl) — AD (pm — 1); 


and likewise 
(1 — p*) ABb = (3A BC — 9p°B?)(m — pl) — AD (pm — 1). 
It conduces to simplicity to express everything in terms of the new parame- | 
ters æ and @ defined by | 
m— pl=(1— pt) Ba, pm —1= (1 — f’) BB; 
whence l= B (pa — 8), m = B (a — p8). 
Then the above equations become i 
_ ABa=(34BC—2Bt)a — ADB, 
ABb = (3ABC — 2)? B°) a — ADB; 
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equations vii and ix become ` 








f=D(a— $8), g=D(qu—8), b= HSS", oa GPF 


and equation x ae 





z LAND (a? + B)— 6ABCaB + spBa a}. 


“4 Hence, multiplying each of these “he by 24Ba, and substituting i in the equa- 


‘tion 
` kay + T ET ne E shay + by) + 28 (a+ fy) + oot = 0, | 


we find the equation of the required curves to be 


mp { AB | — ABB} 
+ Qatye f 2p A Bia? — “2AB 3 } 
+ 2092 { 24B'& — 2A B a8 ft 
+ @25(6ABC— 4B%)a?— 24Daÿ E s 
+ Syei( AD + 4pB%)a?— 6ABCaB + ADE } (16). 
+ ¥2{(6ABO— 4pB°) a — 24 DaB ł : 
+ 2] ABD — 2ABDoB S 
+ 22i 24BDa — 2pABDaß po 
+ od} ABEd . i ARE 


Let us call this i Ne. 
| | SU — ab V + BW—= 0; (17) 
then U and W are particular curves of the system (being obtained by putting 
a or B— 0), but V isnot. The equation being quadratic in a: b, there pass 
through every point in the plane two curves of the system. - 
In virtue of the relation AD? = EB?, W is a perfect square ; viz. 


| W=— Bey ze), | (28) 
and represents a circle with its centre at the origin, counted twice. And since 
it is obvious on inspection (bearing in mind that AD = EB?) that the relation 
cy = EZ converts the y-equation for the foci into the s- equation (equation (12) 


- into equation (13)), this circle is a circle through four foci. Hence each of the. 
four focal circles, counted twice, is a curve of the system. 
If we put a= + @ (and only so) the term in ay disappears and z becomes 
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a factor of the equation, so that we have as a limiting case of the quartics a cir- 
cular cubic together with the line at infinity. But at the same time the term in 
z disappears; hence the cubic passes through the origin, which has just been 
seen to be the centre of a focal circle. The terms of lowest degree in x and y 
are (dropping a constant factor) 

. s Fy, 

and the terms of highest degree are | 


ay (x = y). | 
Hence, there are two circular cubics confocal with the system of quartics; these 
cut each other orthogonally at the centre of each of the four focal circles; and 
the tangent to either cubic at each of these centres is parallel to the asymptote* 


of that cubic: the tangent and asymptote being in fact parallel to an axis of the 
foci. 


6. The case of four collinear foci. If four foci are in a straight line, we may 
take this line as axis of X, and the centre of gravity of the four foci as origin; 
then the equations of the Z-tangents and the J-tangents are identical: so that in 
equations (15) [end of art. 4] p=1and B=0. Supposing D+ 0, and noting 
that in obtaining equations i-vi of art. 5 the relation AD? = E? (which does not 
hold in the case now under consideration) was not made use of, we see from iii 
- that a= b; then from ii, f= g; and then from i, =m. Hence the equations 
(15) for determining the curve reduce to 
ahkh—P= An, (a—h)l+fk=0, a —h -+ ckt 2fl= 60A, las) 

| (a — h) f + l= 2D, ac—fP= En. 


Eliminating 4 by means of the second of these equations, the other four become 


ak—P= Ad, i- 
ac— f= ` Eh, il 
— kP += 2D, ii 
— Bf — 2afkl + ck? + 2fP=6CPA. | iv 
iii may be written k (ac — F) — e (ak — P) = .2Dia, or 
| Ae = Ek — 21); | v. 
iv may be written &(— &/* + e) — afl (ak — À) = 6 OPA, or | 
` Af= Dk—30; vi 








*T. e. the asymptote other than the tangents at Tand J, the real asymptote if the curve is real. 
43 
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and i, ii, iii obviously give also | 
Af — - EF = — 2Dla. i > vii 


Equations v and vi give c and f in terms of % and l; ; substituting for f, equation: 
vii becomes 


24Dla = — D'R + 6CD + (AE —90)P; - vii. 
and finally the second of equations (19) gives for A 
2A DI} = = 24Dla + 2ADfk = DP + (4E - — 907 P. ix 


Hence the equation of the required curves, which (since a=b,f=g,l=m) was _ 


ky" +21 (e + y) age + RE ur af(@t ye + c#=0 


ig found to be 


oy} 2ADH } 
+ 2 (a +y)ayet 2ADP} = 
+ CHE D + SODH (A — 2097 (20) - 
+o wyf DP +(AB—90%)F} . 
+ 2(@ +y) -  2Dkl —60DP} 
+ {SD Ebel .— 4D 3B) = 


or | 
— D (w — y} Ê + ID | Aaty + 80 (2 + y) à + IN 
PEAR (ay) uyt (AE 00) ety) —1ROD (0 +y) PAD} 0. (21) 





7. Solution of the differential emiak dæ/ Êv As! + 4Ba + 602 + 4Dr 4 E 
+ dy V Ay + 4By+ 60+ 4Dy+ E= 0. In virtue of the property of the 
tangent to a bicircular quartic contained in the theorem at the end of art. 3, the 
“equation of the system of confocal bicircular quartics whose foci are given by 


Axt + 4B? + 6 0% + 4Ds + E= 0, Ay! + ABS + 6 Oy) + E 
is the solution of the differential equation 
dae Ast +4 Bai +6 OF ADF B+ dy] Ay + 4B +6 Oy +4Dy+E=0. (22) 
In the foregoing article we have obtained the equation of the ee when the 
origin is so chosen that B= 0; so that the equation 
| | ded |W Hal F 6 Cal + AD ad +E + dy |v Ay + 6 Oy + Ay + H=0. (23) 
has for its solution, by (21), 


— IED" (a! —y/) + AID {Any +30 (a? + y") + 2D (a +) KE} 
+ PLAAD (al ty) y + (AD—90"\(a! y —120D (+ y)—4D"}=0, (24) : 
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or say — RD (af — y) + DP + FO—= 0. . (25) 
To obtain. the solution, then, of (22) we have to transform (25) [which is 
only an abbreviated expression of (24)] by the substitution 


B B 
a =a+—, Y=Yy+ 7; (26) 


expressing the result throughout i in terms of the coefficients À ....Æ. We shall 


write 
w = Ag" +602" + 4x + HE — Axi 4 ABa + 60 + 4De + Eu 


v = Ay" + 60ÿ" + 4D'y + E = Ay + 4Bÿ HOUR 4 Dips DE». 
In the first place, then, x — y! = x — y. Secondly 
2P= uw + v — A (x — y Y 
=W + v — Al —y}(x + y}. 
B 2 
=u +o — A (e —y)(s+y + 2) 


=u Ho — Ce EE) 
so that | 
P= Actif-+ 2B (e+y)ay +30 (+) +20 (+y) + 80 À (op (27) 


It will, then, obviously be advantageous to put LD!’ =a — 2 = l, a being a new 


arbitrary constant; whereupon equation (24) becomes 


— a (x— y)+2al[ P+ 2 E @—y] +2 [0-5 pi aa ss ÿ |: (28) 
To transform Q it is convenient to observe that 
o,= a (ACD — Seer 2B?) a? + (A&E + 2A BD — 940° + 6B C) a? 

+ 2(ABE— 340D + 2B°D) x + EB — AD, 
is an æ-covariant of (A, B, C, D, Ea, 1}, i.e. a function which remains unaltered 
by the transformation x = + u; and the like expression in y will be denoted 
by. For the quartic (A, 0,.0, 1), Ha’, 1), @ becomes 

A [2A Do” + (AE! — 90") x” — 6C'D'a! — D"); 
so that we have 
£Q = 24 (p+ 0) — A? (AH!—9 0") — y+ 4.A3D (a! + y) aly! — 4A®D! (2? -+ y“) 
= 24 (p + 4) — A? (x — y} [44D (x + y) + AE! — 90°] 
= 24 (+4) — L (x — y} [44D (@ + y) + AB! — 90" + 8BD] 
= 24 ( + 4) — (x — yF [44 (£D.— 3ABC + 2B°)(x + y) 
+ 4 (AE — 4BD + 30%) — 12 (40 — B’? 
+ 8B (£D — 3ABC + 2B5)). , (28) 


834 FRANKLIN: On Confocal Bicircular Quartics. 


Substituting for and a their values, and for P the value found in equation 
(27), we have i 
GE E aks | Us 
Q—A TP y) By + (44D — 12B O(a + y) ay 
+ (AE— 90*\(e+y) + 8BDay + (4BE — oe + y)- — 4D, 
so that the solution of (25) is 


—~ ah(a—y) 

+ 2al [Ax + 2B (x + y) xy + 50a by") + 2D (x + y) +E] 

+ P[—4B%ty + (4AD — 12BC)(x + yay + (AE —90)æ +y 
ee cua a a 69) 

[OF Cayley, Elliptic Functions, p. 339. ] 


8. Case of four collinear foci nee situated in respect to their centre 
of gravity ; solution ofthe differential equation when B and D both vanish. In art. 6, 
where. the origin was taken so that B = 0, it was expressly assumed that D was 
not also 0; and the equation there found ion (21), end of art. 6] ceases to rép- 
- resent a system of curves when in it we-put D=0. It is, however,.easy to 
write (21) in such a form that it shall continue to involve an arbitrary constant 
. when D= 0; it is also-easy to investigate this case independently; but since we 
have just extended the solution in (21) sò as to cover the general case (viz. that 
in which B is not supposed 0),.it will be simplest to obtain the solution for the 
case B= 0, D= 0, from the solution for the general case, which is given by 
equation (29). We. thus obtain, for the system of bicircular quartics whose foci — 
are ENS by 
Ae + $C + B=0, Ay +60 +E=0, © eo) 

_ the sidon : 

. — o (æ — y+ 2al [A230 (a? +") +E] +? (4AE — DCE + y= 0. (31) 
Putting IV AE 908 AB — 90 =}, a| V AE— 90 =a, this may be otherwise written ` 
` — a” (AE — 90*)(a — y} + 207 [ArH 30 (a+) +E] +P (w+) = 0. (81) - 

When AE — 90° = 0, equation (31) may evidently be written | 

[Any + 30 +u (e — y) [Asy + 80— u(x —y)]=0, -~ (82) 
a pair of circles each passing through the two double -foci given by «= y» 
Axy +3C—0; and equation (31) may be written 


[Ary — 80 + u (@ +y) [Azry — 80 we + 9) = 0, R (82) 
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a pair of circles through the two double foci given by a= — y, Aay — 30 =0, 
and orthogonal to the preceding pair. 
Equation (31) or (31/) is the solution of the differential equation 


dx/N Axt + 6 Cx + H+ dy/V Ayt + 60 + E—=0; 
and in the particular case when AH — 9C?— 0, the two differential equations 
arising from this, viz. 
du|(Aa* +30) —dy|(4y?+ 30)=0, dar/(Aab + 30) + dy/(Ay” + 80) = 0, 
have for their solution, by (32) and (3 2), 


Asy +30=u(e—y), Ary — 30 =u (x + y), 
respectively. 











9. On the solution of the differential equation dx] WV axt + 4ba*+ bcx’ + 4dx + e 
= Mdy|/V/ ay' + 4by? + 60y? + 4dy + e, the quartics being homographic, and M 
being a certain constant. Consider, first, the equation 


da|/ Aa + AB F 608 + dpDx + Ë 








= dyjNAÿ F 4pBy + OCP F 4Dy FE. [4D = EB] (38) - 


This defines a curve in which the inclination of the tangent is half the inclina- 
tion of the system of rays drawn from its point of contact to a system of four 
concyclie points determined by 


(A, B, C, pD, Eje, 1 =0, (4,pB, 0, D, Bly, 1* = 0. (34) 


Hence the solution of (33) is the equation of the system of bicircular quartics 
whose foci are given by (34); so that this solution is furnished by “aioe (16), 
p. 330, z being therein replaced by 1. 

Next, consider the more general equation 


dx// ax! + 4bx® + 6ex* + 4dx + . 
= dy[Valy' + 464? + 6 + 4dy + ed. [S= S, T = 7 (85) 
It defines a curve such that the square of the clinant of the tangent at any point 


is equal to the clinant of the system of rays drawn from the point to a system 
of four concyclic points determined by 


(a, b; c, d, ef, 1} = 0, (œ, b, d, d, ety, 1* =0, . (36) 








multiplied by a/a. But, by art. 2, a'/a is the square of the clinant of an axis 
of these four points; hence, with respect to an axis of the four points, the inclina- 
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tion of the tangent is half the inclination of the system of rays drawn from its 
point of contact to the four points. The curve defined by (35) is therefore a 
bicircular quartic belonging to the confocal system whose foci are given by (36). 
By rotating the axes and moving the origin, i. e. by the transformation Y 

se#(mta), y= (+), (87) 
equations (36) may be transformed (as shown at the beginning of art. 4) into 
equations (34); hence the equation of the confocal system just mentioned is 
‘given by (16), the a, y, z F replaced by %, ÿ1, 1. This result, converted 
_ from an expression in A, , E, p; %, Yı into an expression in 


: a ave 
would furnish the solution of (36). 
Finally, if, in the equation 
def af + Aba? + Ge + 4dæ + e = Md |v d'y + Ab + cp + Ad'y + d, 
the quartics are homographic, but it is not true that 8! = S, T'=T, we may 


multiply the second quartic by g, when its invariants will become S" = #5, 
TM = gr and we may choose g so that . 


gr = 8, T =T, 
no oa gr z 
-whence g = Gr. The equation now becomes 
| no Maat + 4b + 6 + 4da +e 
= M Ver p wiv a k ab + Gol? + sdy + ef, Sas rar) 














‘a, a . being written for qd, ab: = “Now, if M= {st at P this equa- 


tion becomes 
| . de] A ax Faa + be? + 4da +e . 

-. = dy/ [v aly + APP F bey Fady +i. [S" = 8, T" = T].. 
Thus the solution of the equation | 
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the quartics being homographic, is at once reduced to that of equation (36). 


On the Theory of Matrices. 


By Henry TABER. 


I.—-ELEMENTS or tam THEORY. 


` Introductory. 


$1. Cayley, in his Memoir on the Theory of Matrices (Phil. Trans., 1858), 
defined a matrix as “a set of quantities arranged in the form of a square,”* this 
notion arising “from an abbreviated notation for a set of linear equations.” 
Accordingly, Cayley laid down the laws of combination of matrices upon the 
basis of the combined effect of the matrices as operators of linear transformation 
upon a set of scalar variables or carriers. The development of the theory, as 
‘contained in Cayley’s memoir, was the development of the consequences of these 
primary laws of combination. Before Cayley’s memoir appeared, Hamilton had 
investigated the theory of such a symbol of operation as would convert three 
vectors into three linear functions of those vectors, which he called a linear 
vector operator. Such an operator is essentially identical with a matrix as 
defined by Cayley; and some of the chief points in the theory of matrices were 
made out by Hamilton and published in his Lectures on Quaternions (1852). They 
were, however, made out as theorems concerning linear vector operators, and 
developed by quaternion methods, through the effect of these operators upon 
vectors, and not upon the basis of the primary laws of combination above 
referred to. Nevertheless, Hamilton must be regarded as the originator of the theory 
of matrices, as he was the first to show that the symbol of a linear transformation 
might be made the subject-matter of a calculus. Cayley makes no reference 





* Cayley speaks also of rectangular matrices, and to some extent develops their theory ; he even 
alludes to the possibility of attaching a more general meaning to the word. His memoir deals, how- 
ever, almost exclusively with square matrices ; and as the present paper relates exclusively tb such, we 
shall make no further reference to other than square matrices. 
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to Hamilton, and was-of course unaware that results essentially identical with 
some of his had been obtained by Hamilton; and, on the other hand, Hamilton’s 
results related only to matrices of the third and fourth order, while Cayley’s- ` 
method was.absolutely general. The identity of the two theories was explicitly 
mentioned by Clifford in a passage of his Dynamic, and was virtually recognized 
- elsewhere by himself and by Tait. Sylvester carried the investigation much 
farther, developing the subject on the same basis as that which Cayley had 
adopted. Subsequent to Cayley, but previous to Sylvester, the Peirces, 
` especially Charles Peirce, were led to the consideration of matrices from a dif- 
‘ferent point of view; namely, from the investigation of linear associative algebras 
involving any Aer of linearly independent units. In this aspect, the quan- 
tities arranged in a square are looked upon as scalar coefficients of the several 
units or “vids” of an algebra belonging to'a certain class. Finally, it must be 
mentioned that Hamilton and his successors made usè of an interpretation of a 
. linear vector operator which consists in regarding the, operator or matrix as 
representing a homogeneous strain; and in this light the axes of the strain play ' 
an important part in the theory. These axes may, however, be utilized without: 
any reference to this interpretation, the analytical definition of the axes being 
obvious; and I have made much use of them in the following investigation. 

This paper originated in an investigation upon the development of Clifford's: - 
geometrical algebras; the consideration of the linear vector functions of these 
algebras led me to think of investigating the theory of matrices viewed as linear 
vector operators. For matrices in general these algebras furnish an instrument 
analogous to that which quaternions affords for the investigation of mat- 
rices of the- third order. I shall, however, rescrve to a subsequent paper the 
consideration of this particular system of algebras (of which I have obtained a 
tolerably complete development) and its utilization for the theory of matrices. 
In the present paper I regard a matrix as a linear unit operator, operating upon 
the linearly independent units of an algebra, without reference to any meaning 
of such units, or to any properties which these units may have in combination 
with each other; and I have in this way endeavored to develop the theory of 
` matrices. From this point of view I am able to give a very simple proof of | 
Cayley’s “identical equation,” and also of Sylvester’s most important results, 
the law of latency, the law of nullity, and Sylvester’s for mula for any function of 
a single matrix. I have also completed the investigation of the nullity of the | 
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factors of the identical equation (Sylvester’s “corollary of the law of nullity”) 
which Sylvester had treated only in the special case when all the-latent roots of 

_the matrix were distinct; and I have shown that in addition to nonions there are 
-an infinity of algebras exactly analogous to quaternions. This analogy I have 
also extended, and it appears that every matrix is resolvable, precisely as a qua- 
ternion is, into the product of a tensor and a versor; the latter gives rise in a 
matrix of any. order to. functions analogous to the sine and cosine to which 
these functions reduce when o = 2; and thus I find that there exists an infinity 
_ of formulae analogous to De Moivre? s. Finally, I have shown that the whole 
theory of matrices may be regarded as contained in the theory of Clifford’s 
geometric algebras, i. e. in the theory of sets of quaternion algebras which are 
such that the units of one set are commutative with those of any other, Other 
results I have obtained not immediately connected with the pure theory of 
matrices, but having reference to the matrix viewed as a linear unit operator. 
‘These results are contained in the second part of this paper; the first part 
contains only the elementary notions and ‘theorems developed from the point of 
view of the matrix as an operator, and is not necessary to the understanding of 
the second part, at all events by one acquainted with Cayley’s memoir. To this 
must be excepted-§9, which contains an account of Charles Peirce’s system of 
quadrate algebras and their connection with the theory of matrices. 
| T have in I $10 given a slight sketch of the i of the theory. 


Definition of a Linear Unit cd 


$2. The extension of any selection of a of the units of any algebra will be © 
termed a ground of order ©. <A linear unit operator > of a ground of order a is: 
‘an operator which converts each of œ linearly independent quantities in the 
-ground into 8 quantity in the same ground, and which is such that 


| $ (mo + nat) = m (po) +2 (or), 
where g and x are any two quantities in the ground, and m and n are scalars." 
Thus, if aj, &,....a,are © linearly independent quantities of a ground of 


order o, and if 


’ 


p = aya + mms +... am, 











` *Of course this requirement is equivalent to the requirement that ¢ shall be distributive over any 
sum of quantities in the ground ; the equation would then follow at once for m and n positive integers, 
and thence very simply for m and n any scalars. - 
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then a PP = Ly Py + Wy Pag +... Ty Pon; 
where, since the gas are in the.same ground as the a’s, and these are @ in 
number and linearly independent, we may put 


pay — and + dits +, + Gites * 
. Pas = dyt + Aggy +... tarde 


Pau = Ay, + Aya Qty +... Fast. 
whence the linear unit function pp becomes equal to 
(anz, + Gars +... ARIANE +... Ham) ati 
a ý + (aat + Aog + trea + QAaua) Digs 
By choosing the a's as the units of the set Ga; Egy +++. Ga) it may be 
regarded as identical with p, when it is evident that @ is the jalik 
( an M a l : 
Ag, gg ee + + Any 


oe ee we we ew 


dr Aag ess Bay 


‘Thus, either the successive columns of the array constituting the matrix may be 
regarded as operating upon the successive quantities (a,, &,.... a) represent- 
‘ing the ground, or the successive rows may be regarded as operating upon the 
coefficients (x1, £g, ....«.) of thése quantities. + 
Regarding } as operating upon the set p= (x, a, +. + Za), 1. ©. upon the 
coefficients of the a’s in the expression for p, the resulting set consisting of the 
coefficients in the expression for the linear unit function op may be denoted by 
(lla), (pla)... (@|a.)); and so 
aes (pas) a+... +(o| x.) a. 
In virtue of the identification of a matrix and a linear unit operator, these terms 
‘will hereafter be used interchangeably. 
The coefficients of the a’s in the expression for the ĝa’s which form the 
columns of the matrix, will be termed its constituents. | 
The converse or transverse of ©, denoted by ¢, will be defined as.the matrix 
formed from > by interchanging the rows and columns ofits constituents.” Whence : 
*The term transverse was used by Cayley in his memoir to denote this function of a matrix, and 
has subsequently been used by Sylvester in the same sense; the term converse was that employed by 


Charles Peirce for this purpose, and the symbol of conversion or transversion employed here is also-his. 
Hamilton used the term conjugate of ¢ to denote the converse of $; and denoted it by #. 
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op = ay. rary + + EA css + Te Ps, 


where Í aa Pan = And +40, +. Arka, 
i Pas = Ag, Faas, +... + Aude, 
ete. = 


- The relation “ converse of” is evidently reciprocal, thus ¢ o= ®. 
Two matrices of the same ground are equal if they have invariably the same 
effect npon the same quantity. Thus if vi is the matrix 


bu ba. sx bus.) 
ba iiit) 
bal bage baa 


and the a’s still represent the ground, so that 


bo, = bnar + buts +... + ba, | 
“Ai CS | | 


-ete., 


and if ¢p= =, for any quantity in the st then ay = by, dy = by, ete. 
Consequently, if two matrices are equal, every constituent of the one is equal to 
the ne ponte constituent of the other ; and so an eee between matrices 
‘gives rise to o? scalar equations. 
In defining the linear unit operator by its effect upon o linearly indepen- ` 
dent quantities in a certain ground of order o, the law of multiplication of the 
units of the gròund i is not in any way involved, Whence it follows that there is. 
- only an apparent loss of generality in taking the units of the ground from any 
particular algebra. If the elementary units of Clifford’s o-way algebra* are 
chosen, any quantity in the ground is a vector in o-dimensional space; @ may 
then be termed a linear vector operator, and has a definite geometrical signification, 
namely, it represents a homogeneous strain. For if p and a are vectors to two 
parallel straight lines, then we may put p=a,+28, c=a,+y8, and by 
definition @p =a; + 298, po = pa, + ypB, so the displacement of points in 
space which © effects is such that parallel lines remain parallel; whence, exten- 
~ sions of ‘any order which are parallel remain-parallel after the application of the l 








7 Clifford? 8 w-way algebra is an algebra linear in the product of even order of o “elementary units,” 
fisc... , such that bi = — hi, and t?=:—1. See this Journal, Vol. I. i 
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strain @. Without, however, determining the nature of the units of the ground, | 
1 e. the properties its units may have in combination, two extensions belonging 
to the ground of order m and n respectively, where m<n, may be termed 
parallel if every quantity in the one may be represented, for some set of values 
of the x's, by | 
Nes | ay + Bi + aba +. an, | 
and every quantity.of the other, for some set of values of the y’s, by 
as + 81 + Yla + + Yaa + ces + Ynôni - 


the a’s anid B's being quantities. of the ground. A homogeneous tian may then 
be defined as a displacement in a certain extension (namely, that of the ground) . 
which leaves unaltered the parallelism of any two extensions: of the ground. 
Obviously ¢ effects such a displacement of quantities. 

A consequence of some interest follows from the identification of the theory 
. of linear vector operators with the theory of matrices : as quaternions is identical. 
with the theory of dual matrices, and thus. with the theory of homogeneous 
straits in a plane, to every proposition concerning space of three dimensions (or 


.of four dimensions). which can -be proved by quaternions,. corresponds a proposi- 


‘tion concerning the kinematics of a plane, such that when either is proved BO also 
is the other. ` l 

Hereafter it should be understood, that when quantities are spoken of as 
‘the operands of a matrix ĝ, they are to be roende as in-the groua PAR 
to ? even when this is not RAY stated. 


Addition of Matrices, Multiplication by a Scalar, and Form of a Scalar.. 


83. Employing the notatión of the last section for and +, lét y denote 
_ the matrix - 
| an + by yy big cree + Oye + bia ) f 
az + ba das F bsg +... Aga + be, 
ete., etc. - i 
It is obvious from the definition of a linear unit operator that for any quantity p, 


. xp = pp +. 
_ Whence this sum may be denoted by (ð + J) p, giving the equation i in matrices, 
ot FX: OF | i 


Taper: On the Theory of Matrices. 343 


(an ag... a.) + (bn by... bye ) = ( an + bu Ay + bis + + +: Ge + bio ) 
Ag, Age + + e Ao, | - bey Dagon dene Use aa + ba daaa F Deg ee + dga F Og, 
ete. etc. | ete. - 








As a consequence of the nature of scalar addition, it follows that the addition of 
matrices is commutative and associative, and such that its inverse, subtraction, is 
determinative, or may be regarded as the direct operation performed with an 
inverse quantity, the negative. The negative of @, which may be denoted by 
(— @), is of course that matrix whose constituents are the negative of the 
corresponding constituents of @; otherwise ¢p+(—)p would not be. zero for 
all values of p. 

Evidently the converse of the sum of two matrices is the sum of their con- 


(@ty)=o4+4. 


verses, “Thus: 


$4. From the last section it follows that if m is any positive integer, 


(m Au Ag... ay )=( May May... . May ) 
Os, Agg» +s + Any Mag, Ms. + MA 
etc. etc. 


Thence it may be shown very simply that the equation holds for any scalar 
m. And hence, obviously, for any scalar m, (mẹ) p = @(mp) = m (gp). If, then, 
n is-any other scalar, for any quantity p in the ground we have (m.n@)p 
= m(np.p) = m(n.pp) = mn.pp = (mn.p)p; also (m+ n)o.p = (m + n).op 
= m.op + n.pp = mp.p + np.p = (mp + n)p; consequently, m.np = mn. 
and (m +n) = mp + np, and therefore scalars as. multipliers of matrices have 
all the properties they possess in combination with monomial or scalar quanti- 
ties. Hence in future the combination m.p = m.p may be denoted by mp, 
etc. ; 

A scalar is itself obviously a linear unit operator or matrix; but the only 
matrix which merely multiplies a set or quantity by a scalar m is 


(m 0 0 etc.) 

10 m 0 ete. 
0 0 m ete. 
etc. 


where all the constituents. are zero except those in the principal diagonal, and 
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they are all equal tom. If m = 1, this ‘array gives the matrix form of unity; 
if m= Ó, it gives the matrix form of zero. It will presently be shown that the 
product of two matrices is also a matrix, and that the product is distributive 
over the operand. In conjunction with the matrix form of a scalar, this makes 
. significant the compound @m,.m being a. scalar. For since for any quantity p, 


` (pm). p = @ (mp) = m ($p); hence pm = mg. 


Multiplication of Matrices and tis Inverse. 


§5. The combination gp must be defined as the result of operating by tt the 
. linear unit operator @ upon the linear vector funétion or quantity op, i. e. p.p 
= (vp). With the same notation as before for @ and p, let - 


= ( Said, Dt see. EB ) 
270g D1 Z,ab,3 us. 2 Oar O re 


Z Dude, Erlorbrs ++ + Eerbro 
Then for any quantity p, | n u 
alp = [2 bist, + Oy + Zeb, + Ag ~ +... + Ebut, a] 
| = (an. Erbit, + Oys aborts Aopen + dis Dabas) Qi : 

+ (as 2D, -+ das. Erbas + EN + ORD ANEA) dy + etc. : 
= a DEd Ag à à à Nero 7. 
Sr rbanta, + Erbat H.a +Eab.m) 0 

: + (È rAgeD ys « wy + Z,aub,s. x +. + Z,430ro « a) a + ete. 


= Xp: 
Whence we may put oY = y, or 
Ai ds + +++ Ge bu bis. ins bi ) 
az Ag Ass | On bas bg. 
oi ss 


; = Ay, by + du ba + eo ue + ay. Du an bis + an bas n . : . + ax bes; etc.) 
`| dor dun + as ba + + + + + urban Ag bis F ao bos + ces E ago bus, etc. 


mm ss | 


aan + as by ++ a ber, an Dy + Gus0rs +. T ’ + GuisPans ; ete. 


ie the product of the two matrices ọ and 4 in the order named is formed as 
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follows: The constituent of the 7 row and s column of -@ is the sum of the 
products obtainéd by multiplying each constituent of the r4 row of @ into the 
corresponding constituent of the «™ column of 4. | 
Since by definition the product of two matrices is associative with their 
operand, it follows that the multiplication of matrices is also associative. For 
by definition 
$ (4x) -p = $- (4x) p= $ (dx), 


(ob) x. p= (oY) -xp = D (4. xp). 


As this is true for any quantity in the ground, hence 


p(bx) = (pl) x. 


The multiplication of matrices is also distributive over addition. For if the 
quantities 4 and p” denote. severally the linear unit functions P and 4p of any 
quantity p in the ground, by §2 and $3, 


EL + 0 p= à (lp + xp) = (p +p') 
= pp + pp" = lp + oxp 
= (od + px) p- 


The commutative principle does not in general hold in the calculus of matrices. 

The converse of the product of two matrices is the product of their con- : 
verses in the reverse order, as may readily be proved, This gives the formula 

p=}. 

$6. Division is the operation inverse to multiplication. Since multiplication 
is not in general commutative, two signs are required for division. In the last 
section, two matrices being given, it was required to find their product in either 
order; the problem inverse to this is to find a matrix which when multiplied 
into or by a given matrix shall have as product a given matrix J. In general, 
this problem is susceptible of one or more solutions: the matrix or matrices 
which when multiplied into @ give 4 as product may be denoted by (d:@); and 


and likewise, 


those which when multiplied by @ give ẹ as product may be denoted by n or l? 


" Division is therefore defined by the equations 


(ip) = +, 


“a+ 
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` Invertible multiplication is multiplication whose inverse is determinative. - 


- If the multiplication of matrices is invertible, it would follow that if yp =,- 


and y'=}, then y= 7’; likewise, if gy=y and oy =, then ~ x. 
Hence diyision would be subject further-to the conditions 


oaa 
ow — 
? 4, 


by means of which the above results may be obtained immediately. To assume 
that multiplication is invertible is equivalent to regarding the inversé operation 
as the direct operation performed with an inverse quantity or matrix, which 
shares the associative and other properties of matrices in | general. This inverse 
matrix is termed the reciprocal.” : ; 

` It may now be shown that in general there exists a reciprocal, and hence 
that, in general, multiplication is invertible. From the rule for the formation 
_of the. product of two matrices, it follows that, if from the array of constituents 


representing a matrix @ another matrix ® be formed, in-which each constituent - 


of the first array is replaced by the logarithmic differential derivative with 


respect to that constituent of the determinant of the array (provided this deter- . 


minant is not null), the product of @ and the converse of in either order is 


equal to unity.t Hence ® may be denoted by @~? and is termed the réciprocal 


_ of. In other words, if || denote the determinant of the array, representing 
: the matrix (which will in future be termed the content of the matrix), and L 
Ap represent the differential operator ; 


a) 











(2 à 
dan dan "das . ; 
a 8: 2 . 
Ody, Qan ` Otay ' 
fe] ð 0 . 

[das ayy” Dlou 








*The term invertible multiplication was employed by Mr. 0.8. Peirce in his Logic of Relatives; 
Memoirs Am. Acad., Vol. IX, in which, and in Mr. Peirce’s other writings, will be found the substance 
of this account of division. Mr. Peirce has shown that the only algebras in which division is always 


4 


determinative are‘ordinary algebra, with and without the FARINE: and real (semi) quaternions, this ` 


Journal, Vol. IV. 


„t In the wording of this statement of the. relation between. $ and @ 1 have followed Prof.. Sylvester, 


this Journal, Vol. VL 
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then _, Å lô] 





A matrix whose content is zero is termed vacuous. The inverse processes 
are sometimes possible with such a matrix; but since a vacuous matrix has no 
reciprocal, the results are indeterminate. Thus if 





w=(a 0) 
| ma 0 |’ 
x =(b 0) 
mb 0 k 
the matrix (2) which when multiplied by w gives y as product, is 
Cie 1) 
a 
ec d | 


where c and d are any two scalars. 


Ify = 0, it is evident that either both @ and ẹ are vacuous, or one or 
both are zero. 


From the definition of the reciprocal it follows that ($)? = (91). For 
taking the converse of both sides of the equation pọ™1 = 1, we get (5) ğ= l; 
hence ($) = (ÿ)-1. | 

$7. Regarding a matrix as an operator, the problem inverse to that of’ 
finding the effect of a matrix b upon any quantity p in the ground (i. e. of find- 
ing the product of ẹ into p) is, given a quantity o in the ground, to find another 
quantity which ọ will transform into ø. Only one sign is needed for the inverse 
of functional multiplication, which is defined by the equation 


o 
TOE 
? G 
The quotient F is always determinate if @ is non-vacuous. If the matrix 


transforms any extension (az, &,...0) into one of lower order (Bi, B,...8,), 
and if o = y + Yb +... + Yaban, the problem to find a quantity which » 


. De , ; d. ; 
transforms into o is in each case possible, but the quotient — is not in each case 
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determinate. If p= aa, + ma Haee. F Enan, there does not exist in every 


case a ‘quouent $. 


Powers and Roots of a Matriz. 


$8. If m is an integer, ọ" is of course that matrix which results from mul- 
tiplying @ m times by itself. If n is also an integer, p" must be defined as that 
matrix whose n™ power is the mt power of @. The irrational scalar power ¢? . 
of @ must-be regarded, as in common algebra, as the limit of the series pr, pr”, 

eto., where p', p', etc., are successive approximations to p, i. e. if 
p =(ah ah ete | 


/ 1° 


G3, aga ete. 
etc. 





and if the limits of the a’s as p approaches the limit p are respectively the gimi- 
larly situated constituents of the matrix 


p= (an dy ete. ) 
Gy, Ag ete |, 
etc. 


`” then @? =. Whence ?— @? may be made as nearly equal to zero as we ~ 
please by taking p' sufficiently near to p; and consequently, if o?’is susceptible 
of having a reciprocal, @?:o@” may be made as near unity as we please by 
taking p' sufficiently near to p. -It is obvious that if o is the limit for any 
quantity p of ®’p, as p’ approaches the limit p, then "op =o. 

In general, the matrix @* where m is an integer has a reciprocal ee 
` may be denoted by (#*)"1 Prof. Sylvester shows, virtually as follows, that 
(p=! = (DM. Since pp! = 9" 1 = 1, hence @ and?! are commutative; con- 
sequently 1 = (97 'o)™ = (P) p", or (P7 = (9 7)"9" (p1 = (pr). Frac- 
tional and irrational powers of a matrix also have in general a reciprocal; and 
in this case also it may- be shown that (¢*)-'=.@-™. Whence it follows that 
for any two scalars (@”)* = gt"). ` | 

It is obvious that "@" = @"+* for any two integers m and n, being merely : 
an expression of the associative principle; and it is sufficiently plain that with 
a proper understanding the equation holds for any two scalars. . 
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Linear-form Representation of a Matrix. 
$9. Let the set of forms or vids* 


(a:a) (m'a) (a: ae) etc., 
(a:a) (m'a) (asia) ete, 
(as) (asia) (asia) etc., 


A 


as operators upon the quantities a, dy, ten be defined by the equations 
(ar:a) As = y; 
(ar:a) & = 0; 


and, when members of the set are operands, by 


Me 


(a,:a,) (Qr: an) = (Arian), 
(aa) (rian) = 0. 
Then the expression . | l 
D = an (41:01) + an (01:03) + ays (41205) + ete. 
+ ay (dg: ty) + Gay (ar 2943) + as (as:@g) + ete. 
+ agp (Gg: Oy) + dg (ag:04) + ag (43:0) + ete. + ete., 


linear in these. vids, considered as an operator upon, any quantity 


. P = 2101 + aya, + docs + ete., 
is identical with the matrix B 
P—=(an As ag etc.) 
Ay, da Aag ete. 
Ag, ge Ag etc. |” 
etc. 


Moreover, if ® is a similar expression in the vids (a,:a,) in which their coeffi- 

cients the a’s have been replaced by 6’s with corresponding subscripts, then 

m® + n¥, where m and n are scalars, regarded as an operator upon p, is clearly 

identical with the matrix mp+mn). Likewise PẸ has the same effect upon 
any operand p as the matrix @); for nn 








* The term vid was introduced by Mr. C. 8. Peirce to denote the units or letters of an algebra. It 
will be employed in what follows to denote the forms (a. :a,), which will also be termed the elementary 
units of a matrix. E E 
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Py = I,E, dys (a, 104) 2 Ze (a*a) | g 
= 2,220 pi (aa), 


which corresponds to the matrix 


| ( Earba 2,410, 2,410, etc. 
È Carbs 2 Aardys Dgrbzg etc, ; 
| ete. ’ 4 


Any complete system of & of these vids forms a pure algebra of a certain 
class termed by Clifford quadrates; and expressed in terms of these units is in 
what may- be termed its canonical form.* I shall therefore call an algebra linear 
in o° of these vids a quadrate algebra of order o; and any expression linear in 
the vids, a quadrate form. The multiplication tables to which these algebras 
give rise are similar, and are immediately obtained from the laws to which the 
vids are subject. Thus if @= 2, let 

a J 

k oe l $ 
denote a complete set of four of these ern These letters or units give an 
algebra whose multiplication table is . 


k 
0 
ea 
o 
k 








This is the algebra (g,) of Prof. Peirce’s linear associative algebras, and is a form 
of quaternions. Ifo=3,let : Í 


+ 3, 


j 
m 
q 


ke UN, De 


"denote the complete set of vids of the quadrate algebra of order three; these 





* It seems appropriate to have à term to express that form of an algebra in which its units are 
capable of a classification, according to the requirements of the analysis of Peirce’s Linear Associative 
‘Algebra. For this purpose I employ the term canonical form. Thus the form of quaternions given. 
below is its canonical form ; Hamilton’s units are expressions linear in those given below. ; 
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letters give the algebra which was termed nonions by Clifford ; its multiplication 
table is i ; 














i gj k 1 m n p ar 
ij i j| k 01010)0!010 
jlolololil5l#x)olo of 
k|\01010 0/0 011|1j1% 
1liilmin|0i0|0!01)0 o 
m| 0 





= 








© RB 





























art 





In virtue of the correspondence that has been shown in the first part of this 
section to exist between quadrate forms and matrices, it follows that to any 
function of one or more matrices corresponds a quadrate form which is the same 
function of one or more quadrate forms corresponding to the several matrices, 
and which has upon any operand p the same effect as the resulting matrix. Hence. 
whatever equality subsists between combinations of matrices, if it can receive 
interpretation as like operations upon the ground, also subsists between. the 
same combinations of corresponding quadrate forms. Thus it appears that there 
_is no essential difference between the theory of matrices and the theory of quad- 
rate forms. Viewed in this aspect, the scalar quantities arranged in a square 
and forming a matrix may be regarded as the scalar coefficients of the several 
vids. Or the substantial identity between the theory of matrices and of quad- 
rate algebras may be brought out by considering all the possible a matrices of 
order o which can be formed with one constituent unity and the remainder zero; 
when it is very readily. seen that these matrices have the same multiplication 
table, and the same effect upon the ground as the o? vids of the quadrate algebra 
of order a; and since any matrix of order œ may be regarded as an expression 
in-an algebra whose units are these œ’ matrices, we thus have two algebras whose 
multiplication table is the same, and which, consequently, are identical. Hence 
a matrix is a quadrate form, and conversely. It is easily shown that the matrix 
of order œ whose non-zero constituent is in the rt row and st* column is identical 
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with the vid occupying the same place in the quadrate system of order o. Thus. 
if o = 2, the four matrices a : 


(1 0), (0.1), Ds, 0 0), 
“lo o| k ol |1 of de 


- -in terms of which any dual matrix may be expressed, are respectively identical 
with the units +, 7, Æ, l of the quadrate algebra of order four, or their equals the 
vids (ai), (1:02), (ar:a), (ag:ag); the matrices have, moreover, the same effect 
upon the ground (a, «) as these vids, etc. 

The discovery of these systems of vids or of quadrate algebras is due to Mr. 
C. S. Peirce, by whom, through this discovery, the relation of the theory of 
quadrate forms (or the theory of matrices) to the general theory of multiple 
algebra was first made clear. 


By §3, J = ay (a: ja CE aq) + ete 
+ ån (040) + ap (0:04) + ete. + ete. 


But by definition 5 is obtained from ? by interchanging its row and columns, 
Hence 


(0,24) = (a,:a,), (a,:0,) = (a,:0,). 


The vids of the type (a,:a,) I shall term self-transverse or self-converse vids ; 
they may also be termed symmetric vids. Those of the type (a,:a,) I shall 
term non-symmetric vids. Mr. Peirce terms the vids of the first type pee vids ; 
the vids of the second type he terms alio-vids, | 


Sketch of the History of the Development of the Theory of Matrices. 


§10. An outline of the origin of the theory of matrices was given in §1. 
Subsequent to Cayley’s memoir, the next advance was made in 1870 by Charles 8. 
Peirce, who, in his investigations upon the extension of the Boolian calculus to 
the logic of relatives,” came upon a set of forms (considered in §9) constituting a 
system virtually identical with the calculus of matrices. Peirce showed that any 
relative term involving not more than one correlate (dual relative)t could be 
represented as an expression Tapar in the units of-a linear transformation. 





+ Desoription of a Notation for the Logic of Relatives, Memoirs Am. Acad. Sciences, Vol. IX (1870). 
t Such as “lover of,” ‘‘ loved by,” “ mother: Of ” ete. ; but not “ buyer of—from—,”’ ete. 
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Whence follows the remarkable theorem that every such relation between any 
group of objects can be represented by a matrix. As has been stated, the relation 
- of the theory of matrices, as algebras of a certain class (see §9), to linear associ- 
ative algebra in general, was first made clear through the light thrown on the : 
subject by Peirce’s systems of vids. 
Charles Peirce has made the great discovery that the whole theory of linear 
‘associative algebra is included in the theory of matrices. He has shown that 
every linear associative algebra has a relative form, i. e. its units may be 
` expressed linearly in terms of the vids (denoted in his notation by (4:4), (4:B), 
etc.) of a linear transformation; and consequently, that any expression in the 
algebra can be represented by a matrix.* Whence the theory of all possible 
linear associative algebras is only the theory of all possible sets of matrices con- 
stituting a group in Benjamin Peirce’s sense, i.e. which are such that the product 
of any two members of the set can be expressed linearly in terms of itself and the 
other members of the set alone. ‘Charles Peirce has, moreover, given the relative 
or matrix form of all the algebras considered by his father in his Linear Associ- ` 
ative Algebra. o 
. To Charles Peirce, in conjunction with his father, the identification of 
quaternions with the quadrate algebra of order two (i. e. the algebra of dual, 
matrices) is also due. Cayley, in his memoir, had remarked upon the simi- 
larity a certain system of three dual matrices had to the 4; 7, of quaternion ; 
but the identification was not completed until the remarkable discovery by Ben- 
jamin Peirce of a form of quaternions, which; in §9, I have termed the canonical 
form, and which results from choosing the linear functions 





LH TI GER —j+kv =i 1-iv—1 

2.’ 2 2 2 
of unity and any three mutually normal unit vectors 7,7, %, as units of the 
algebra. These units obviously have the same multiplication table as the vids 
of a dual matrix. In his memoir of 1870 Charles Peirce had given, as an example 
of the infinite system of quadrate algebras, the multiplication table of the 
quadrate algebra next in order after quaternions, afterwards named nonions 
by Clifford; and he states in the Johns Hopkins Univ. Circs. No. 22 (April, 





*See Mr. Peirce’s Logic of Relatives, above referred to; also this Journal, Vol. IV, p. 221, and the 
Proc. Am. Acad. of Arts and Sciences for 1875. 
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1882), that the identification of quaternions with the quadrate algebra of order 
two suggested to his father and himself that, as nonions.was thus shown. to be 
the exact analogue of quaternions, there ought to be a form of nonions analo- 
gous to Hamilton’s tetranomial form of quaternions, which form of nonions, Mr. 
Peirce states, either his father or himself found.* By means of this form any : 
expression in the algebra is susceptible of representation linearly in terms of 
unity and eight non-scalar cube roots of unity, just as any expression in quater- 

- nions is susceptible of representation in terms of unity and three square roots of . 
‘unity (or of — 1). ‘This form of nonions I shall term the octanomial form. . 
The Peirces’ discovery of the octanomial form of nonions was not published. 
The priority of publication of this form belongs to Sylvester, who discovered 
it subséquently to the emcee without any knowledge of their investigations 
“upon nonions.t 

| To Sylvester we owe most of the development of the theory of matrices. 
In his unfinished memoir in this Journal,f Sylvester distinguished between the 
- different degree of vacuity and nullity of. a matrix, replacing by these terms the 
term indeterminate used rather vaguely by Cayley to denote a null or vacuous 
inatrix. It should be stated that Clifford had previously distinguished between 
the different degrees of nullity, employing the term indeterminate, with the prefix 
singly, doubly, ete. In this memoir Sylvester showed also how to derive the chain 
of equations from the identical equation, and the relation of these to the latent 
function of two or more matrices taken in a certain order. In a series of papers 

. “in the Johns Hopkins Univ. Circulars and in the Phil. Mag., Sylvester added 
largely to the theory of matrices.|| He demonstrated the extension of Hamilton’s 
theorem concerning the cubic equation to which every matrix of the third order 

_ is subject, which was enunciated without proof.by Cayley in 1858 ; among the 

“other important results are what I term the second branch of the in of nullity, 
the corollary of the law of nullity, the law of latency, and the expression for 
any function of a single matrix. Sylvester has also extended the solution of 





“#t* Bo much was published by me in 1870 [the multiplication table of the canonical form of nonions, 
etc.],and it then occurred to my father or to me (probably in conversing together) that since this 
algebra was thus shown (through his form of quaternions) to be the strict analogue of quaternions, 
there ought to exist a form of it analogous to Hamilton’s standard tetranomial form. That form either 
he or I certainly found. I cannot remember which after so.many years ; whichever did must have 
found it at once.”"—Johns Hopkins Univ. Circa. No. 22 (April, 1882). . 

t Jobns Hopkins Univ. Cires. Nos. 15 and 17 (1882). 
t“ Lectures on Universal eee Algebra,” this Journal, Vol. VI (1888). 
I Nos. 15, 17, 27, 28, 82. 
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equations in quaternions or dual matrices beyond the point where Hamilton left ” 
the subject. . 

Clifford’s contributions to the theory of matrices have been left to the 
last, though in point of time they preceded Sylvester’s researches. They are 
contained in his “ Fragment on Matrices,” published in the posthumous edition 
of his works, I shall show subsequently that the main proposition of which he 
gives a proof is false. But the basis of his treatment of the subject is an important 
‘contribution to the theory of matrices. It is the method which is adopted in 
this paper; and the demonstration which I have given in the second part of this 
paper of the law of nullity is based on a result contained in Clifford’s “ Frag- 
ment.” | 


II.—DEVELOPMENT or THE THEORY BY MEANS or THE Axes oF A MATRIX. 


Axes of a Matrix, or Quantities for which (p—g)p=0, where g is a Scalar. 
§1. Ifp = Say, and (g— g)p = 0, then 


(au — J) t + agt + ~. ee Aye, = 0, 

nt + (ae — g) te +... + Quta = 0, 

etc., ete. 
The resultant of this system is called the latent function of @, and will be denoted 
by |ġ—g], asit is the determinant of the matrix ¢—g. From its vanishing 
results an equation of order o in g, 


P—m ag +m, sg. FMg EMm O. 


The constant term m is evidently the determinant of the array of constituentg 
forming the matrix, and has been denoted by |]; m is the sum of all the prin- 
cipal first minors of |p|; and, generally, m,_, is the sum of all the principal x . 
minors of |p|. The term latent function is due to Prof. Sylvester, and the 
roots gi, Jz, +--+ J» of the o he terms the latent roots of. If |@|==0, it has 
already been stated that is then termed vacuous, and evidently has one latent 
root zero. If, in addition, m, £ 0, @ has only one latent root zero, and is then 
said to have the vacuity one, or is simply vacuous. More generally, if all the 
-m’s from m to m, are zero, and m, Æ 0, the matrix @ has just x latent roots - 
zero, and is said to have the vacuity x. If| | 0, is non-vacudus, or its 
vacuity is zero. 
46 
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a bdd to éach latent root of @ are the o quenties 
Pts Par e+ + Pos “such that 


-0=(?— gprs Gs P) pa = o o + = O — Ge) fa 


These des will be termed the axes of @: 

§2, There is no linear relation between any set of the axes of @ correspond- 
` ing to distinct latent roots. For suppose any set of n axes are linearly related 
which correspond to the distinct latent roots gi, gs, --. -gas Let x be the 
number of these axes which are linearly independent, and suppose they corre- 
spond to the first x latent roots. Then any axis corresponding to any of the 

remaining N—* r latent roots can be expressed linearly in terms of these. Thus _ 


Pet = GPi + tp, + est Pr A 

n * Setar = Pe 1 = Gip F aps + + FEI ePx} 
7 but, since the de are not all zero, this is impossible. | 
Whence, if all the latent roots are distinct, the axes of are all linearly | 
independent. If a set of latent roots become equal, linear relations may arise ` 
between the set of axes corresponding to them, i. e. certain of these axes may be 
projected into the extension of the remaining axes corresponding to that set of . 
latent roots, or all the axes of the set may become coincident. ` 

If two or more axes of the set remain linearly independent when the ot of . 
latent roots become equal, these axes and also the remaining axes become inde- 
terminate. Thus if the n latent roots g1, gs, ....g, ultimately become equal, 
of the axes corresponding to them only the fret x may remain linearly inde- 
_ pendent, and the remaining n— x will then be expressible linearly in terms of - 
them, These x axes pi, ps, . .. -pe will all satisfy the equation (p—g)p=0, 
and consequently any expression ap, + 2p; + ~.. F ap. linear in them will also 
satisfy this equation, and hence will be an axis of a Tn this case any x quantities 
- giving the extension of p1, Pas -< e. Px, together with any n — x other quantities in : 
their extension, may be ee as the axes of @ corresponding to the’ n-fold 
latent root g. No quantity in the extension of pi, p,, ....p, can be in any. 
linear relation with axes corresponding to latent roots other than gi by what has - 
just been proved, as such quantities are axes of @ corresponding to gie 

The matrix p= @ — g, evidently has as latent roots gı — 91, gs — 91) Js — Jı» 
‘ete; for if g is any latent root of , then |4 — (g — g)| =4 ($ —g9:)— (g — x)l 
=| — g| =0; and hence g— g, is a latent root of 4, since it is a root of the 
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latent function of 4. Conversely, if g — g, is a latent root of 4, g-is a latent root 
of @. Now if the axis of @ corresponding to g, (i. e. the axes of ẹ} corresponding 
to zero) is indeterminate, then every first minor of |ọ— g| = || is zero; 
consequently every principal first minor of || is zero; but then ẹ has two 
latent roots zero, and consequently @ has two latent roots equal to g,. Hence 
the axes corresponding to latent roots occurring only once among the latent » 
roots of @ are never indeterminate. i 


Identical Equation. i 


§3. If @ is a matrix all of whose latent roots are distinct, any quantity p 
in the extension of the ground may be represented linearly in terms of its axes. 
Thus for ahy quantity p we may put 


P = ap + p + ee E opa 
Operating upon p by ¢—g, we get | 
(P — gu) p= an — Ga) pi + 2a (ga — Ju) pa +... H Zo (Jo ga) Por - 
By this operation the last component of p, that along p., is annulled. Operating 
on (p—g.) p by @ —ga—1, another component of p is annulled. Finally 


(P= AP — mn)... (P= 9e- (P — 9.) p = 0. 
This being true for any quantity p in the ground, may be written 
(—gNp—93) +++ + (p—g1)(?—9)=p—-m 197 +... EMP ms, 
- This is Cayley’s “identical equation.” | 
The proof of the identical equation may be extended to any case as follows: 


The latent roots being supposed to be all distinct, let Z = gs — gi, hs = 93 — Ji, 
etc, Ap = 9, — gi, and let ¢—g, be denoted by 4; finally, let y denote the 


"product ($ — gn41)( — Yana) ++ ++ (P — Gu) athe identical equation then be- 


comes 

[V — Eh! + ete] y = dy — Shy" + ete. = 0. 
. This equation is true however small the Xs may be, provided the. latent roots 
remain distinct. Consequently, as the A’s diminish without limit, the first term 
of the second member 4*% must ultimately diminish without limit, and in the 
limit the identical equation becomes | 


Y= (@— gP — guys)... (—g)=0. 
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Thus.it is proved that the identical equation still subsists when any group.of n 
latent roots becomes equal, the other latent roots being distinct. In the same 
way it may be shown that if any other set of the latent roots become equal, and 
finally whatever the relation between the latent. roots, the identical equation 
subsists. 

Cayley has remarked that the identical equation may be represented. as 
follows : 


= ay — Ÿ Ais sees de =0. 
si Aa Bz ? As 
hé 1 a HR Te SR er T er 
~ Qal Aog Auw p 


Of; as stated by Cayley, the determinant of the matrix less the matrix itself 
considered as involving the matrix unity is zero, This relation Cayley denotes 
symbolically by Det (1@ — @i)=0, where @1 signifies that @ is to be treated 
as a scalar. I propose to denote @ considered as involving the matrix unity ` 
by $, when, with the notation previously employed for the determinant of a 
matrix, the identical equation may be represented by |@ — $| = 0. 

Corresponding to any latent root g, of @ can, by §1, always be found an axis 
of.@; and upon this the effect of any operator @ — g, for a latent root g, distinct 
from g, is by §2 only to multiply it by a scalar constant. Consequently no 
product of factors @ — g, not containing p — gı, can annul the axis Pr, and hence 
no such product can vanish. Similarly for every other latent root. Whence the. 
identical equation must contain a factor ®—g for each distinct latent root. On 
-the other hand, it was shown in §2 that when the latent roots are not all distinct,- 
‘there may be more than one axis corresponding to a latent root g, which 
occurs more than once. In this case @—g, will annul an extension of order 
greater than unity, and the order of the identical equation will be lowered. 

It is obvious that there can be but one identical equation, and. that if @ is 
subject to any other equation involving only the matrix @, this must contain the 
equation |$ — pie = 0 as a factor. yo 


A 4 


Conwerse of Ÿ. 


ys The latent function |$ —g | of ÿ is a identical with the latent 
function of @. Consequently the tomt roots of ĝ and 9 are identical, and the 
identical equation in x ig 


CERA CETAN aC — Ju) = 0. | 
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The axes of ọ will be -denoted by pi, pas ++- ps» They do not necessarily 
coincide with those of @. Indeed, I will show later that the axis p, of @ corre- 
sponding respectively to the latent root g, is normal to all the axes of ©, 
Pas P3,+--P corresponding to the remaining latent roots. | 


On the Form Representing a Matrix. 


§5. If the latent roots of @ are assigned, $ is subject to œ conditions. If in 
addition linearly independent axes ate assigned to which the assigned latent 
roots are to correspond, @ is by definition completely determined. When the 
latent roots are given as not all distinct, and corresponding to them o axes, of 
which those corresponding to a set of equal latent roots are not in every case 
linearly independent, @ is not completely determined; an infinity of matrices 
can be found which will have these latent root and corresponding axes, and the 
. same identical equation. 

To find the form or array representing the matrix @ whose latent roots 
fA; Jo, ete., and corresponding axes pı, pr, ete., are assigned, we may proceed as 
follows. Let r 

Pi Eut + Tte +... F Celw 
Pa = Tyta + Uag +... am, 


Po = Bay F Barto À à ee + F Bay Me e 
Denoting by X the matrix formed from the array of the a's, evidently 
p= Xan, bi CO ps == do, ete., | 
and by definition | 


? (Xa) = DA, (Ža) = gAn, > (Xas) = ga Xag, etc., 


Le | (HXi, Agy oe Qu) = (XY g 0e 0e Get: : dy) 
O g... YD 
0 OQ. Jo 


As this equation is true for each of the a’s, it is-true for any expression linear in 
them, and so for any quantity in the ground. Hence 


p=(Xfn 0....0 Y-Y 
O %....0 


CR 
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This method is substantially identical with that given in Clifford’s “Fragment . 
on Matrices” by Cayley as a correction of Clifford’s result. 

If a set of o linearly independent quantities other than the a’s are chosen 
to represent the ground, the linear unit operator or matrix @ will, in general, be 
répresented by another form or array. Two exceptions are, however, to be 
noted, the matrix unity and the matrix zero always have the same representa- 
tion. By §2, if the latent roots of @ are all distinct, the axes of @ are capable 
of representing the ground. If they are chosen for this purpose, the form 
representing @ becomes | | 


g 0. 0) 
0 gy. 0 
0 0. Jo 


Evidently this form of a matrix gives an immediate proof of the identical equa- 
tion. It has just been shown how from this form.to pass to that form of p when 
= a’s are chosen to represent the ground, the axes being given in terms of the. 
-If the a’s are given in terms of the axes, and a, = Kpn az = N ete., the 
i an change in the formula for >. is that X is to be replaced by X73. 
' + The more general problem, given the form representing a matrix @ in terms 
. of certain © linearly independent. ‘quantities (i.e. the form of @, when these 
quantities ‘are chosen to represent the ground), to find the form of ¢ in terms of 
another set of w linearly independent quantities is solved in a similar way. 





Denote by @, the form of @ in terms of the set (a, a,....a,), and by-@, the 
form ee in terms of the set (A, Bs, .... Ba), and let - oe 
Pa = (an dy ete.) ` a= (bun by ete. ) 
Gy; Ugg ete. bu by etc. 
etc, etc. 
ro ; = By = end F tats +. e + oe, 


By = nt + ggg + ce + Cale) 


CE ee} 


Bu = Ward + ts + + > + Du 


and X represents the matrix formed from the array of xs; then. 


s 


z : bi = Hoy, - B= Xos, B: = Xay; ete. f 


Taper: On the Theory of Matrices. | | 361 


Operating by the matrix @ upon the B’s and their equivalents gives 
Ža = Pabi» P. Xaa = Pfs, pas = Paba» ete. 


For, by definition, the effect of @, upon any expression in the a’s is identical with > 
the effect of @; upon the equivalent expression, in the 8's, since , and $, both 
_represent the same matrix. It is not proper yet to replace the 6’s by their 
expressions in terms of the a’s, for Ọs as an operator. upon the a’s is not equiva- 
lent to the effect of the matrix @. As the result of operating upon the pe by 
gs we have ` 


okay = rs by Cy + mnb, + i + bBo 
pažas = b28: oa Bob + -+ babor 
` o,Xa, = cs hole + baba + KUE Eag.. 


Replacing now the ’s by their equivalents, 


RCA =" bn ay + by, Vas +.. + ba Xas 7 Xp, 
pažas = buğa + bağa, + >.. + Bug Xa, = Xpat, 


; ete. ` etc, Lo 
Le - PX (a Agy sere as) oe Ads (a4, Maj se oo Gy), 
_ where $, is now regarded as an operator upon the we, 


. pa = Xp X. 
$6. From the definition of a matrix as an operator upon a certain poid it 

follows that the identical equation | does not vary with the form. It may, now 
ever, formally be proved as follows: Since. a= hE evidently qi = Aa 
etc., ie the identical equation ing, be ` 

PE — Mae +... Fm, EM = 0, 

XG — mepi +... met m) X= 0. 

But since the Be constitute a set of a ney independent quantities, IX FO 
FRERE | 

Pi — mp5 +... Fm EME. 
wiis the vacuity of a matrix does not vary with its form. This proof of the 
invariance of the vacuity does not, however, take-into consideration the fact that 
the identical equation may degrade. The invariance may, however, be shown as 


follows: If g is a scalar XgX-) =g; hence 
$= 9 = ise AIX = X (ps 9) À. 
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From the definition of the product of two matrices it follows that the determi- 
‘nant of their progos is equal to the product of their determinants, 


h Iè—9l= get = d — -gli 


for | X-1| =) X a nos not only are the- distinet latent roots of ¢ anne 
with its form, but the number, of times each latent root is ‘repeated is aise 
unchanged. i 


mo | Definition of Nullity and E of Nullity. 


$7. A null matrix is one whose determinant vanishes, or of “HE all the 
minors of a certain order vanish. A non-null matrix is said to have a nullity 
zero, and one, every constituent of which is zero, is said to be absolutely null, or 
to have the nullity ©. It has been shown that the absolutely null matrix is the 
scalar quantity zero. Between these limits the number expressing the measure 
of nullity may have any integer value. If all the {x — 1) minors of the deter- 
. - minant of a matrix vanish, but not all the xt* minors, the matrix has a nullity x. 
Nullity of order one or simple nullity is evidently the same as simple vacuity. 
The vacuity of a matrix obviously cannot exceed its nullity, but it may havé 
simple nullity and vacuity of any order from unity to a. 
The nullity of @ is not affected by multiplying it by a non-null’ matrix. . 
Thus if the nullity of @ is m, the nullity of w zero, the nullity of gw = 4 is m. 
For the (m—1)™ minors ofẹ consist of all possible products of a rectangular deter- 
minant formed from o —m +1 rows of @ into the rectangular determinant 
formed from the corresponding o — m+ 1 columns of w; and each of these- 
products is resolvable into the sum of o — m + 1 products of an (m — 1)™ minor 
of @ into an (m — 1)" minor of w. But the (m — 1)™ minors.of @ are all zero. 
Whence the nullity of 4 is not less than m. - 

Since, however, |w| #0, ® = yo}, and in the same way 3 may be. ahoan 
that the nullity of & is not less than the nullity of 4; hence the nullity of 4 is m. 
By the same method it may be shown that if wp = y, the nullity of a is still 
equal to that of ọ.* It follows immediately from this that the REY of a 
z matrix i is unchanged when, the form representing, it is changed: 





* This ue ili the method employed by Sylvester to prove the theorem regarding the lower 
limit of the nullity of the product of two matrices. To Sylvester, as has been stated (I, $10), the term 
nullity and the discrimination between degrees of ee are due. | 


. Taser: On the Theory of Matrices. 363 


§8. If the greatest extension annulled by any matrix is m, its nullity is m, and 
conversely. This I call the first branch of the law of nullity. Let a, &,....a be 
any m linearly independent quantities in the greatest extension A annulled by 9; 
and let B,, z, - . . - Ba be any n=o—m quantities in the extension B comple- 
mentary to A with respect to the ground; the a’s and Ps may then be chosen to 
represent the ground, and any quantity p in the ground may be expressed by 


P = Oy + Gi +. ‘ +E Liman + yb Hyb +. see + YnBn: 
Op = Yb + YP +... + Yala.. 


If op, = Qut + agas 6. + aAa + by Bi + bala Hesse + baba: 
DB: = Aya + Aggy + eee + Gus + bibi + biba + eee ns aan, 


CS a a as 


Bn = And + Aang F. ee E ann + binabit bonla + e+ banban: 
then @ is represented by the form 











where the blank square and rectangle consist of m columns of zeros. Hence @ 
has a nullity at least m. If the nullity exceeds m, the determinant A formed 
by the n columns of the b’s must vanish, and likewise every determinant which 
can be formed from n=w—m rows of the last n columns of @. Denoting the 
first minors of A, corresponding respectively to by, by, etc., by By, By, etc; we 
shall then have 


` Q (Babı + Bebs +... + BiB) = Bali + Bobet... + Bubb, = 0. 


But by supposition the extension A contains all the axes of ọ corresponding to 
AT | 


364 y Taser: On the Theory of Matrices. . 


. the latent root zero.* Hence the ae of @ cannot. axsoed: m. nes converse 
‘is immediately evident. - 
§9. If the matric @ transforme every quantity in the ground into one ‘in an 
extension of order © — m, the nullity of > is m, and conversely., For. if- 


pE ~ F Lalo 
is any quantity in the ground, and 


9p = (aut + Gus +o. + que 2) + (ane + au +... + ur) Og A 
| i +... + (at A +... EAA 


is contained in an extension of order œ — m; then there are m linear relations 
' between the coefficients of the a’s in the last equation true for all values of the 
a’s. These give m sets of o equations between the constituents of the matrix ; 


namely, = | ee ne ae 
Lars + hass ee . + Lay, = 0, 


La, Flat os PE 


and m— 1 other sets of o equations, in which the I's are replaced i in each set by 
other constants. From the m equations obtained by taking the first equation in 
each set, m — 1 of the a’s may be eliminated, leaving one equation between any ` 
-@a—m + 1 of the constituents of the first column ; and, similarly, an equation 
linear in the corresponding constituents of the cond column may be obtained 
from the second equations of the m sets, etc. Thus result o equations linear in 
the constituents of each column taken from any a—m-+1 rows of |@|, the 
coefficients of the a’s being the same for all constituents in the same row. The 
resultants of all sets of w—m +1 of these equations, together with the like 
resultants formed from all such groups of œ equations, constitute the (m— 1) 
minors of |p|; and these resultants must be zero. Whence: the proposition. 
- The converse is evident. ; . 
If, as in the preceding section, A denote the total oo annulled by ?, 
and :B+the complementary extension, it will not in gencral happen that B is the 








© ¥# If not only A but also all the B’s vanish, the analysis needs correction. But, since the constituents : 
in the last % columns of 6 do not all vanish, the minora of order p (for some value p from p= 1 to 
| pan—1) do not all vanish ; and then in a similar way, if the minors of order greater than p all vanish, 
it may be shown that there would result a linear relation between ¢81, %83, etc., i.e. $ would annul a 
certain expression. linear i in the oe 


came 
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extension into which æ transforms-any quantity of the ground. As will appear 
later, this is only true when the vacuity of @ does not exceed its nuüllity. Let B, 
denote that part of B transformed by @ into A. There must exist such an 
extension unless no extension but A is annulled by any power of @. For if ott! 
(where x Æ 0) is the lowest power of @ that annuls an extension C other than À, 
then 9" C is included in A, since by supposition A is the total extension annulled 
by ; moreover, $*~!C is not included in A, since it is not annulled by @; hence 
“1C is a part of the ground complementary to A that is transformed by @ into 
A. Let B, denote that part of the extension B — B, which is transformed by ĝ 
into B,. By an argument similar to that above, it miay be shown that if the 
order of B,is zero, then no power of ọ annuls an extension other than the 
aggregate of A and B,, i.e. A + Bı; etc.. Finally, let B, denote that part of the 
“extension B— (B, + B,+....+B,_,) which is transformed by @ into B,_;; 
and suppose no portion of the remaining extension 


| B,41= B— (B, + B+ -e + Bp + Bp) 
is transformed by @ into B,. Then all the extensions A, Bi, Bises, B 


? 
are annulled by some power of @, but no part of the extension B,,, comple- . 
mentary to their aggregate is annulled by any power ofẹ. The following mul- 


tiplication table shows the effect of @ upon these mutually exclusive extensions: 


A B B etc Bi, B, Bray 
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In this table the accented letters denote extensions i each in the exten- 
sions denoted’ by the same letter with fewer accents or unaccented. 


The total extension A of order m annulled by @ I shall term the null exten- . - 


sion or null region of the matrix, and the aggregate of the extensions exclusive 
of A annulled by some power of @ the vacuous extension or vacuous region of, the ` 
matrix. The extension or region into which @ project any quantity of the 


ground is 


b(A + B+ B+. na -+ Bp—1 + Bp + 8,4) 
= A + Bi + B} +.... + Blt Bii 

and this I shall term the residual région of @: If {A'} denote thé order of the 

extension À/, etc., evidently r : 


MSB), {BSB ote. {BIS HE) Bu {B b" 


p +1 
+ {41 DH BY + Bi IS Da (B= L=0—m. 


But ae the proposition just proved the order of the residual extension is a—m, 
{AF = {By}, {By = 1B}, ete (B= hae {Bz +1] = {Bora}, 


and so Bi 4,= Bp + 
Hence.if C is Ga extension hih has no part in common with the null pen o 

of D, it is transformed by @ into an extension of the same order. | 
§10. The second branch of the law of nullity is easily derived from the two 
preceding sections. Denoting as before by A the null region of $ of nullity m, 
‘and by B the extension complementary to A with respect. to the ground, let C 
denote the null-region of 4 of nullity x, and let $ denote that part of B which 
@ transforms into O. Obviously, the null-region.of 4¢ is the aggregate of À, 
the region which @ annuls, and of B, that part of the ground complementary to À 
which @ transforms into C.. By what: was proved in §9 it follows that the order 
of pH is the same as that of B. Whence to determine the order of B it suffices 
to determine the order of $$, the extension common to O and the residual 
region of @. The order of the residual region of @ is © — mand the order 
of O is n; hence the extension ¢% common to C and the residual region of @ 





* It is obvious from the definition of a linear unit operator that it cannot increase the order of an 
extension ; so if pA =B , hence {B}<{ 4}. | 
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is at most of ordern. If (a—m)+n><, i.e. m<n, the extension C and the 
residual region of @ have common an extension of order at least ((@ — m) ee n) 
—o=n—m, but if (@—m)+nSo, i. e. m>n, these two extensions do 
not necessarily have any part common. Hence the order of W, and conse- 

‘ quently of H, is at most n; and if m<n, the order of W is not less than 
n—m, but if m>n, the order of # may be zero. The extension À is of 
order m and has no part in common with 3%. Hence the null-region of dp 
‘cannot be of order greater than m +n; and if m<n, it cannot be less than 
(n—m)+m=n, but if mZn, it cannot be less than m; and, consequently, 
the nullity of the product of two matrices is not greater than the sum of their 
nullities nor less than the greater nullity of the two matrices.* This theorem is 
due to Prof. Sylvester, who terms it the law of nullity. Owing to the impor- 
tance of the relation of the null-extension to the nullity of a matrix, I term the 
whole relation of the null-extension and nullity of one or more matrices the law of 
nullity, and this theorem the second branch of the law. 

Suppose that C, the null-region of 4, has no part in common with the 
vacuous region of @; let Æ denote the extension common to C and A, the null 
region of @; then the residue of C, namely C— E, is wholly contained in that 
part of the ground which is complementary to the aggregate of the null-region 
of @ and the vacuous region of @, and which was denoted in $9 by B,,,. Let 
B; denote that part of the ground. complementary to À which is transformed by 
@ into Æ (M, is evidently contained in B,); let the order of Æ be p and the order 
of B, be g. Since $B, ,,— 8,4, (§9), the null-region of ẹọ is obviously the 
aggregate A, of %,, and of C( — E, which are all mutually exclusive; and, con- 
sequently the order of the null-region of d@ is m+q+(n—p). Butp<m, 
p <n; moreover, the order of the extension $3}, is equal to that of B,, but oB, 
is included in Æ, hence gqSp. Ifp= 0, the order of null-region of d@ is m+n. 
In this case the null-region of ẹ is included wholly in that part of the ground 
complementary to the aggregate of the null-region of œ and the vacuous region 
of. The aggregate of these two extensions I shall term, for reasons which 





* The outline of this proof was communicated by me to the Johns Hopkins University Mathematical 
Society in a paper read before the Society, Nov. 1888, when I was informed by Dr. Franklin that this method 
of proving Sylvester’s law had been employed by Mr. Bucheim in a note in the Phil. Mag. (XVIII, 459). I 
had previously had no knowledge of any anticipation of this method of dealing with the theory of matrices 
except whatis contained in Clifford’s ‘‘ Fragment on Matrices.” Subsequently I examined Mr. Bucheim’s 
proof, and I find that though it is sufficient to give the limits between which the nullity of the product of 
two matrices lies, nevertheless it is defective in assuming what is not always true, viz. that the resultant 
region of a matrix is coincident with the extension which in #9 I have denoted by B,+1. Mr. Bucheim 
also omits to prove that the order of ® is the same as that of ¢@. 
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will appear presently, the latent region of @ corresponding to its latent root zero. 
Hence if the null-region of ẹ has no part in common with the latent region of > cor- 
responding to the latent root zero, the nullity of d@ is the sim of the nullities of 
- pandy.° A fortiori, if the latent regions of @ and + corresponding to the latent 
root zero are mutually exclusive, the Se of Yd (and also of vai is the sum of 
the nullities of and 4. 

If the order of the vacuous region of @ is zero, 80 that the null-region of @ 
is coextensive with the latent region of @ corresponding to the latent root zero, 
the null-region of 6 is the aggregate of A and O; hence if these extensions do 
not intersect, the nullity of dp is m+n. Conversely, if the order of the 
` vacuous region of @ is zero, and the nullity of Lp is m+n, then the null-regions of . 
and À have no part in common. 


Nullity of the Factors of the Identical Equation. 


§11. If the latent roots of @ are all distinct, the nullity of the product 
` $ = (p — gpp — g)....(p— Gu) Of m factors of the identical equation is m.* ` 
This theorem is Prof. Sylvester’s, and is termed by him the corollary of the law 
of nullity.’ His demonstration is as follows: Since each factor, being simply — 
vacuous, has a nullity of order unity, the nullity of the product ©, cannot exceed 
m. Similarly the nullity of the product , of the remaining factors of the iden- 
tical equation cannot exceed o — m. But the nullity of the product of , and ®, . 
‘is ©, and consequently the sum of their nullities must be as great as œo. Hence . 
the nullity of ®, cannot fall short of m, and te nullity of , cannot fall short of 
o—m. 
+ When the Bet roots of are not all distinct, the law i is not so simple. 
Suppose the distinct latent roots of @ be ¢ in number, namely, Jir Jar e+- Jis 
occurring severally m, m,,.... m, times, and that the identical equation is 


(p — gs (p— g). -@— pps = = 
- For the investigation of this case the following lemma is required, namely, that . 
the vacuity of any positive integer power of p — g, for any latent root g, is equal 
`- to the vacuity of ¢—g, and hence to the number of times the ‘latent root g | 

. occurs. : This lemma is an immediate consequence of the theorem that the 
; dbiermidant of the product of two matrices is the product of their déterminants; 








* From the law of latency, #16, it follows that the vacuity of #, is also m. 
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for then, if m is a positive integer, if u is a primitive m™ root of unity, and if 
Ÿ = P— g, | : : i 
[4 gl — gl t gld gl... ur g. 

But if g” is the lowest power of g that appears in the latent function [Ÿ — g| of 
4, then (ug) is the lowest, power of ug that appears in |) — ug], etc.; whence 
the lowest power of g” that appears in |~"— g”| is the 7** power of g™. Conse- 
quently 4” = (@ — gı) has the same vacuity as P=g@—g,.* Resuming the 
investigation of the nullity of any product of matrices @ — g for different latent 
root g, as a consequence of this lemma, the several factors (@ —g,)"~", 
(p — g) "T", etc., of the identical equation have the vacuities m,, Mms, etc.; and 
hence their several nullities cannot exceed mı, Mmg, ete., respectively. But the 
nullity of their product, which cannot exceed the sum of their nullities, is o. 
Hence the nullities of the several factors are Mis Mg, etc. respectively; and 
hence corresponding to each latent root g of @ is an extension of order equal to 
the number of times that latent root is repeated which is annulled by that power 
of @¢—g appearing in the identical equation.f These extensions I term the 
- latent extensions or latent regions of the latent roots. Ina similar way it may 
be shown that the nullity of the product of any two factors of the identical 
equation (@—g,)"—" and (D —g.)"—-" is m+ m; but since the vacuity of 
either matrix is equal to its nullity, the order of the vacuous region of either 
matrix is zero; and hence by §10 their null-regions have no part in common. 
Similarly with respect to the null-regions of any two other factors of the 
identical equation. Hence the latent regions are mutually exclusive.f Since 
each positive integer power of @— g, is vacuous, there is, evidently, an exten- 
sion of order at least unity annulled by @¢—g,; an extension annulled by 
(® — g,)’, ete.; and each of these extensions is included in the one corresponding 
to the next higher power of @ — g, in the series, since if an extension is annulled 
by any power of @— g, it is annulled by the next higher power., But as the 
nullity of no power of p — g, is greater than m,, which is the order of the latent 
region corresponding to g,, all these extensions are included in this latent 
region. Similarly with respect to the other latent roots. The latent region of 





* It should be remembered that the latent roots of a matrix are the roots of its latent function. 

+ In this method of finding the nullity of tho several factors (¢— g) T= of the identital equation, 
I have followed another one of Sylvester’s methods of demonstrating the corollary of the law of nullity. 
when the latent roots are all distinct, the only case Sylvester considers. 7 

{That the latent extensions are mutually exclusive may be proved very simply by the method 
employed in the first part of 412. 
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corresponding to the latent roots g, gs, etc., are, however, obviously the respective 
latent regions corresponding to the latent root zero of the matrices. ® — 91, 6 — a; 
etc.; and consequently these extensions are also respectively the latent regions 
corresponding to the latent root zero of any positive integer powers of ¢.— g), 
p— g, etc. Whence the nullity of the product whose factors are powers of 
$ — gı, È — gs, ete., is by §10 the sum of the nullities of the several factors, as 
the latent regions of these factors S to the latent root zero are. 
mutually exclusive. 
The next problem is to find the nullity of successive powers of @ Jess than 
‘any of its latent roots; and I shall show that-the nullity of the (@ — g,)° is greater 
than the nullity of ¢—g, by an amount at least unity (unless the nullity of 
“@ — g, is m,), and that the nullity of successive powers of @ — g, goes on increas- 
ing by an amount not greater than the increment of nullity in the preceding power, 
until some power of @—g, is reached whose nullity is equal to its vacuity; that . 
power of à — g, whose vacuity is equal to its nullity is evidently the factor in 
the identical equation corresponding to the latent root gi This theorem has 
already been proved in §9, where it was shown that the region annulled by 
(@ — gı} consisted of A the null region of @ — g,, and of B, the extension trans- 
formed by @—g, into A, of order equal to or less than that of A, etc. The 
theorem may also be proved as follows: Denote @ =~ g, by 4, let the il region 
of 4 of order a be denoted by A; and, of the complementary extension, let B, 
of order b be that part anafora by ẹ into A. Such an extension must 
exist, otherwise 4? would annul only the extension A; hence A would also be 
- the null region of 4°, since 4? can annul only the null region of 4? together with 
” that extension projected into it by 4, etc. Finally, no power of 4 would annul - 
- an extension other than A; but then the factor would occur in the identical 
equation only to the first power; consequently the nullity of») would be as great. 
as its vacuity. The order of B, cannot be greater than the order of A, for then 
-the 4} of any b linearly independent quantities Bi, 0,,....@,, in the region B, 
would be expressible linearly in terms of a <b linearly independent quantities 
-in the region A; hence for some value of the ¢’s other than all zero, the expres- 


ae HUB, + bhb t -o + bb =v (48. + 68, +... + 68s) 

would vanish, which is contrary to supposition, since no part of B, is in the null 
region of. In the same way it may be shown that if the nullity of 1+ is not 
greater than the nullity of *, no higher power of.) has a nullity greater than 
the nullity of 4”, which must therefore be equal to its vacuity; and also that the | 
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extension annulled by "+? additional to that annulled by "#1 cannot be of 
order greater than the order of the extension annulled by 4**+! additional to the 
null region of 4”. : 

$12. No rational integral function of @ operating upon any quantity in the 
latent region corresponding to one latent root can transform it wholly or in 
part into the latent region of any other latent root. By Sylvester’s formula, §16, 
it may be shown that any function of @ may be reduced to a rational integral 
function; whence the above proposition may be stated for any function of @. It 
is obviously only necessary to prove that no function of @ can transform any 
quantity in one latent region wholly into the latent region of another latent root. 
Suppose F@ is a rational integral function of of order n; let £, be a quantity 
in the region of g,. If /o.&,—&, where & is a quantity in the latent region 
of g,, then for some integer m > Mm, — xg, 


(n+ (M—)O—HYP +... + (gg) O — g) + (G1 —92)”) FOE: 
| = ($ — ga)" Es = 0. 
Suppose J contains @—g, as a factor to the p® power, then unless 
Foe, = 0, a case which need not be considered since & is to be regarded as non- 
evanescent, there exists a linear relation 


(p — gi) TE, + A (G— gp) tE + + L(g—g) PE Mogh = 0, 


where M40, between (@ — gi) é and other quantities that are annulled by 
successive powers of œ — gi, which is impossible. 

Since the latent regions are mutually exclusive and together make up the 
extension of the ground, a number of linearly independent quantities may be 
taken from each latent region and together may be employed to represent the 
ground. i 

By what has just been proved, each latent region in respect to ọ constitutes 
a subordinate ground; for the effect of the matrix @ upon any one of these 
extensions is to convert a set of linearly independent quantities, equal in number 
to its order, into other quantities in the same extension. It would thus seem 
that @ might be regarded as an aggregate of subordinate matrices corresponding 
‘to and equal in number to the distinct latent roots, each of which would have 
upon the latent region corresponding to it the effect of @, and would have a null 
effect upon any other extension. This suggestion may be verified as follows: Let 
the latent roots of @ be + in number, namely, g,, %....9,, occurring severally 
m,n,...p times; let the latent regions corresponding to the g’s be A, B,...L 

48 à : 
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respectively; and, finally, let any m linearly independent quantities ay, 0,3. . Om 
be selected from A, any n linearly independent quantities Bı, Bas -+ -Ba Fi 
selected from B, etc„ and let any p linearly independent quantities a,, da, is 

be selected from L; these quantities together embrace the extension of ; 
ground. If 


pa, = 104 a Agi + ote i + Amam 

, Pas = agt F agas + «+. + Antin, ete, 
Bi = babı + baba + CCE + baba, 
OG: = Duel + babs + s... + baba ete. 
etc., ete., . 


Ba Bu + E E 
Pa lada + hs +... + hp, ete. 


then the form of ÿ becomes 
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In this form all the constituents except those in the squares along the diagonal 
are zero. It is obvious from this form that the array of the a’s forms a matrix . 
by itself, and that its effect upon any region other than that of the latent root 
gı is to annul it, etc. Whence if @, denote the matrix formed from the a’s, and 
@, that formed from thé 0’s, etc., then @,, $2, etc. are nil-factorial together, and 


p= pith tH... +, 
P= t.n Ho 
and, in general, Fo = Fo, + Fog + .... + For 


The matrices ĝi, , etc., regarded as pertaining to the ground of @, are, of 
course, vacuous; thus, trom this point of view, œ, has the representation 


(au jg «+ + + Aim Osei 0) 
Ay gg + Am 0.... 0f 
Any Amg . Amm 0 0 
0 0 .0 0 0 
0 0 .0 0 0 





and has a nullity at least © — m; if @ is non-vacuous, the nullity of @, is just 
@—m, etc. But regarded as subordinate matrices of different systems, per- 


taining to the subordinate grounds A, B,.... L, then, unless is vacuous, 
$1, Par. Q; must be considered as non-vacuous matrices ; and @, will have ` 
the representation i 
(an Gp ++++ Am ); 
Qar ge Aom | 


CC 


Gun aga ota Amala 


this matrix being supposed to operate only upon that part of the ground com- 
prised in the subordinate ground A, namely, the extension of the set (a1, aj, -.- Gm), 
and must be regarded as not susceptible of operating upon any other ground. 
The subscript A is employed to denote that the ultimate operands of this matrix 
are only expressions linear in the a’s, etc. From this point of view it is proper 
to consider $,, ¢), etc, as having reciprocals, providing @ is not vacuous; and 


then . gs ritot... Lori 
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If @ is vacuous it must have zero as a latent root; but only one of the 
subordinate matrices corresponds to this root; consequently one and only one of 
the subordinate matrices will be vacuous, and evidently the vacuous subordinate 
matrix will have exactly the sime vacuity and nullity as @. The vacuous subor- 
dinate matrix is evidently a nilpotent quantity, since if } is raised to a suffi- 
ciently higher power it annuls the region corresponding to the latent root zero. 
Thus if g = 0, then Ai is annulled by @™—"; hence 


a = 0 HERTS ooe H GPT 


The conception of a matrix as a sum of a set of subordinate matrices is more 
readily grasped by the consideration of Peirce’s linear-form representation 
of a matrix. : Thus 


o= >a ae (apta) + ZZbes (Br: ba) +. eave + 2 Balr (4:24). 


But evidently the set of vids (a,:a,) form a quadrate system by themselves, simi- 
larly with respect to the set'of vids (@,:8,), ete. and any linear expressions in 
the vids (a,:a,) will have-as ultimate operands only expressions linéar in the 
a’s; while any expression linear in two different sets of vids, if they are to be 
regarded as susceptible of operating upon each otlfer, are mutually nil-facient and 
nil-faciend. - 

Considering the vids (a,:0,) as a quadrate system by themselves, scalar unity 
will be expressed by Zir (a,:a,), and may be denoted by 1,. The quadrate system 
formed from the vids (@,:@,) will have as its scalar id Zir (8, ‘Br ), which may 
| be denoted by 1,, etc. We evidently have — 


E T E E E ET 


| and, denoting by 1 the unity of the complete system, A 2. 
| 1=L+li+... H Li 
. Thus | p — g = (Qi — g1 + (Ps — gl) H- + (= gli). 


Since any matrix can thus be resolved into an aggregate of as many other 
matrices (mutual nil-factorial), as it has latent roòts, each subordinate matrix 
corresponding to a latent root and being of order equal to,the number of 
times that latent root occurs, hence in general it suffices to prove a theorem, ` 
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relating to a single matrix for one’ all of whose latent roots are equal, when, if 
true, it may by means of this proposition be inferred for any case.* 

$13. Having obtained the law governing the nullity of the factors af the 
identical equation, it is now possible to solve the problem touched upon in $3 
with regard to a matrix subject to, a condition involving only itself. As was 
stated above, it follows from Sylvester’s formula that any condition equation to 
which a matrix is subject may be reduced to a rational integral equation. Let 


F=(@—n)(@—9)....(@—g)....(p—9) = 


be the rational integral equation expressing the condition to which @ is subject ; 


then » will satisfy this condition if any m<o ofthe g’s are selected as its latent . 


roots, a8 91, Ja, «+ Jm, each occurring a/, (3/,....0! times respectively; and if 
' (p — g)°7" has the nullity a/, (p— g)” =" the nullity 6’, ete., and (@ — g,)”~™ 
. has the nullity o’, provided the sum .of the accented Greek letters is o, and. 
a! —x, Sa, B’ — xB, ete.. For then ; 


CEAC — gT. a (@ — ays =0, 
n (P — g9) P — x)... ioe: Ia) -> = 


. Conversely, if @ satisfies the last equation it must have a.certain number of 


the g’s as latent roots, each occurring a sufficient number of times to make the 


. total number of latent roots equal to a; and if g is any one of these latent roots, 


some power of ¢—g equal to or lower than that which appears in the above 
equation must have a nullity equal to the number of ela g occurs. 


` Law of Congruity and Law of Latency. 


§14. If p is-an axis of @, it is an axis of any integer power $” ôf ; for if 
op: = Gp, hence "pı = gp. Similarly with respect to the other axes of ®. 
Hence the axes of @ are all axes of @"; but since the axes of $ may be linearly 
related, they do not necessarily constitute all the axes of @*. In like. manner 


1 . 
‘the axes of any root @* (where n is an integer) are comprised none the axes 
of. We have for each latent root g, of P: v being a primitive n™ root of unity, 
the ouenon e i 





* Thus if Aa identical equation has been proved for a matrix of any order whose latent roots are all 


equal, it a be shown by the principle of this section to hold in any case. Forif 
f - = teat... +H, 

and : 0= ($, — pi) = (gs gui)" = eto. 
ee (P — 91)™ ($ — ga)... (8 — gi) 0. 


a 
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1 


L LiL 1 L x 
(P — JPP” — vg? PF — gr)... (pr — 07 ~"g,) p, = (P — gr) p= 0. 


Evidently one at least of the matrices which in the first member operate upon 
pr must be vacuous, and hence one of the n roots of each distinct latent roots 


L l 
n n 


‘1 
of ọ is a latent root of ọ”. If then the latent roots , gz, etc., of @ are all dis- 


1 
tinct, so also are the latent roots of @*; and then, by §2, the axes of >, py, pe, 
etc., are o linearly independent and determinate quantities, as are also the axes 


of or; and since the latter are ee among the axes of ®, it is evident 
‘that us axis of $ is an axis of o°. Hence one axis of @ is an axis 


of $"; and for the œ axes we have the equations g pa = Pio 4" pu = oF Pas 
ete. It may now be established by the method of limits, in conformity with 
the definition of I, §8, that for any scalar m we have for the © axes the 
equations Dpi = gip, PPa = Jap, etc. Consequently Ekg”. pı = Thkg?.p,, 
ho", = Shgz.p2, ete, provided the coefficients and exponents are scalars; 
and so if F@ is any function of @ formed by the addition of scalar multiples 
of scalar powers of @, then for the œ axes Ppp, = I’g,.p,, Fops== Fs-ps, ete. 
Thus what has been proved is, when the latent roots of > are all distinct, every 
axis of @ is an axis of Fp; and since the above equations, or their equivalent, 
(Fo — Fa) n = 0, (Fo -— Fs) ps = 0, ete, hold only for the latent roots of Fo, 
hence when the latent roots of @ are all distinct, the latent roots of Fo are the same 
function of the latent roots of >. . 

The first of these theorems I term the law of congruity of the axes. The 
second is very important; it is due to Prof. Sylvester, who terms it the law of 
latency. In the next section I shall extend the proof of the law of latency to the 
general case. The term law of congruity was employed by Prof. Sylvester 
interchangeably with the term law of latency. 

The converse of the law of congruity is also true, subject to a slight modifi- 
cation when two or more of the latent roots of F@ become equal. In this case, 
if the axes of Fọ are first. selectdl, they may not all prove to be axes of @} but 
when this occurs, other quantities may be chosen which, together with the axes ` 
common to both @ and #®, shall constitute the a axes of Fọ and also be axes 
of @. Thus, to take an example, let p1, ps, ps be the three axes of the ternary 
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matrix $ whose corresponding latent roots are 1, — 1, 2 respectively; then the 
axis of nent to the latent root unity is indefinite ; for 


Pept op = ap Hyp 


Tn general, this quantity | will not be an axis of ?. However, Pi» Ps and Ps are | 


axes of both @ and qi. 


If the latent roots of? are all distinct, the ground. may be represented 4 in 


terms of the axes of @; in which case, if Fọ is any function of ẹ involving only 


-the matrix @ and unity, we have obviously : 


Fo=( Fy, 0 ae) 
0 Fg, 0 
0 0 ` Fg, 





From this form of F immediate proofs for the Ho case of the law of latency 
and of the law of congruity may be derived. 

§15. If the latent roots of @ are all distinct, it is not necessarily true that 
the latent roots of Fo are all distinct. When this is not the case, the order of 
the identical equation in Fọ i8 lowered by unity for each latent root of Fo which 
becomes equal to another: - Thus’ suppose Fg, = Fg, =... . = Fy,, then 
fir Par- -+ - Pa are all annulled by Fp — Fg; consequently the application of 


this dent to the most general expression p in the ground (which can now, by . 


§2, be expressed in terms of the o axes of &) annuls n components and leaves 
o — n components which, will be annulled by the remaining factors of the iden- 
tical equation in Fo. L e. the degios of the identical equation: is lowered by 
-n— l. 

The law of Wenay may be proved in the” general case as follows: Let the 
latent roots of @ be all distinct, and let g, — gi = hs, etc.; as À diminishes, 


PG, = Fg +- RaF'g, + etc. approaches Fg. In the limit @ has two equal roots _ 


gi, and F@ has two latent roots equal to Fg Obviously, when ĝ. has two or 
more equal latent roots, the latent roots of Fẹ corresponding to these’are not 
necessarily equal, since Fp may be a many-valued function. Thus, if 
(p— gg} =0, sahe latent roots of gt are +a/ gı, and the identical equation in 


gtis . (pt— W/O + Va) = 0. 
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‘Sylvester's Formula. 


$16. Sylvester has given without demonstration the following theorem in 
the J ohng Hopkins Univ. Cire. (No. 28, 1884): a 
(> — 9P — 9s) - - - (P — go) ` 

aes ane “(G19 )G1— 9s) - - - » (Gr Ju)” 
Tt may be proved as follows: Suppose the latent roots of @'are all distinct, and — 
. denote for convenience the left-hand member of the above equation by (=); then. 
for the o axes of @.wa have (X) p,=Fy,.9,, (2) pa= Fos.ps, etc. But by the 
law of congruity and the law of latency, F(p) p = Fu FD) pa = Fos. ps, ete. 
for the @ axes; consequently (S) pi = F(p) p (=) ps = F (P) ps, ete.; and hence. 
for any quantity linear in the axes p = zp +p, + etc, F(o)p=(2)p. Since - 
the latent roots of @ are all supposed distinct, p may te any quantity whatever ` 
in the ground of which is a linear unit function. Hence. 

| = (2). 

As this mode of proof is a, ed if F@ is a many-valued function, 
it is necessary to show that Sylvester’s formula gives all possible solutions of - 
= F(p). Let the latent roots of @ be all distinct; take as latent roots of a 
matrix 4 any set of the values of Fy,, Fgs, etc., and as axes corresponding respec- 
- tively to them the o linearly independent axes of ®, p1, ps, etc.; then ẹ satisfies the 
equation p.p = Fo.p for each of these axes, and consequently for any quantity 
in the ground. - Evidently m” matrices may thus be formed if m is the number. 
of values of the function Fg, and only the matrices so formed satisfy for’ all 
| values of p the condition 4p = Fo. .p, and thus are solutions of d = Fo. These 
.m* matrices are, however, all contained in Sylvester’s formula. 

: By the theory of limits the theorem may. be extended to the case where 
. the latent roots of @.are not all distinct. 

| In the general case in which the latent roots of ĝ are all distinct, a a simple 
proof of Sylvester’s formula may also be derived from the form of i when the 
‘axes of @ represent the ground. | In §5 it was shown that when the axes ofẹ | 
are linearly independent, whatevér the set of quantities chosen to represent the . 
ground, there is always a definite matrix w such that i 
p= g 0 ....0 for), 
O g.. ..0 


CR ee es 
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whence the form of @ being given in terms of any set of quantities, we can very 
simply find the form of Fọ in terms of the same set of quantities, for 


= (ef Fa 0 ....0 fe) 
0 Fh 0 
0 0 . Fg, 


If © is a scalar, any quantity in the ground is an axis, hence the above con- 
siderations showing that Sylvester’s formula gives all the solution of 4 = Fo do 
not apply. And on inspection it is evident that the formula does not give the 
non-scalar roots of a scalar. ‘These must therefore be formed by an independent 
investigation. There are evidently two cases to be considered, the roots of the 
matrix zero and the roots of the matrix way from the latter the roots of any 
non-zero matrix may be found. 


Roots of the Matrix Zero. 


817. It is very evident by §13 that the latent roots of a nilpotent quantity 
are all zero, and, conversely, that a matrix all of whose latent roots are zero is 
nilpotent. Whence it follows that the number of roots of zero with any index 
is infinite, meaning by index of a root of a matrix the least power of the root 
which will reproduce the matrix. Of the square roots of zero in a matrix of 
order o there are o° — 1 linearly independent. Thus, if = 2, the four vids of 
a dual matrix may be expressed linearly in terms of 


(4:4)+ (B:B), (4:4) —(B:B) + (4:B)—(B:4), (4:B) and (B: A), 


of which the first is unity and the other three square roots of zero. The propo- 
sition may be shown similarly for any value of o. EX | 

No root of zero can have an index greater than o. For, as Benjamin Peirce 
has shown, there is no linear relation possible between the powers of a nilpotent 
quantity that does not vanish; but if @ is a root of zero, unless its a or some 
lower power vanishes, by means of the identical equation, the a power of ọ 
can be expressed linearly in terms of the lower powers, the coefficients not all 
being zero. | 

If @ is an mt root of zero, then by §11 the nullity of successive powers of 
increases until the mt? power is reached; and the nullity of $* is at most twice 
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the nullity of @, the nullity of @ exceeds the nullity of & by an amount not 
greater than the increment of the nullity of ¢° over the nullity of, etc.* Follow- 
ing the reasoning of §9, let the extension of the p linearly independent quantities 
y dy,» ++ Gy be the null region of @; let the extension of the q linearly inde- 
pendent quantities B,, B,.... B, be that transformed by @ into the null region 
of @; let the extension of the r linearly independent quantities y1, Yis -= Yr 
‘be that transformed by @ into the extension of the 8’s, etc.; finally let.the s 
linearly independent quantities x,, x,,.... x, be that transformed by @ into the 
extension annulled by ¢"~* additional to that annulled by lower powers of 9; 
. and let the extension of the ¢ linearly independent quantities A1, ay, . :.. Ag Con- 
stitute the remaining extension of the ground. Then these sets of quantities, 
the a’s, 6's, etc., together embrace the extension of the ground, and 


Ga, = ga, =....—=px— 0, 


$B, = aya, + dyt + . ` -+ Apip, 
$85 = ana, + Aggy + baa a + apap, 


. + 
nn Sc 2 | 


i a yi = babı + baba F à + «+ + babos 
ý Pya = baba + beba +- -+ babo 


| Pyr = birbi + barbr + +. + borbo 
‘ete. ; finally, ` RC 
i ee beT ees Fa 
Pag = lm + nge +... + ue, 


evas saso o l ssw aopla k’ll‘ 


pa kam + laita on + Tigi, 


——— 





:* Hence certain roots of nilpotent quantities have no representation. Thus let ¢ be a matrix of order 
six whose nullity i is two, and whose fourth power and no lower power vanishes ; then ¢ has no square 
root. For if +? = 4, then, since + has at least simple nullity, the nullity of 4° = =g is at least six: hence 

: p= — 0. . 
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Whence the form now representing ¢ is 




















In this form all the constituents except those in the rectangles bordered on 
the left and below by heavy lines are zero. The-successive heavy lines at 
every other alternate corner intersect with the diagonal, and no one of them 
is longer than the next preceding one. ‘The square at the left-hand upper corner 
and the square at the lower right-hand corner consist respectively of p° and @ 
Zeros. a 

If @ is a root of zero, so also is its converse. 
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Roots of he Matris Unity. 


SUS. If @ is an me st of unity ne is subject to ‘the condition 
PT — = (p — ANP — 4) aae = 0, | 


the a’s being the scalar mè roots of unity. By 815, if any n<o of the m A's, as 

A, A... Aa repeated respectively Z, %,....4, times (the sum of the W's 

. being o), are chosen as the latent roots of p; and if p—4,p—2,....@—2, 

have the respective nullities 4, 4,...:X,, then @ satisfies the condition; and 
conversely. It is obvious that the number of the non-scalar roots of unity with any: 
index is infinite* If no lower power of @ than the m™ is a scalar, then @ will be : 
termed a primitive mt root of eek The condition necessary and a cent 
that.@, in addition to being an m™ root of unity, shall be a primure m " root, 
-is that one at least of its latent roots shall be primitive. 

When the index m<o; and the entire set of the scalar m roots of unity 
are latent roots of @, then any m-successive powers of @ are linearly inde- 
pendent. For then the identical equation is ¢"— 1= 0;-but if there were 
any linear relation between m successive powers of @, the identical equation ` 
would be of order m— 1, which, by §2, is impossible if @ has m distinct latent 
roots. 

In the calculus of eee as in ordinary algebra, the m* roots of any . 
matrix may in general be obtained by taking any one of its m™ roots and mul- . 
tiplying it successively by all the m” mt? roots of unity of a certain set, me: 
those that have as axes the axes of the matrix. 


It is-obvious that if @ is an m° root of unity, so also i is its npawerse: and if@ > 


is primitive, so also is ¢. 
. §19. Ley matrix whose order is a prime number has oè ineur independent, : 
primitive, o roots of unity. For, œ being prime, let @ denote the matrix 





- : r ro 
*If ọ is not.a scalar and has all its latent roots distinct, as was stated in 216, ¢™ ee m is an 
integer) has in general m” values, obtained by combining each axis of ¢ with one of the m™ roots of the. 
latent root of ¢ corresponding to that axis. The non-soalar roots of a scalar may similarly be obtained, 
_but since any quantity i is the axis ae a scalar, these roota are infinite in number. 2 
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i) wageto 





in which all the constituents are zero except one in each column, and the non- 
zero constituents, forming a broken diagonal, are denoted each by a with sub- 
script indicating the row in which it appears; the constituent in the x row 
appears in the first column, that in the (x + 1) row in the second column, and, 
in general, if [x] denotes the smallest positive residue (modulus w) of a, then the 
constituent in the [x + r — 1] rows appears in the 7** column. The constituent 
in the first column I shall term the leading constituent. It is evident, then, if 
(a4, dg; +--+ a@,) are the elements of the set upon which ¢$ operates, 


pa — AD, Das = Ar On + 1 etc. 
and that the general expression for the @ of any one a, of the a’s is 
Par = Ue r— 11 Bet r—1]+ 
I. e. @ applied to the a’s advances each by x— 1 places and multiplies it by a 
certain one of the a’s. The application of ¢” to each of the a’s advances it by 
2 (x — 1) places, and multiplies it by the product of two of the a’s, ete.; finally, 


° advances each a by a multiple of œ places, i. e, transforms each a into itself - 
and multiplies it by the product of all the as. If, now, 4 be an imaginary o 


root of unity, and the successive a’s, a, @,....a@, are severally put equal to 
1,4, Af, .... 2°71, denoting by @, what @ then becomes, we have 
: w (w -f 1) 
PT (aus Ms. Aa) ŒA À (Oy, Ogy se + + Aa) 


Whence unless w = 2, @, is an œ root of unity ; and since o is prime, it is readily 
seen that no lower power of @, isa scalar. Similarly, denoting by @, what @ becomes 
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when the a’s in the same order are put equal-to 1, Af, a4,..:. A%@—2, then o, is 
also a primitive o root of unity; finally, denoting by @,, what @ becomes 
when for the a’s in the same order are substituted the (o— 1)" powers of 
1, à, Wiki 5 then SA = 1 and also no lower power of @,_, is a scalar. 
' In this way o — 1 matrices are obtained which are primitive o™ roots of unity ; 
besides these, another primitive at root may be obtained by putting the a’s all 
equal to unity, and this matrix may be denoted by #. These © matrices are 
linearly independeït, for otherwise, for some set of values of the x 8, other than 
all equal to zero, we should have 


: aah + AP: “+ tobe a eo F tupua = 0, 


+ 

CF) them ee ee a er E ee = 0; 
typ Ae pA +... 
dm. + +... HA OT = P, 


mn nbd‘ 


ao + AP CE SE 


which is impossible. Thus any position of the leading constituent other than in 
the first row (i. e, for any value of x other than x = 1), a proper choice of the a’s 
gives o linearly independent o roots of unity; and thus in this way o (@ — 1) 
linearly independent o roots of unity may be obtained; for it is evident that — 
the matrices obtained for different values of x are linearly independent, being 
expressions in different vids. In addition to these, let o — 1 matrices be formed 
by taking as constituents of the principal diagonal in the first matrix the set of ` 
scalar 1, A, 4}, ....2*-1; in the second; the squares of this set, etc., and finally, 
the (o —1)™ powers of this set for the @—1)™ matrix, all the other constituents in 
_ each matrix being zero. These œ — 1 matrices are primitive o™- roots of unity, as 
_ may easily be seen by considering their effect upon the set (a, &,.... a). 
That they are linearly independent of each other and unity may be shown by | 
the above reasoning; and since they are formed from the vids along the diago- 
‘nal, which do not occur in the other set of @ (o — 1) roots of unity, they can 
have no linear relation with these. Thus, in addition to my (or rather to a 

primitive scalar a root of unity), o® — 1 other primitive o™ root of anny may 
be formed, all of which are linearly independent. . l 
If o = 2, the four matrices formed in this way are `’ 


(1 0) (1 .0). (0 1) “(0 =. 


Tati o ear MO, pte or 
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Of these the first is unity, the second and third are square roots of unity, and 
the fourth is a square root of — 1. By multiplying the fourth root by /”—1, 
it is of course converted into a square root of unity. Thus a dual matrix may 
also be expressed linearly in terms of four square roots of unity. 


Algebras Analogous to Quaternions. 


820. It was stated in I, §10, that if i, j, Æ are any three mutually normal 
unit vectors, any quaternion may be expressed linearly in terms of the four new 
units (Lia. Saat SRV) eae 

2 , 2 : 2 a 2 | 








which, having the same multiplication table as the four vids-of a dual matrix, 
(4:4), (4:B), (B:4), (B:B), 


may, consequently, be regarded as respectively identical with them. This iden- 

tification gives the following values for the-ordinary quaternion units, 

Gal 1 i=(-V—1 j=( 0 1) k=( 0—/V—1) 
lo a’ 0 WT /' lo, ER GP 


The discovery of this form of quaternions; which I have termed the canonical 
form of quaternions (I, §8), as has been stated, is due to Benjamin Peirce; 
it received its full significance only after the discovery by his son, Charles 
Peirce, of the unlimited system of quadrates formed from the system of vids 
(A: A), (4:B), etc, when it appeared that quaternions was only the first of this 
system of quadrate algebras, and the identification of quaternions with the 
theory of dual matrices was virtually accomplished. Evidently of all linear 
associative algebras the quadrate algebras form a class which are closely related, 
and consequently are closely anälogous to quaternions. In the preceding section 
it was shown that all matrices or quadrates whose order is a prime number may 
be regarded as linear in unity and &*— 1 linearly independent, primitive o™ 
roots of unity, just as quaternions is an algebra linear in unity and three square 
roots of — 1, or of unity ; whence the analogy between quaternions and these other 
quadrates extends beyond the quadrate form possessed by each. Moreover, 
these œ — 1 roots of unity are formed from the a’ vids of the quadrate of order 
a, except for a scalar factor, precisely as the 7,7, Æ of quaternions are formed 
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from.the vids of the dual matrix.. Thus the quadrate algebra of prime order ~ 
next in order. to quaternions (nonions) is that formed from the vids of a triple. 

matrix : comparing its oe cube roots of unity with the à; Jike of quaternions, | 
we have | 


= [(4:4)— (BB) W=i, j=(4:B)—(B:4), be [(A:B) + (BAT, 
while the nine nonion cube roots are 


.(4:4)+2(B:B) +99(0:0), (4:4) +2 (B:B) + A(C: 4.0, 
(4:B)+(B:C) +(C:4) , (4:B) +4(B:C)-+47(C:4), 
(A: B)+ 07 (B:0)+4(0:4) , (4:0) + (BA) +(0:B) ,. 
(4:C)+2A(B:A) +2(C:B), (4:C)+%4(B:4) + 2(C:B) ;* 
and the représentation of unity in the ‘first system is (A: A) +(B:B), and in the | 
second (A:A) + (B:B) + (0:0). It thus appears that there are an.infinity of | 
algebras exactly analogous to quaternions, namely, those formed from the vids 
of the matrices whose order is prime. I shall now proceed to show that. this 
-analogy may be still farther extended, and that all the algebras analogous to . 
quaternions, and indeed matrices of any order, admit of selective symbols like 
the Sand V of quaternions, are resolvable into the product of a versor and a 
tensor, and that there are functions similar to the conjugate of a quaternion, 
- equal in number to ø — 1, if'@ is the order of the algebra. I shall show this i in 
the case of nonions, but the proof. will be applicable to any case. 
.§21. A quaternion gq may, in general, be represented by — 


q= Sq + Va = a + br, 

where ¿is a unit vector. In matrix form this is - | 
q=a(1 0)+b(V—1 9 je tai es | 0:) ` 
Ea ee es ee a wat 
Hence a+ bi = 4+ TVa. V ZÑ, and a— bV = 4 Ta Ni 
are the latent roots of q. i pai 
| RE SE (ab =I 0) 
. | 0 nee i 








pee 


* These units are the converse of those given by the method. of the preceding section. The first of 
the series of quadrate algebras analogous to quaternions, nonions, was discovered HR Le tha 
Peirces and Sylvester. I have in. I, #10, one a short account of this HAE 
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i. e. the conjugate of q is obtained from g by interchanging its latent roots but 
leaving its axes unchanged. 

Now a nonion, or matrix of the third order, provided its axes are taken to 
represent; the ground, may. in general be put in the form 





(g 0 0 )=(a+b+e 0 "0 

° I, 0 | | 0 a+ abt 0 

0 0 g 0 | 0 a+ 2% + re 
=a(l 0 0)+6(1 0 0)+e(1 0 0),: 

f 1 0 0A 0 0a 0 

0 0 1 070. 2 00 À 





where à is an imaginary cube root of unity. The first of the matrices in the 
third member is unity, the second is a non-scalar cube root of unity, the third, 
being the square of the second, is also a non-scalar cube root of unity. 
Denoting the second matrix by i, n becomes a -+ bi +c?. To select the scalar 
and non-scalar parts of n, the selective symbols S and V may be employed; 
and to discriminate between the first and second parts of the non-scalar portion 
ofn the V may be written with subscripts 1 and 2. Employing this notation, 
we have 
n = Sn + Vin + Vin = a+ bi + oè. 


And since Vin and Vin are scalar multiples of non-scalar cube roots of unity, we 
have V(Vinÿ = V (Vy = 0, just as in quaternions V (Vg? = 0; and as in qua- 
ternions the last formula gives the important result V( Vg. Vg + Vg'. Vq) = 0, 
so letting Vin =a,, Vin = 8, Vi! = y, and Vin = a, Vin = Bg, Vin" = ya, 
from the two nonion formulae we may obtain in a similar way the two follow- 
ing results : | 


Via Pin + ayıbı + Bayi + Biyi + yabi + yb) = 0, 


and a similar formula in which the a, 81, y, are replaced by as, Ba, Ya- 
As in quaternions V’g = — T” Vg, so in the algebra-of nonions we may 


write - b = Vn = TVn, d = Vn = T Vyn. 
Since the conjugate of q is obtained by interchanging its latent roots, this 


suggests that a cyclic interchange of the latent roots of n, leaving its axes 
50 
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- unchanged, should produce a function of n similar to the conjugate of qi sad thé 
conjugate of ri may be defined by the equation . . 


Kn= (gy ) = Sn + 2 Vin +V. 
| | Gs 
| ` fa 
The conjugate of Kn is KKn, which may be written Kn; and evidently 


 Kn= (9g, = Sn + 2 Vin +2 Vin. 
| | hi fn Eg 
Js 


These formulae ble that for the conjugate of g. In _qusternions R= 1, 
but in nonions we may write K’ = K-t, and K®= 1. ` 

. The tensor of a quaternion may be defined as the square ‘root of the product 
of the quaternion and its conjugate. Following the analogy thus Mess the 
` tensor of a nonion n may be defined by the equation > - 


Tn =n. Kn. Ry aga oes Sate: 
^ Tn= Sn + T Vin + T Vin — 38n. TVin. TVn,- 


which is the analogue of Tg = 8°g + T° Vq. It is readily seen that the squaré.. | 
of the tensor of a quaternion is equal to the product of its latent roots, and thus — 
to its content; and similarly, that the cube of the tensor of a nonion is equal to - 
the product of its latent roots, and hence to its content.’ Whence, since the 
determinant or content of the product of two matrices is equal to the product of 
their contents; the tensor of the product of two nonions is equal to the product _ 
of their tensors., When a nonion is expressed i in terms of unity and eight non- 
- scalar cube roots of unity, this proposition gives a theorem analogous to Huler’s 
theorem when that is regarded as a thevrem relating to the product of two qua- ` 
ternions; but the tensor of a nonion is then too complicated an expression to | 
give the theorem any interest, 


§22. ‘Tt i is a nonion. cube root of unity whose latent roots are 1,4, 2? | 


(à being an imaginary cube root of unity), and if e denotes the-base of the Nape- 
rian logarithms, by Sylvester’ s` formula, 


MS LOPE et) tae AA) $A (PHAN + D]. 
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The coefficients of unity, i, and #, in this expression I shall denote by AO, AO 
and f, (0); they are obviously analogous to sin 0 and cos 0 which appear in the 
corresponding expression for e°% in quaternions (where a is a unit vector). This 
gies =A Ait AOP, 

eZ f,(0) + 2f(0).2 + AR OE, 

LÉ f, (0) + AA (8) 2 + 2% (0).À. 
The second and third expressions are, severally, the first and second conjugates 
ofe". Since 7% = eee" = 1, hence | 





RO +AO FAO — AOAO AO. 


This suggests the corresponding formula cos*@ + sin? 0 = 1. The properties of 
the sine and cosine, that cos (— 0) — cos 0, sin (— 6) — — sin 6, have their 
analogues in these functions; for from the values for e and e, it follows that 


AQ) =f), AGDE 0), AA =A O). 
These functions also give rise ta a formula in nonions analogous to De 
- Moivre’s theorem: thus, since e“ = ettei, hence 
Ch (a) + A (a)i + (a) PILAE) + (8).i + (8) à] | 
= fo (a + 8) + ia + L)i + (a + p). 


Whence arise formulae for the functions of the sum of two arguments analogous ` 
to the formulae for the cosine and sine of the sum of two angles, namely, 


fala + B) = f (a)-f (8) + A (a) Ja (8) + (a) (8), 
Aa +8)=f(o). (8) +A (a)-f (8) + Ala) J8), 
Jala + L) = h (0) A8) + Ala) a(l) + À (a). (8): 


‘It is now easy to perceive that,—just as for any quaternion q, for a proper 
value of 0, i 


q= gle Tet tan Ty VF = Tg (cos 0 + sin 0. U Va); 


so for any nonion n for proper values of 0 and 7, 


ne MH Ta (f+ RO. 5 + RO EP) fun + fin? + fin) 
= (A (0 + n) + A (0 + ni + AO +») À). 


n= Tn. Un, 
nn = Tn. Tn. Un. Uw. 


We have therefore 
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§23. Another analogy exists between quaternions and the quadrates of 
prime order, namely, that just as quaternions is linear in unity and two square 
roots of unity and their product, so the matrices of order o constitute an algebra 
linear in unity and two o® roots of unity, their powers and products. Thus in 
the case of nonions, as Sylvester has shown,* if À is an imaginary cube root 
of unity, and | 
#=(0 0 1) j—=(0 0 1) 
k 0 of % 0 0 
o 3 0 0 À 0 


? 








then ij = Affi and ji = Aif, while the products formed from the two sets (1, i, ®) 
and (1,7, 7%) give all the nine units of the octanomial form of nonions. More- 
over, I find that just as there are an infinite number of systems of three mutually 
normal unit vectors, so there is an infinite number of systems of eight cube roots 
of unity similar to the system formed from i and j and their products. The 
general expressions for these two new cube roots ù and j, from which the new 


system is to be formed, are , 
ù = (wf 0 0 1 fa") = (LO 0 1} 1 
a 0 ol, 2 0 Ol, | 
0 à 0 0 2 0 


where |m|=0. Ifthe axes of i are (pı, ps, pa) and the axes of j are (01, 0, O3), 
then the axes of à and 7, are respectively (wp), wpa, wps) and (w01, 504, w03). 
The condition that from à, and. j, an octanomial system shall be formed similar 
to that formed from 7 and J, is that à and 7, shall have as latent roots the three 
cube roots of unity, and that the axes of ù and 7, shall be related in the same 
way as those ofiandy. If(a,, a, as) represent the ground ` 


pi a + Ad + ag , = ay + Vos + ag , 
PaO, tas +, o= Vata, tay ,. 
Ps = Aa td, tas, GG + ay + Was. 


With respect to the general case, let 7 be a primitive ow” root of unity 
formed according to the method of §19, whose leading constituent is in the k‘* 
place, and the coefficients of whose successive vids (beginning with that in the 
first-row) are 1,4, 4, ....2°-1(4 being an imaginary o™ root of unity); and 





“Johns Hopkins University Circulars, No. 17 (Aug. 1882). 
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let j be formed from the same vids with the coefficients of i replaced respectively 
by their squares; then y= 2°—#+1ÿ and ji = ay. Ifk= 2, if = a"i and 
Ji = Mij. . | | 

Quadrate Algebras whose Order is not a Prime Number. 


824. With regard to the quadrates whose order is not a prime number, it 
may be shown also by a method similar to the method of $19, that they possess 
a? — 1 linearly independent non-scalar o™ roots of unity, formed from their vids 
in the same manner in which the +, J, Æ of quaternions are formed from the vids 
of a matrix of order two. However, of thése a’ — 1 o roots, only (o + 1).¢ (a) 
(where + (o) denotes the totient of o) are primitive, namely, + (@) a roots formed 
from the vids along the diagonal, and o.7(@) others formed from the non-sym- 
metric vids. The latter consist of those roots in which the leading constituent 
is in a row whose order less one is prime to 6. The roots in which the leading 
_ constituent is in a row whose order less one has with © the greatest common 
_ divisor 0, other than unity, are either (@: 0) roots of unity, or such to a factor 

pres. Of the ot? roots of unity formed from the vids along the diagonal by taking 
as their coefficients powers of the scalar wo roots of-unity, 1, À, 47,....a°7}, 
only those are primitive ot roots of which the power taken of the set of a's is 
an integer prime to o. 

However, all these quadrates are analogous to quaternions in admitting of 
selective symbols, in having functions analogous to the conjugate in quaternions, 
and in that any expression in them is resolvable into the product of a tensor 
and a versor. This may be proved in precisely the same way in which in §21 
and §22 it is shown to be true for the quadrate algebra of order three. 

The quadrate algebras whose order is not a prime number are compounds 
of other algebras, by which I mean that they are linear in the products of the 
units of these algebras: if o = !.o", then the quadrate algebra of order o is 
linear in the products of the units of the quadrate algebras of order a! and o", 
the units of each of these systems being regarded as commutative with those of 
the other. Thus, the algebra formed from the vids of a matrix of order four is 
linear in the products of two quaternion sets, the 4, 7, k of the one set being 
commutative with the 2, 7, k of the other sét; the algebra formed from the vids 
of a matrix of order six is a compound of a quaternion set and a nonion set, 
the units of the quaternion set being commutative with those of the nonion 
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-. set. Tti is obviously sufficient to prove this for any form of ihe several algebras,. 
and for this purpose I choose the canonical form, and i shall show that the vids of 
‘any matrix of order a combined with those of any matrix of order o” (the vids _- 
of the first set being regarded-as commutative with those of the second set), give 
an algebra whose multiplication’ table is the same. as that formed from the vids 

of a matrix of order. o =". I shall, however, first illustrate this theorem by 
the case of the matrix of order four.. Considering the two quadrate systems’ 


(dA) (44) - (By: Bi)’ (BiB) 
(Ag: Ay) (43:43) ~ . (B,: By): (B,:.B;), 


which will be regarded as commutative, evidently. the complete system formed” 
: by their products will consist of sixteen linearly independent units which may 
be errenerd as follows: 


ABBY (hd j(B LB) [ANB EB (Ae .A)(By:B) 
z (45:41) BB) (4:4,)(B,:B:) (a: 4:)(B:B)) (Ay: A,) (By: By) 


© (AABB) (ABB) |. (44D (By B) (424) By: By)’ 
i (ABa B;) (Ag: Ay)(Be i (Ag: AB: B;) (4 :4:)(Bs: Ba) 


. Those compound vids in the upper iafehaad group consist of the first set, each . 
multiplied by (B,:B,); those in the other groups also of the first set multiplied 
respectively by (B,:B,), (B::B;) and (B,:B,). According to this, scheme the. 
‘product of the vid (A,:4,)-from the first system and the vid (B, :B,) in the 
_ second system occupies in the resulting system a position which may be denoted | 
“by (@+ a'r —1, y+aot— 1), where, as before, the first number denotes the 
_row and the ‘second the column; and in. this case a! =o! = 2. On trial it will ` 
be found that this compound system has the same multiplication table as that of 
the system of vids of a matrix of order four, the vids in the compound system 
corresponding to those of the quadrate system of: order four which occupy the 
` same place. It should be observed that if Zand J’ are vids of the first quadrate 
_ system and J and J’ vids of the second, that the product of the compound vids 
I.J and I’. J’ is zero, uùless T.F! Æ 0 and J.J’ Æ 0; since the Ts and J’s are 
commutative. The proof in the general case may accomplished as follows: 
‘Following the same scheme of arrangement of ue compound vids formed from, 
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the product of the vids of two quadrate systems of order & and o” respectively, 
` we have a | 


IJ=(4,:4,)B,:B,) = (x + or —1, y + os— l= RK, 
IS = (AA \B,:B) = (y +a —1, + ot —1)= AT. 


The product of ZJ and J'J’ is zero, unless y = y and s' = 8, when we have 
IT I'J' = (4,:4,XB,:B), 


which in the compound system will occupy the (x + a’r— 1)" row and 
(z + af — 1)™ column, and thus is represented by (æ + o'r — 1, z+0/t—1). 
The necessary and sufficient condition, however, that the compound system shall 
have the same law of multiplication as that of the algebra formed from the vids 
of a matrix of order o = &/.@" is that JK’ shall be zero unless 


y tod —1la=yt+oals—I, 
in which case we must have 
KE! = (s+ or — 1, z+ot— 1). 


But since y <a’, y <a, ify + of — I= y 4+ o'g — l, then y= y ands = 8. 
Hence the condition is fulfilled. 

$25. From the last section it follows that the matrix of order o = 2" is a 
compound of m quaternion algebras which do not interfere, i. e. the units of each 
set are commutative with those of the other sets. I shall term such an algebra 
the m-way quaternion algebra. The system of m-way quaternion algebras has 
already been considered by Clifford (this Journal, Vol. I). Clifford, however, 
approached the subject from an entirely different point of view. He starts with 
n “elementary units” it...i whose multiplication with each other is polar, and . 
which are such that the square of each is —1. -The 2” products, of order 0 ton, of 
these elementary units, are linearly independent ; and Clifford shows that the 
products of even order, 2"~! in number (which may be obtained from all combi- 
nations of the binary products hiis, its, etc), form an algebra or system by them- 
selves, which he terms the n-way algebra. If n= 2m + 1, Clifford further 
proves that “the n-way algebra is a compound of m sets of quaternious which do 
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not interfere;” and if n = 2m, he shows that the n-way algebra ‘is-a compound”. 
of m quaternion sets which do not interfere, and the algebra (1, e); where ê = 1 


and e is commutative with each of the quaternion sets. At present, we are only. — 


concerned with the n-way algebra when n is odd; it consists, .we have seen, of 
gr—1 — im linearly independent units, and is a compound of m quaternion sets 
“which.do not interfere. Hence Clifford’s n(= 2m + 1)-way algebra is that 
formed from the vids of a matrix.of order 2", or is the m-way quaternion algebra. 
Commenting on the surprising fact that sets of quaternions should appear as 
the simplést form of an algebra which at first sight is so far from suggesting 
Hamilton’s system, Clifford says that ‘thus it appears that quaternions is the 
last word of algebra to geometry.” It is still more. surprising that quaternions 


‘- should be so prominent in the theory of matrices, and in a sense embrace the 


whole subject; for since the theory of matrices of any order is included in the 
theory of matrices of higher order, and since however great a number may be, a . 
- power of two may be obtained which is still greater, it follows that the theory : 
of matrices of any order is included in the theory of the combination of a certain 
"finite number of quaternion sets which donot interfere. 
. With regard to Clifford’s geometrical algebras. I am able to ‘show that the 
entire system formed from the combinations of all orders of the n elementary 
units, which I term the n-fold algebra, is identical with the (n — 1)-way algebra; 
and when n= 2m, by an argument similar to that employed in the case of 
bi-quaternions by Benjamin Peirce, that the n- way algebra is a compound of two . 
‘groups of m sets of quaternions which do not interfere, such that every set of 
either group is nil-facient and nil-faciend with any set of the second group: ` 
- Itis elear that any quantity in Clifford’s n-fold algebra may be expressed as 

a sum of products of expressions a = Eat, B = Sbi, etc., linear in the elemen- 
tary units; the a, 8, etc. are of course such that a? = — Bal, 6? = — Ibi; 
whence, on account of the obvious analogy, they may. ie termed vectors. In 
virtue of the relation. stated above which a matrix of any order holds to those 
of higher order, and the consequent inclusion of the theory of matrices of any _ 
order in that of sets of commutative quaternions, ‘the theorem follows that the 
' theory of matrices is the theory of expressions which are sums of products of 
i “quantities a, B, ete., whose squares are negative scalars, 


